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On the diamagnetic susceptibility 

By M. Blackmak, Trinity College, Cambridge 

{Communicated by B. H. Fowler^ FJi.8.—Received 4 October 1937— 
Revised 27 January 1938) 

The diamagnetic susceptibility of free electrons was first treated by 
Landau ( 1930 ) who discussed the behaviour of electrons in a magnetic field 
and showed the motion along the field to be purely classical, while in a 
plane at right angles to this direction quantum conditions hold whidi are 
analogous to those of a two-dimensional osciUator. The investigation 
showed that in weak fields the diamagnetism had a third of the value of 
the spin paramagnetism. 

This theory would not apfiear at first sight to have any immediate 
appbcation to metals because the collision of the electrons with the lattice 
would appear to inhibit the spiral motion, and hence the discrete eigenvalues 
of the Landau treatment do not exist, Peierls (1933 a, 6 ) had, however, 
shown that the Landau formula holds for metals in spite of this ditfioulty. 

Under the assumption that the electron is tightly bound it was further 
shown that the energy of the electron in a magnetic field can be put into 
the form 

E^E^ + e(k), ( 1 ) 

where and e will in general be functions of the field strength and k is the 
wave vector whose components obey the commutation relations of the 
type 

KK ieHJhc. (2) 

In the case of bismuth there is a great deal of evidence showing that the 
number of electrons in one of the energy bands is very small; hence it woa 
assumed by Peierls that only the lowest energy levels are important, in 
which case the function e is needed only in the neighbourhood of its mini¬ 
mum, It was assumed that E could be written in the form 

E ^ E^^jiB(H)kK (3> 

In this form the enei^r differs from that for free electrons only in that the 
mass is replaced by h^/B and that the zero of energy is changed. The 
solution of the eigenvalue problem follows now from the work of Landau 

E ^ E^^(2n+l)/i'M^Bpll2n\ (4) 
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where n' ~ eBj2hc, From this the free energy of the system can be 
calculated and the magnetic moment per unit volume follows from the 
relation 

The formulae were evaluated neglecting the dependence of and B on 
H. The results of the calculation of the magnetic moment as a function of 
the field strength for various temperatures were compared by Peierls with 
the experimental curves of de Haas and van Alphen ( 1930 ). Qualitatively 
the agreement was good, but it was not possible to obtain quantitative 
agreement. 

This paper is an extension of the work of Peierls generalizing his treat¬ 
ment with the object of improving the quantitative side of the results and 
also of accounting for the finer features of the susceptibility curves found 
in the recent work of van Alphen ( 1933 ) and of Shoenberg and Uddin 

(1936)- 

1 assume, first, a more general form for the function e, 

e == aijfcJ-hajjAJ + aafcl, (6) 

i.e. the surfaces of constant energy in A-spaco are aasumod to be ellipsoidal 
instead of spherical. 

A function of the type ( 6 ) must show axial symmetry about the trigonal 
axis if it is to have the symmetry of the bismuth lattice. This, however, 
would lead to a magnetization curve which would be the same for each 
direction at right angles to the principal axis. Since the experimental 
curves show pronounced differences for direclions along and at right angles 
to the binary axis, it must be concluded that the important part of the 
energy surface consists of several ellipsoids which separately have no 
trigonal symmetry but which transform into each other under a rotation of 
120 '" about the trigonal axis. There must be at least three of these ellipsoids 
and in the following calculations we shall improve on those of Peierls 
mainly by assuming three ellipsoids instead of one. 

The fact that the surfaces of constant energy contain several ellipsoids 
follows from the work of Jones ( 1934 ) on the Brillouin zones of bismuth. 
The following investigation shows that the ellipsoids needed to explain the 
de Haas-van Alphen effect are not identical with those found by Jones. 
This is no contradiction, as it will be shown that the electrons associated 
with our ellipsoids form less than 1 % of the total number of conduction 
electrons; hence this work does not conflict with that of Jones on the origin 
of the main part of the susceptibility along the different axes. 
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In the picture given by Jones the surfaces of discontinuity of the energy 
contain only the planes (iTO), (^1) and (221). Actually the planes of dis¬ 
continuity such as (131) must also be present even if one assumes (vath 
Jones) that the corresponding Fourier ooeflfioients of the potential are 
negligibly small; for a reflexion by (221) and a subsequent reflexion by 
(iTO) is equivalent to one reflexion by (131), and such double reflexions do 
occur in second approximation. The planes (131), etc,, cut across the 
main zone discussed by Jones forming new corners and edges. It is likely 
that the electronic states now under discussion are to be found near one 
of these new corners, but it seems difficult to localize these states without 
knowing more about the energy surfaces. 


1. Reduction of the energy surface to the isotropic form 
Write (6) in the form 


where are dimensionless constants, p^ are components of 

the momentum of the electron and m is its mass. Then the same relation (7) 
holds in a magnetic field except that p^, p^, p, z now satisfy the 

following commutation relations: 

\JPtPv\ = = ih, (8) 

with similar relations for p^, y, z. The energy can be expi-essed in 
the “'spherical form by puttingPj^ = x* ^ A^x with similar relations 
Py, Hence (7) becomes 




if we put = 1%, - ij, as 

relations become 




(») 


ll. In the new variables the commutation 


[p'xPy] =“ = iehH^(ct,^a.y)^lc = iehH'Jc 

and ■= iKK “ 


(10) 


with a similar form for the other relations, if 

A, - III,, A„ - Illy, A, « 1/4. 
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Hence a volume element V' in the new oo-ordinate system is related to that 
in the old co-ordinate system in the following way; 

V' ^ dx'dy'dz^ - (11) 

The energy expression (7) can therefore be reduced to the '^sphericar' 
form by replacing the components of the field H by those of and by 
substituting the co-ordinates x\ y\ z' for ar, y, z. The expression for is 
given by 

H' - ( 12 ) 

In the following we require a number of special cases of the above formula. 
Two typical oases occur when the field is (a) parallel to one axis (s-axis), 
(6) in a plane containing the x- and ^/-axis and making an angle of with 
the ;i?-axi8. 


{a) H, ^ H, H., - 0, - 0; W - //(a, a,)*. 

( 6 ) « 0 , El ^ H% » EHin^m°; 

H' = //[(3aia3 4-aaa3)/4]i. 


(13) 


2. CAIiOlTLATION OK THE DIAMAGNETIC MOMENT EOK THE ISOTBOPIC CASE 
The free energy of a system of electrons is given by the relation 

F ^ + (14) 

where N is the total number of electrons, t one of the possible states of 
motion, and the energy for state i. E^^ is determined by the condition 


? 


1 


N. 


(16) 


Introduoing the number of states of motion per tinit volume Z(E, H) which 
have a value of the energy below E, (14) and (16) become 


C+ioAT ^ 

F - -JcTV] ^tlogil +e-<*<-«.v*2’)dJF + jvrjZ?„, 

J 

C'^^dZ 1 


(10) 
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Integrating by parts this can be put into the form 


F 

N 


“ Z(F, H) (i + | 

I 


]L 

kT 




(17) 


To determine Z we separate the motion into that parallel to the field and 
that perpendicular to it, the energy being -Bj and E^ in the two cases. 

Parallel to the field we have free motion, hence p taking the 

values p ^ hnjL (n := 0, ±1, ±2, ± 3, ...), where L is the length of the 
piece of metal. Hence there are 2B(2mBx)*/A states with ‘‘translational” 
energy below Bj. For the motion perpendicular to the field = {21 +1) pH, 
where p = ehj2inc and i! =« 0 , 1 , 2, .... Each of the above energy states is 
degenerate and belongs to eHDj2nhc states of the two-dimensional motion, 
where D is the cross-section of the piece of metal. Besides this we must 
take account of the electronic spin which means that we must double the 
density of states as calculated above. The formula for Z is given by 

VZ(E, H) = [if- (2i + (18) 

where V = DL. Hence 

Z(E,H) ^ AHi:{B-(2l+\)fiH\\ 

with A = Putting this value of Z into (17) and integrating by 

parts, we obtain the following expression for the moment per unit volume: 


M 


l^l-A r. O V- {E - (2^ -t- |2£’ - 5(21 + l)/4g] 

VdH~Uf] r (l+e(«-^.)/‘*’)(l+e-<^-^.w«’) ' ' ' 


Introducing the new variables e = Ej/iH, = EJ/iH, kTIfiH = 0 we have 

where 9 (e) « [e - (21! +1 )]* [2e - 5(21 +1)], 

Je-e^\ ^ _ 1 _ 

™ d ) kT{l + (^—<^) (I+e-<-*>»oy 

^Uta, function which has the property that J de = e® and which 

has appreciable values only if the argrunent is nummdcally of order unity 
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or less. Hence the integral in ( 20 ) has the effect of averaging the fimction 9 
over an interval of the order $ about ep. 

At = 0 ( 20 ) reduces to the expression 

M = ( 21 ) 

In the same way we can treat the expression for N and obtain 
N 




where ^(e) — £[€ — (21^1)]^, At JT « 0 this becomes 

I = A,Amf{e^). 

Formula ( 20 ) is that given in Peierls* paper* 


M 


e{2m)^ E\ 1 




where <r is the function given in diagram form in the paper. 


( 22 ) 


(23) 




3. Thb diamagnetic moment fob the anisotbopio case 


In the further applications we shall concern ourselves only with the 
case of r = 0. The effect of temperature will be briefly considered at the 
appropriate stages. 

1 shall flrst consider the modifications to be introduced into § 1 to 
take account of the fact that the energy has the “ellipsoidal” instead of 
the “spherical” form assumed there. We have seen that this can be 
accounted for by replacing V by V' and H by H', where V and H' are given 
by ( 11 ) and ( 12 ). We can write the free energy in the form (see (17)) 


Hence 


F^~V'G{E,H', T). 
VdH~ V'H'dH" 


(24) 


The rest of the calculation can now be performed exactly as in the 
previous section, introducing the new variable « EJ/iH' at the appro¬ 
priate stage. We obtain finally 

iff - ■|X'(/tH')*~9(ei)€i 

V /H'\* A 

(/tH)*|9(ei). (26) 

* The oontenta of this section were tak«i firom ur^ublished woric by Peierls. 
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Now V*IV and H*jH are functions of ^ 2 , a* alone. Hence the only 
difference as compared with (20) is that there is an extra coefficient and 
alfiio instead of H in the expression for 9 , The calculation of the formula 
for N proceeds on similar lines and yields 

N A 

(26) 

We see that the coefficient is different from that for iff by a factor H'jH. 

For the purposes of the applications I propose to consider the three 
cases mentioned in § 1 where the field is in specified directions. We take 
three ellipsoids which are so arranged that they go over into one another 
by rotation through 120"^. Then taking the field at right angles to the 
principal axis and along a binary axis, we see that for one ellipsoid the 
field is directed along one axis while for the other two it makes angles of 
00 *^ and 120^ with the corresponding axes. Hence for one ellipsoid 
H' = while for the other two H' = H[(a 3 aa + 3aia3)/4]*. In the 

second case (at right angles to the binary axis) all we need to do is to inter¬ 
change ai and ag. When finding the value of the total moment we must add 
the effects of the ellipsoids; we can also form the expression for the total 
number of electrons belonging to the three ellipsoids by adding the 
corresponding three terms. We have 


3n'%^{aiaga3)* 




V 8ff%»c(a,a,«3)* 




for the one oaoe while the other is obtained by interchanging a, and a,. 
Writing (27) in the form 


M - /^•e(2»t)*g»(«i«3)«^] 
37r%%(ai OjOs)* 

V 3»rVt*c(aia,a^y~ *■ 


(26 a) 



8 


M. Blackman 




w 

it follows that 


H(Jaja,+iaiaa)* 


En 


/ifllfajag + ioia,; 


)■ 

a,T*)’ 


M = K0jW, 
// = 


(286) 


whore K and k* can be determined from (28 a). If we make the assumption 
that JV^ is a fixed constant, k and x' are constants and we can hence plot 
0l\P against !?■“* if we wish to find how M varies with H. 

In actual practice it is advantageous to plot x — M/H against H, as this 
is more sensitive to small fluctuations and it is with these fluctuations that 
we are concerned. 

To complete the argument at this stage we have still to discuss the 
formulae for the case where i? is in the direction of the principal axis. This 
ia particularly simple, as for all three ellipsoids H* == hence 


M ^ 
N 


3fik(2m }*\ J 

7r*ft*c(a,ajagj* ^\/(]y(a,ag)*)‘ ) 


(29) 


Here the form of the curves of M against H are identical with those for the 
'‘spherical” case except for scale changes. 

This case is effectively the one which has been studied by Peierls ( 19330 ). 
The curve of M against /f (at T » 0 ) oonsists of a large number of violent 
fluctuations which crowd together as H tends to zero, the final minimum as 
H increases occurring for £, => ZfiH, After this the moment rises slowly 
to a constant value. This means that the susceptibility will tend to zero 
for large fields and hence the curve for the susceptibility will have an 
extra maximum otherwise the fluctuations will be the same as before. 

As the temperature is raised the fluctuations are gradually smoothed 
out, those corresponding to low values of the field being the first to be 
affected. At high temperatures the susceptibility is independent of the 
field strength. 


4. DiSOtTvSSION OF THE BXPBRIMBNTAI, OUKVES 

The experimental facts are contained in the dotted curves of fig. 1 and 
in figs. 2 , 3, which are taken from the work of Shoenberg and Uddin ( 1936 ) 
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H-* 

(a) % 


2*45 

-X 

1*65 


0*85 


( 6 ) 

Fia, L Comparison of the experimental X'^ curves with the theoretical curves for 
T “ 0 (a) when the field is along the binaiy axis, (6) when the field is 

perpendicular to the binary axis. The experiniental points are indioated in the oiu^^es. 
The susooptibility per unit volume is obtained by multiplying the ordinate by 
9-6 X 10-^^ the susceptibility per unit mass by multix^ying by 10-®. The unit for the 
abscissa is 10® gauss. 
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and de Haas and van Alphen ( 1933 ) reepeotively. The curves are those 
of the susceptibility’^ against the field strength, when the field is directed 
(a) along a binary axis of bismuth, ( 6 ) perpendicular to the binary axis* 



Fia. 2. Experimental values at T = 1^ 2^ K. for fields directed along (single 
circles) and perpendicular to the binary axis (double oindea). The scale is the same 
aa in fig. 1. 



Fig. 3. Experimental curves for T = 1*86® K. The scale is the some 

as in fig. 1. 

Curve ( 6 ) shows secondary maxima which are not contained in curve 
(a), and is also shifted slightly with respect to it. There are also marked 
differences in the region of high fields, due to an additional maximum in 
curve (a) at about 20 kG. 

♦ The susceptibility per unit volume is taken throughout. 
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The theory has to explain all these features as well as their absolute 
magnitude, and has also to show why theie is no de Haas-van Alphen 
effect when the susceptibility is measured along the principal axis. 

The measurements of Shoenberg and Uddin were carried from 4°K. 
upwards. The measurements of van Alphen show little change of the main 
maximum between 4 and 1*86*^ K. 

The small difference in the values of the main maximum between 12 and 
4°K. and the very slight change between 4 and 1-86" K. show that the 
curves have reached their final form by about 4^^ K. as far as the part of the 
curves lying above the main maximum (at about lOkG.) is concerned. 
Since the moment is always negative, it must be concluded that a large 
part of the diamagnetism is due to electrons which do not show the de H"aas- 
van Alphen offecit. 


5. Comparison of theory ano exi’Eriment 

1 shall first discuss briefly what happens when it is assumed that the 
number of electrons in the band responsible for the de Haas-van Alphen 
effect is fixed. The curves of x ^ function of H are given by (29 a), 
(286) and (20).* We see that it is only the relative values of the field 
strength and of the coefficients of 0 and W which matter in fitting the 



Fia. 4. Theoretical x H curves for T sr 0 assuming a fixed number of electrons in 
the relevant band. The parameter OLja^ has the value 10. Tlie scale is arbitrary. 

curves. Hence we can express (27) in terms of the parameter ai/ag alone, 
the other factors being important only when the absolute values are 
wanted. It is found that the two X'H curves show a marked resemblance 
to the experimental ones only when aj /a^ has a value between 9 and 20. 
A typical curve for which a,/aa = 10 is given in fig. 4. In order to see how 

* The sums in (20) contain only a few terms and can hence be worked out to any 
desired accuracy. 
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the curves fit numerically one must fix the absolute values of the various 
parameters, and the zero value of the susceptibility. With a zero value 
=*14*2x10 ® for the susceptiblity per unit volume, -Bq = 3'1 x 
oci — 13*5, ccg " 1*38, = 8*30, the theoretical curves fit the experimental 

ones fairly well (the method of calculating these constants will be given 
below). The numter of electrons in the band can be calculated from (27) 
and is found to be 1*2 x which is about 1 % of the estimated mimber of 
conduction electrons |)or atom as estimated by Jones ( 1934 ). 

The main j)art of the diamagnetism has been discussed by Jones ( 1934 ) 
who has sliown this to be due to certain ellipsoids which form the most 
important part of the energy surface E =* E^ (the Fermi ehergy). The 
ellipsoids discussed above have a diffei'ent shape and form a minor part of 
the energy surface not discuissed by Jones. They are in general of leas 
importance, as they contain a small fraction of the total number of con¬ 
duction electrons and will be of importance only in special cases such as in 
the effect discussed here. 

Because of the large number of other electrons, the assumption which 
we have made—that the number of electrons in the de Haas-van Alphen 
band is independent of the field strength—is not quite correct. We should 
assume that the total number of electrons in all the conducting bands 
together, should be a constant while the Fermi energy Eq should be the 
same for all bands. Since, however, the important band contains so few 
electrons the value of Eq will be determined practically entirely by the 
other bands. These do not show the de Haas-van Alphen effect, hence 
is independent of //. 

I therefore modify the discussion given above by replacing the con¬ 
dition N = const, by the condition = const. Even if the number of 
electrons in the de Haas-van Alphen band is not negligible, we will obtain 
results int/ermediate between those discussed above and those given 
below. 

With the assumption =* const, we can immediately write down 
the formulae for the magnetic moment associated with the various 
axes. The formulae are identical with (27) except that we may now 
replace H by since €0 - EJ/iH and By is now fixed. We have 

therefore 

» _ e (2w)* £:ieo« 

37r*ft®c{ajaga3y^ 
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for the moment with the field parallel to the binary axis, and have to inter¬ 
change aj and in order to obtain the other case. This may be written as 


M 




(31) 


where Ho = Eol/u(°‘-i<^ 2 )^> P = + Tlie 

moment associated with the principal axis is given by 


M 


e(2/w-)* A’Je; 
7tVc(a 


. ^0 \ (ri) 


One can again draw the x ^ curves for various values of tlie parameter 
a^/ag. It will be noted that these are very similar in many respects to the 
curves for the case N = const. It again appears that only when lies 
in the range d-20 do the theoretical resemble the exj)eriTnental values. We 
now jiroceed to the determination of the absolute values of the parameters 
involved in (31). Eq is fixed by considering the variation of the experi¬ 
mental curves with teniperature, and comparing them with tlie 
curves calculated* by Peiorls ( 1933 ft) for three values of kTjE^, The value 
determined in this way is = 3-J x 10 ”^^. We now fix on a point on the 
ext)erimental curve for which we can assume with sufficient accuracy that 
the limiting value of x been reached. This we take to be the main 
maximum on one curve at H == 9*8 kG. We can now compare the moment 
at this point (less the zero value) Muth the theoretical value from (31). 
From the theoretical curve for aj/ag = 9*8 we can read off the value of 
at this main maximum. This gives EJ/iH{oci(X^)^ = = 3*3. Hence 

(a^^ag)* = 106. We also know from (31) that 




e( 2 m)* 

S7TWc{ocia^a^j^ 


{aja,)*^ = 0*0098(22-0 ~/Co), 


where /c^ is the zero value of the susceptibility in units of 10 ''®. From this it 
follows that 

I _ 0-0098(22-6-/Co) 

(ag)i “ 7TxTtFVia3?‘ 


In order to fix the value of Kq we need another equation. For this purjmse 
we use the value of the susceptibility at high tem|>eratureBt which is 

* The intensity {of the main maximum) was measured relative to the high 
temperature value in both oases in order to eliminate tho “zero’* term in the? 
experimental curves. 

t I.e, at such fields and temperature for which the susceptibility is independent 
of«r. 
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K X 10-« = This is also equal to the experimental 

value a:' ~ 17*5 (at VT'^K.) less the zero value /c^ which will not change 
appreciably between 4 and 77° K. Since we know all the quantities 
except Kq we obtain its value directly: Kq « 14'6. It follows that = 9*8, 
ag « 1 * 0 , ag — 1*1 X 10 ®. The very high value of has as a consequence the 
effect of making the moment associated with the principal axis very small 
(less than 0*1 % of the total) as can be seen by comparing (32) with (30). 
This result fits in with the experimental fact that the do Haas-van Alphen 
effect is not found when the susceptibility is measured along the principal 
axis. 

The way the theoretical curve fits the experimental ones is shown in 
fig. 1 (up to lOkG.). It will be seen that the maxima and juinima in each of 
the two curves ana accounted for. The main diff'eren< 5 e lies (i) in the fact that 
the theoretical minima are sharp whereas those of tlie experimental curves 
are rounded oft’ in a similar manner to the maxima, (ii) in that the maxima 
and minima of the theoretical curves are not sufficiently widely spaced. 

With regard to the first point one must note that the effect of tempera¬ 
ture will probably affect the sharp minima before the relatively flat maxima 
and also that in the exj)eriment8 a small inhomogeneity of the field across 
the 8}>ecimen would tend to flatten out the minima. The second point seems 
of more importance because^ a slight change of scale seems to be necessary 
for a better fit and this discrepancy also ocunirs when the curves for 
N =3 const, are considered. 



Fio. 5. Theoretical curves for T 0 {aja^ = 9 8) extending to high values of the 
field. Tlxe scale factors are given in (31). 

The experiments of Shoenberg and Uddin do not go beyond llkG. 
One can compare the theoretical curves for higher fields (fig, 5 ) with the 
experimental curves due to de Haas and van Alphen (figs. 2 , 3) but as these 
are not complete at the lowest temperatures the theoretical curves were 
not specially fitted to the experimental ones. One can however see that 


♦ This contains the effect of the three ellipsoids. 
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tliere is an extra maximum in one of the theoretical curves at if o*54 
(this corresponds roughly to 20 kG.); this is also one of the most striking 
features of the experimental results at high fields. It can be concluded 
from the above comparison that the assumption of new ellipsoids in the 
energy surface accounts quite well for the features of the experimental 
curves* As pointed out in the introduction the existence of these ellipsoids, 
though not following from the work of Jones, is not in contradiction to it. 
The interesting feature is that the ellipsoids are surprisingly anisotropic 
and contain only a small fraction of the total number of conduction 
electrons. If the interpretation of the experimental curves is correct, they 
should approach the theoretical curves (figs. 1, 4) more closely as the 
temperature is lowered; in particular the minima should become much 
8 harx>6r. At higher fields further small anomalies are to be expected. 

I should like to express my thanlcs to Dr R. Poierls, who suggested the 
problem, for his advice and interest. I am indebted to the Department of 
Scientific and Industrial Research for a Senior Research Award. 

Summary 

An extension is made of the existing theory of the marked variation of 
the susceptibility of bismuth with field strength at low temperatures 
(known as the de Haas-van Alphen effect). The object of the investigation 
is to explain the finer features of the experiments, to account for the order 
of magnitude of the effect and for the dependence on the orientation of the 
binary axes. The extension consists in assuming a more general form for 
the relevaait part of the surface of constant energy of the electrons. It is 
found possible to account for all the features of the susceptibility curves 
and also to fit the experimental curves fairly well. For this purpose one has 
to assume that the motion of the electrons is violently anisotropic and that 
only a small fraction of the conduction electrons contribute to the do 
Haas-van Alphen effect. 
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The measurement of particle size by the 
X-ray method 
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I. Introduction 

The broadening of the X^ray diffraction lines which occurs when the 
crystals composing the specimen are smaller than about 10 '^ om. edge 
length is well known. Since the discovery of this phenomenon by Scherrer 
in 1920 a fair amount of work has been done on the determination of the 
particle size from the breadth of the lines. 

Scherrer ( 1920 ), Bragg ( 1933 ) and Seljakow ( 1925 ) have calculated the 
diffraction broadening for crystals of cubic form belonging to the cubic 
system. For parallel monochromatic radiation and a point specimen, they 
agree upon a formula 

GX 

where ~ angular breadth of the line defined below, 

i = edge length of cubic crystal, 

X = wave-length of X-radiation, 

Bragg angle. 

The values given for the constant C are 0*94, 0*89 and 0*92 respectively. 

The most rigid theoretical treatment of the problem is that by Laue 
( 1926 ), who has discussed the case of crystals of general parallelepiped form 
belonging to any crystal system, i.e. a crystal of edge lengths m^ai, 

WaBa, where the are numbers and the vectors define the unit cell. 
For crystals of cubic form belonging to the cubic system, Lane's formula 
reduces to equation ( 1 ), the constant C having a value of 0 * 9 * There are, 
however, two arithmetical errors in Lane's if these are corrected C 

becomes 1*42. C involves another constant w; by tising a different method 
for evaluating u> we have obtained a value of 1-0 for G. Details of the 
calculation are given in Section V, 


t 16 ] 
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The constants given above are so nearly equal to unity, the value obtained 
in Section V, that for convenience we have defined a quantity e, the “ap¬ 
parent particle size’*, by the formula 

y? = (2) 

ecosg;^ 

In the general case e is a function of vectors in the reciprocal lattice and 
the edge lengths of the parallelepiped crystal. Its dependence on the 
particle shape will be considered later. 

It must be realized that any such formula can give only an approximate 
estimate of particle size, and in fact little significance can be attached to a 
precise value of the constant C since it is not to be expected that the particles 
wiQ be all of the same size. An accuracy of tlio order of 20 % can alone be 
aimed at. 

The formulae of Scherrer, Hragg and Seljakow refer to a breadth of line 
defined as the angular width between the points where the intensity falls 
to half its maximum value, the “half value” breadth as it is called. Laue 
has used the following alternative definition. The line has maximum in¬ 
tensity at its centre and falls away on either side. The “breadth” is that 
of an ideal line which has uniform intensity equal to the maximum and a 
total intensity equal to that of the actual line, i.e. 

7(max) 

This definition is more convenient for use in actual cases where the breadth 
of the line is influenced by the geometry of the apparatus. 

The assumptions of parallel monochromatic radiation and a f)oint speci¬ 
men involved in the above formulae cannot be realized in practice. 

Laue extended his calculations to a transparent specimen illuminated 
by divergent radiation and determined the maximum size of the pinhole 
of the camera which is permissible if serious errors are to be avoided. As 
however the absorption in the specimen has a considerable effect on the 
breadths of the diffraction lines, certain investigators have modified the 
formulae and in some cases have used special si>eoimeus in endeavouring 
to circumvent these difficulties. The whole subject has been recently re¬ 
viewed by Cameron and Patterson ( 1937 ) and the relative advantages of 
each method discussed. 

It is the purpose of the present paper to describe an experimental method 
which enables particle size determinations to be made using a standard 
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cylindrical camera with any reasonable slit system or pinhole, the specimen 
being mounted in any convenient manner. By mixing a suitable powder 
consisting of large particles with the powder to be investigated the un¬ 
certainties introduciMl by the exjiorimental conditions can be eliminated. 


JI. DlSCmSSIOK OF TUK NKW EXPEHTMENTAL METHOD 

( 1 ) The broaden mg of the lines due to experimental conditionsy 
assuming monochronuific radiation 

From equation ( 1 ) it can be shown that the diffrac^tion broadening is 
negligible if i ^ 10 cm. and we shall give the term “particles of infinite 
size'' to crystals larger than this. The ideal conditions of parallel mono¬ 
chromatic radiation and a point specimen cannot be realized experimentally. 
Consequently the X-ray lines have a finite breadth, even if the particles 
coinpoBuig th(^ 8 ])ecimen are of infinite size. When the particles are in the 
measurable range the width of the lines is increased beyond the pure 
diffraction broadening, so that before the theoretical formula can be 
afiplied, corrections must be made to the observed breadths. The observed 
breadths may be influenced by the following factors, other than particle 
size. 

{a ) The diameter of the cyliridrical specimen and the accuracy of centring, 
if it is rotated. 

( 6 ) The diameter of tiie camera, and its distance from the X-ray tube. 

(c) The absorption of X-rays by the siweimen. 

(d) The ))inhole size or slit system of the camera. 

(c) The intensity distiibution over the target of the X-ray tube considered 
from the direction in whi<rh the X-rays enter the camera. 1"he intensity 
distribution over the height of the specimen in the beam is governed by 
{d) and (e). 

The complexity of these factors, some of which are not easy to control, 
make it very difficult to allow for them by calculation; the advantage of 
using an experimental method of correcting the breadths is obvious. 

The method we have used to correct for this increase in broadening in¬ 
volves the use of a mixed 8 {)eoimen containing not only the particles under 
investigation b\it also some particles of infinite size. 

The lines produced by such a specimen are of two types: one set produced 
by the standard substance, called s-lines, whose finite breadth is entirely 
dej^endent on the experimental conditions; and the other set produced by 
the substance under investigation—m-lines—whose breadth depends on 
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the particle aize as well as oti the experimental conditions. The breadths of 
both sets of lines are of coiu’se influenced by the angle of reflexion, so that 
the breadths of the s-lines corresjumding to the positions of the m-lines must 
be determined by interpolation against the angle of reflexion. 

I'he problem is to doterniine theorotic.^ally the breadth {B) of an m-line, 
given the pure diffraction broadening (//) and the breadth of the 6f-line (h) 
at the same angle. 



Fia. 1 


Let us suppose that an s-line has the distribution function= /8(max)/(^) 
given by tig. 1 (c) and hence a breadth b, whore 



(All breadths are here expressed in linear measure, x being distance along 
the film from the maximum of the line.) 

If the distribution function of the pure diffraction broadening is given by 
la = li!UmAii)T{kx) [fig. 1 (d)] the breadth is 

^ jF{kx)dx. 

(The value of f(x) and F{kx) is unity at the maximum in both oases.) 

Eaoh element dx of the s-Une will be broadened, due to diffraction, into 
a line whose breadth is the same as that given in fig. 1 (d) and whose area is 
equal to that of the element, i.e. « 
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The maximum in the diffracted line corresponding to the element dx wiU 
occur at the point x and its magnitude I is given by « 

7 ... A ’ 

^d!(max> ^ 

% 

where A = dx. 

The intensity at any j)oint ^ in the resultant m-line contributed by the 
element at x is 

X/„nax^4max)y^^j da: F(kx - if). 

The total intensity at ^ therefore is 

IM) == l/(z)F(tx-Jt^)dx. 

The maximum intensity of the resultant will ocjcur at ^ — 0 and is 

4,max, = 

The total intensity ol‘ th(5 resultant line which is obtained by integrating 
over all values of £ is 

j4(g)dg = 

The breadth of the resultant m-lirio which is the observed breadth is therefore 
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The true diffraction broadening /i = dx so that 


True diffraction breadth 


Similarly 


Observed breadth of m-line* B 


Breadth of 5-line 


Observed breadth of m-hne* B 


^F{kx)f{x)dx 

jf{x)dx 

jF{kx)f{x)dx 

J F{kx)dx 


(4) 


( 6 ) 


The parameter ki&a function of the ])artic]e size. Its variation in (4) and 
(5) gives different values of 6//:^ and /JjB and provided/(a::) and F{kx) arc 
known a correction curve can be evaluate<l giving /ijB as a function of b/B, 


Evaluation of the, correction curve 

f(x) was determined experimentally by imcro{)hotometering an 5-line at 
=3 80®, where and were well resolved. The resultant curve is 
shown in fig. 2. 

Further measuroments showed that providing due allowance was made 
for the a-doublet the shape of the 5-lines was practically independent of the 
angle x for specimens which absorb X-rays strongly-t 

F{kx) cannot be obtained experimentally in any simple manner. In¬ 
tensity distributions which have been assumed by Laue are the forms 


F{kx) = 

(«) 

' i+tV 

(7) 

whilst Bragg's treatment gives 


mx) - ~ 

(7a) 


Using the functions (6) and (7) and the exfwimental form of f{x) given in 
fig, 2 the correction curves 3 (a) and 3 (6) were obtained, the integrations 


* Monoohromatio radiation has been assutned. The oft'oct of the a-doublet ia 
oonaidered later, 

t This is not the case for a relatively trans|>arent specimen wliere the intensity 
distribution at small angles may be oomplioatod by reflexions from both sides of 
the Bpeoimen. Strictly the form of f{x) should be determined for each experimental 
arrongomont. 
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being carried out using SinipHOu’s rule. The curve obtained using ( 7 a) is 
almost identical witli curve 3 (a). 


As a check on the above uiothod wo may \)utf{x) = which is a 

very close approximation to the experimental curve given in fig. 2, then 
using ( 7 ), the correction curve is given by 


P 

H 


2 p and kp. 


where j) 


1 


This coincides almost exactly with fig. 3 (6). 



Fxa. 2. Lino for particles of infinite size, monochromatic radiation. 


The difference between curves (a) and (b) is considerable, especially when 
the diffraction broadening is small (large particle size). The previous workers, 
Laue (1926), Brill and Pelzor {1929, 1930), who have attempted to allow 
for the experimental conditions by calculation, have used only equation (7) 
for the pure diffraction broadening, so that this ambiguity has not been 
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noticed jireviously. As their calculations are in effect the same process as 
that by which the curve in 3 (6) was obtained, there is the possibility of 
serious error unless the diffraction broadening is of the form given by 
equation ( 7 ), 

The curve giving the pure diffraction bj*oademng of the specimen as 
a whole cannot be found theoretically. Equation ( 7 a) is the better 
distribution if the crystals are all the same size, but this is not to be 
expected. 

If there is a range of particle sizes, equations (6) or (7 a) will not give the 
true diffraction broadening of the specimen as a whole. The large particles 
will sharpen the peak whilst the smaller vdll broaden the base of*.the line, 
which will therefore become more like the shape given by equation ( 7 ). 
(8ee fig. 4 , which sliows the lines given by equations ( 0 ), ( 7 ) and ( 7 a), 
adjusted so that their breadths are the same.) 

A test of the correctness of the shape assumed for F(kx) is to build up a 
line from/(x) and F{kx) of suitable breadths, and compare the result with 
the shape observed experimentally. This is laborious and gives only a rough 
guide, but it shows that equation ( 7 ) gives the better approximation to the 
diffraction broadening in the case of the colloidal gold specimen examined. 

A further check can be made by finding whether the results remain con¬ 
stant when dilierent parts of the correction curve in fig. 3 are used. This has 
been done by \ising different radiations and camera diameters. The results 
(Table ITI) using curve {h) are reasonably constant for any one line. 

Undoubtedly the most satisfactory solution to the problem is to use, as 
far as possible, tlie part oi'the correction curve whore b/B is small. Thus if 
the particle size is largo, X-rays of long wave-length should be used and the 
ratio of the? diameter of tlie camera to that of the specimen should bo large. 

The correction curve 3 ( 6 ) differs only slightly from Scherrer's correction 
formula 

which is represented by a straight lino joining the points XY, However, 
Scherrer’s method of finding 6 is based on the assumption that 6 is inde¬ 
pendent of Xi which is inconect and in certain cases may give negative 
values for the particle size (Haley and Terrey 1936). 

(2) The effect of the non-homogemity of the radiation 

Previously we have assumed the radiation to be monochromatic. The 
radiation generally used consists of a doublet which causes a broadening 
of the lines, since in general the two components are not resolved. Brill 
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(1928) has given a correction fonnula based on the assumption that the lines 
are triangular in shape. As the lines observed in the present investigation 
were not triangular and the correction to be applied depends on the 8haj>e 
of the lines, it is desirable that the correction should be worked out using 
the line shape observed. It is a simple matter to determine the correction 
curve for any assumed line shaj»e. 

We will consider the general case. If — </>(x) represents the intensity 
distribution in the X-ray line produced by the specimen from the 
component of the incident X-radiation then the intensity distribution 
produced from the component is 2 ^(x - d), i.e. a line double the intensity 
of the line and shifted from the position of the by a distance d, the 
doublet separation. 

The breadth (B^) of the resultant obtained by superimposing the two 
lines is given : 

ijf dx 
/fidnax) 

j(p{x)dx-\- 2 
zj<f>(x)dx 


/• 


<j){x-~d)dx 



If <l>{x) is known, in general ^(j>{x)dx can be obtained using Simpson’s 

rule. The maximum of the resultant /fftmax)* breadth of the 

resultant, can be found by adding the ordinates of the and ag near their 
maxima. 

Below, the procedure is shown for one value of d, the doublet separation, 
using the curve given in fig. 2 for ^{x). For 



dx=r l9-5f>, 


Breadth = 


I'- 


dx 


max 


19‘56 

— . 



^-f = 58*68, 


For the resultant 
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The ordinates are given only near the peaks. 


X 

0 

I 

2 

3 

4 

5 

C 

7 

8 

4, 

1000 

0 * 91)0 

0*948 

0*890 

0*825 

0*753 

0*080 

0*607 

()*533 

4. 

1 - 3G0 

1 -f)!.)!; 

1*050 

1*780 

]* 896 ‘ 

1*980 

2*000 

1*980 

1*896 

4 

2-360 

2*490 

2*598 

2*070 

2*721 

2*733 

2*680 

2*587 

2*429 


Plotting tliese shows tlie maxirnum to he about 2*738: 


Resultant breadth — - 21*44, 

2*7oH 

B True breadth _ 19*50^ OOP 
Resultant breadth 21*44 

d Sej)ai'atioii _ 

Resultant breadth 21*44 

By repeating for otlier separations the curve (a) in fig. 5 was obtained, 
giving BjB^ as a function oidjB^^, 

Fig. 6 ( 6 ) gives the correction curve obtained for triangular lines (Brill). 

From fig. 5 (a) the observed breadth B^ can be corrected for the separation 
of the a-doublet, giving the breadth B, 

Although the line shape used for ^(x) (shown in fig. 2 ) was that deter¬ 
mined for particles of infinite size, it was found to he quite a close approxi¬ 
mation when the ])article 8 are in the measurable range. As the correction 
curve does not depend very critically ujjon the line shape used, the curve in 
fig. 2 (a) has been used for both 4 ?-lines and m-lines. 


HI. ExPKRI MENTAn 
(1) The experimental procedure 

The standard substance is chosen so that few cases occur of the over¬ 
lapping of lines due to the two substances. Particles having an edge of 
between and 10"* cm. are required and these can in general be obtained 
free from strain by annealing filings of a ptu-e metal just below the sintering 
temperature. The relative proportions of the two substances are chosen so 
that they give roughly the same peak inkmsities. Specimens may be either 
mounted on a hair, or in tubing, and the photograph taken with a Debye- 
Scherrer camera having any reasonable slit system or pinhole, the specimen 
being rotated during the exi>osure. 
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After the photograph of the mixed specimen has been taken, the film is 
microphotometered, densities converted to intensities, and the line breadths 
found. It is useful to draw a curve giving the linear separation of the doublet 
as a function oi'x tfi© radiation and camera used. Then, if and Bq are 
the observed breadths of s-lines and w-lines respectively, the ratios d/b^ 


5 


•o' 



Fio. 5. a-Doub)«t correction. 


or (i/J?o can be found, and the correction for the a-doublet made to both 
sets of lines, by multiplying by the appropriate value of (h/6o) nr (^/^o) 
determined from fig 6; h and B are the breadths after correction for the 
a-doublet. 

The breadths B must now be corrected for experimental conditions. 
First b is plotted against x- The ratios b/B can then be found, b being the 
breadth of the a-line interpolated at the same angle as the m-line. From 
fig. 3 the corresponding value of (/3/B) can be read off. Then /5f = B(PjB) 
is the true diffraction breadth in linear measure. 
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The angular breadth where B is the radius of the oanaera. Then 

from equation (2) the ‘‘apparent particle size is given in terms of the linear 
breadth 

" Poos}xn 

The notation used for the breadths is summarized: 



m-lihes 

sdines 

(1) Observed breadths 

Bo 

bo 

(2) After correction for a-doublet 

B 

b 

(3) After correction for experimental conditions 

yS 

— 


(2) Particle size of colloidal gold 

As an example of the use of the method the particle size of a sample of 
colloidal gold* has been measured, the element molybdenum being used 
as standard substance. 

Copper radiation. Camera radius, 46*3 mm. 

Exposure time, 20 min. Linear breadths are given in mm. 


Table L Molyboenttm, cS>line.s 



Indices 



h 

d/b. 


b 



110 


20-3 


0-30 

0'30 


0-27 



200 


29-5 


0-28 

0-46 


0-22 



2U 


37-0 


037 

0-46 


0-29 



220 


44-0 


0-37 

0-60 


0-27 



310 


i50-9 


0*43 

0-66 


0-30 



321 


66-1 


0*60 

102 


0-33 




Table II. 

OOLLOIDAI. GOLD, Wl-LINSS 



Indices 

0 

^0 

d/lS, 

B 

bIB 

A 

cos^ 

p cos 6 

^(A) 

111 

19*2 

0-46 

017 

0-45 

0-58 

0*24 

0-944 

0-226 

310 

200 

22-3 

0*60 

015 

0*69 

0-42 

0-42 

0-925 

0-390 

180 

220 

32‘4 

0*68 

0 24 

0'54 

0*48 

0*36 

0-844 

0-296 

240 

311 

390 

0*62 

0*20 

0*56 

0-48 

0-36 

0-777 

0-280 

260 

222 

41*4 

0*56 

0*36 

0*49 

0-55 

0-28 

0-760 

0-203 

340 

331 

66*7 

0*88 

037 

0-75 

0*41 

0-64 

0-663 

0-303 

23Ci 

422 

mi 

1-46 

0-38 

1*22 

0*28 

102 

0-373 

0-380 

180 


♦ The colloidal gold was given to me by Dr J. B. Haley, late of University College, 
I^ondon, to whom I am much indebted. 
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The values of e should be the same if the particles of colloidal gold were 
cnibic in form. In order to make certain that the variations are due to the 
crystal form and not the experimental method, the measurements were 
repeated under otlier conditions. The results are tabulated below. 


Table 111. Values ok e : kor colloidal gold 


Radiation 

Indices: 
Camera radius 

in 

200 

220 

311 

222 

331 

422 

Cu 

4*63 crn. 

310 

180 

240 

260 

340 

230 

180 

Co 

4-63 „ 

310 

210 

230 

240 

280 

170 

. 

Cu 

9*50 „ 

330 

190 

240 

230 

330 

210 

210 

CV 

9*50 „ 

300 

220 

230 

260 

280 



Mean (experimental) 

310 

200 

236 

246 

310 



Calculated 

315 

212 

232 

229 

315 


— 


The agreement between the experimental results is as good as can be 
expected. The results obtained by calculation will be referred to in the next 
section. 


IV. Detkrmination of the fartiole shape 


The method used to determine the particle shape from the diflerent values 
of the apparent particle size e is essentially that given by Brill ( 1930 ). The 
procedure has however been simplified by the use of “shape curveswhich 
furthermore are of general application. 

In the general case of a crystal of paraUelepif)ed form belonging to the 
monoclinic system 




(») 


The bi’s are vectors in the reciprocal lattice given by 


bi 


[^8 ^3] 

(ajaga;)’ 


etc. 


( 10 ) 


where the vectors a^ define the unit cell. They are chosen so that the volume 
(a^agag) is positive. G is the unit vector in the reciprocal lattice of direction 
given by 

^ Eh^hi 


|2A.b,l 


( 11 ) 


the hn being the Miller indices of the reflexion. is a pure number, the 
lengths of the edges of the parallelepiped crystal being mgai, wigag, Wgag. 
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In the simple case of a crystal of the orthorhombic system having three 
unecjual edge lengths it can be easily shown that different values of e are 
to be expected from different lines. 

For crystals of the orthorhombic system equation (9) reduces to 


For the reflexion 




E(hijtnid\f 


OOAg ®00A, “ **^*®3- 


( 12 ) 


Thus, unless the three edge lengths of crystal are all equal, different values 
of c will be obtained from these three lines, which give the particle shape 
and size immediately. 

Shape determination is more complicated for crystals of the cubic system. 
i\ll orientations are probable in the specimen, and overlapping occurs, e.g. 
the 100, 010, 001 reflexions overlap to form one line. 

Sup]) 08 e one line of breadth is composed of n overlapping reflexions of 
breadths //j, /4, ... fit, ... fin corresponding to different e values ... 


6\‘, ... 6„. If the total intensity is the same for each reflexion 


r yr 


Since 


h 


(max) 


“A 




Now 



p _ 

eoos jx* 


e = -re,. 

TO * 


(13) 


For crystals of the cubic system equation (12) reduces to 


e 



(fti/m,)*+(Aj/wtj)* + (hjm^) 


3* 


(14) 
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Simiiltaneouft variation of m 2 , mg is too oomplioated. Brill takes 
m — mj ™ mg » pwg. Variation of the parameter p covers the shapes of botli 
a needlC' (p < I) and a plate {p> 1). 


Then 


m« V h\ -+ h\ 4- * 


(15) 


In the following eimi denotes the evalues obtained from the 111 line due to 
the eight overlapping reflexions. Similarly for other indices. 

From equations (15) and (15) 



€12221 iw the same as tiim. 

Fig, 6 shows plotted against log^Qp, using the equations given 

above. No value of p gives the same relative a values as those obtained with 
the colloidal gold. It is noticeable that high 6 values are obtained when p 
is small and the reflecting planes are parallel to the faces of the unit cell. 
As we require to be high, a change to a unit cell with its base on the cubic 
(111) })lane is indicated. The lattice parameters of the new orthohexagonal 
cell are 

= ^/3 a; ^2 = y/i a; == a, 

in the directions perpendicular to the cubic planes (111), (211), (Oil) 
respectively. 

The new indices of the various planes which were found by plotting the 
reciprocal lattice are as follows: 


Cubic 




Orthohexagonal 

8x 111 

2x 

120; 

4 X 

111; 2x300 

6x200 

2x 

220; 

4x 

211 

12 X 220 

4x 

411; 

2x 

420; 4x031; 2x002 

24x311 

2x 

520; 

4 X 

511; 8x331; 2 X 140; 4 x 122; 4x302 


For an orthorhombic lattice 

_ / 


( 16 ) 
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To take one example, and still designating e by the oubio indices, we get 
from equations (13) and (17) 



logio? 

needle plate 

Fia* 7* Shape curve; orthogonal unit cell. 
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Infig.7e,A^ is plotted against logio?- Itoanbeseeuthatlogio^ — 1*4 . 

(q := 0-26) gives roughly the observed ratios of the e values. 

From the curve, by addition 

+ ^laooi + ^12201 + ^’18111 + ^I222i) - 7*41 mu. 

From Table III, 1300 - 7*41 ma, 

ma — 176 A. 

The dimensions of the crystal are given: 

“ V5^0-26 V3« = 703 A, 

^ 12^8 = mx<y/|a = 176 A, 

= Aj2in x = 176 A, 

The calculated e values using these dimensions are those given in Table III. 

Although the agreement with the observed e values is good, the calculated 
shape is not very convincing. We restrict ourselves to pointing out the 
agreement, rather than asserting that the shape and orientation given 
above are correct. 


V. Thkobbtioax. 


( 1 ) Laue^a treatment 

We shall consider Part II, § 4 of his paper. Two equations are derived, 
either of which gives the intensity distribution in the X-ray diflraotion line 
as a function of the particle size. In the course of the derivation the ‘‘inter¬ 
ference functionmust be integrated. 

According to Laue 

n a \ 

sinH^r sin»iAa einH^s 

for B parallelepiped of edges Afia^, where the vectors define 

the unit cell. 

Actually, as Laue states in another publication (Laue rqr 5 ), this equation 
refers to a parallelepiped of edges 2 ilfia 2 , 2 JI 4 a 2 , 2 ilf 3 a 2 . The correct inter¬ 
ference function for a parallelepiped of edges is 




sin* a sin^^Ag * 


m 


♦ See Laue'B paper for the meaning of His notation will be used throughout. 
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This arithmetical mistake leads to the particle size being in error by a factor 
of 2 and will be referred to later. ^ 

To reduce integration difficulties, Laue replaces equation (18) by a func¬ 
tion of the form 

f{A,) = 

where the are the Miller indices of the reflexion. 

Two examples of such a function are 

fi(A^) = ( 20 ) 

Laue chooses the values of the parameters p and w, so that if 
these equations give the same value for the maximum and the integral 
value over the volume surrounding the whole number point .4^ === as 
equation (18). In particular he finds 

(Ji>2 

The intensity distribution in the X-ray line, derived from (20) and (21), 
is given 

from (20) Ji(;\;) == const, e » (22) 

from (21) (23) 

where =» &, the Bragg angle, 

^ = Bin —Bin Xh beiog the position of the maximum. 

^ is a pure number which depends only on the size and shape of 
the crystal and the wave-length of the X-radiation used. 


1 /vl(»»iG)l« 

’“2ifcV^l w, j ’ 

(24) 

. 2n 

(26) 

*“T' 


3 * 


1 1 
~ ^n~ 1-77’ 

_ 1 _ 1 _ 
_ _ 
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hi, G and nii have been defined in equations (10) and (11). It should be 
noted that for convenience we ha% used e = . Reverting to equations 

{22) and (23) the line breadths /? can be calculated from the definition 






J(Aj)tnax 

In the scale of S (instead of x) these are 

Vijn 


from (20) 


from (21) 


A 


Oh 

ijn 


(i), 


(26) 


(27) 


a 


Substituting -r-, ojq 


and converting from the scale of to the 

^27r 


scale of X hy multiplication by obtain 

A— 

For particles of the cubic system where 

j miUi I = I ni2a21 = | Tn^a^ | = t, 


BO that 


V =* 
/3i = 0-5 


int’ 

A 


fii =. 0-92 


^coskik’ 

A 


i^iXh' 


(26a) 


(27 o) 


Laue uses equation (23) as the intensity distribution and shows that (27a) 
is in reasonable agreement with the formula of Soherrer in which 


^ o-o a 

Actually this agreement is purely fortuitous since both (26o) and (27a) 
contain an arithmetical error of 2 due to equation (18) being used instead of 
equation (19), and furthermore equation (27 a) contains an additional error 
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introduced by an anthmetical mistake in the evaluation of w*. According 
to Laue Wy = , whereas the correct value, determined by his method, 

If these corrections are made 



A 

■ t cos to’ 

(266) 


1-46A 

"Icos'to' 

(276) 


(266) is in much better agreement with Scherrer’s formula than (276) b\it 
the agreement between the equations (266) and (276) is not convincing. 


(2) Alternative method for evaliuition of the comUmt to 

The lack of agreement between equations (266) and (276) suggested that 
the method used by Laue to fit/i(A<) Si^ndf^iAfj to the interference function 
/o(A^) might be improved and led to the following treatment. 

By way of analogy, fig. 8 (a) shows a whole number point 8 (where 
A^=ss2nhi) in an imaginary reciprocal lattice of only two dimensions, 0 
being the origin and the axes. The value of the interference function 
which is a maximum at S, and for a powder specimen of crystal 
grains of different sizes and orientations may be considered to decrease in 
all directions proceeding from Sy is represented by contour lines around 8, 
Laue has shown that the intensity in the X-ray line at an angle x is pro¬ 
portional to the integral of/(A^) taken over a line PQ perpendicular to, and 
passing through the end point of the vector H in the direction 08, where 
I H I 2sin|;y. The integral of /(A,) over PQ is a maximum when PQ 
passes through 8. 

The breadth /i of the X-ray line is proportional to Jz/Zmax^ where Jz 
is the integral of /(A^) over the volume surrounding 8, i.e. 


jjjnA,)dA, 




and is the integral of /(Ay) over the plane PQ through S. We shall fit 
MAf) in equation (20) and ft(At) in equation (21) to /o(>4<) by choosing the 

The ooifeot value of/o(-4,), i.e. equation (19), is used and the results are given 
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in the scale of Ai- The integrations have been done for the (AjOO) reflexion 
of an orthorhombic lattice (flg. 8 (b)), as this is reasonably straightforward. 
The value of w should be independent of the partioular reflexion and lattice 
considered: 


(i) 




8in®JJIfi.4j sin® 8in*JJIfg.4j 

sin®i.<4i " 8in®Jj4j ‘ 8in*i^yl3 


Using the integration limits 

Ai = 27rhi ± Jtt, At~Ag~± \it, 

J/ = 



(ii) fl{A^) - 


Using the integration Umits ± oo 



wfmimgmj' 




Pi” 

ajfmjWtg' 

aJtt 

Wjmi' 


(iii) 


A(^<) - [}:rn\{Ai-2lh^)^-^'(D^*Y' 


Using the integration limits ± oo 






”Pi> A 

WlgWlg* 


* Wjmi 

The integration limits ± oo can be used for A(^{) andAMi) as these functions 
are not periodic in 
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If Mi = mi and the values are to agree 

(28) 

w. = h (29) 

If these values of O) are used the same value for the particle size is obtained 
from both equations (26) and (27), viz. 

= 2n7j, 




Reverting to the scale of x, 




Fia. 8 


Anrj 


oosj);\:k* 


Substituting ij ■» ^ for comparison with Scherrer’s formula, 


R _ ^ 

^"icosiA!,' 


which is in reasonable agreement. 

When the particles are of general parallelepiped form the line breadths 
are given by 

* eoosJxs 


(30) 
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where 


1 _ 1 _ 

2% - ^{(b,G)/m,p' 


(31) 


In equation ( 2 ) the breadth has been given the suffix x nierely to dis¬ 
tinguish it from the linear breadth which has been denoted as y 6 ? in the 
experimental section. 


VI. The effect of the pabticee size distribxjtiojj 

It is not to be expected that all the particles composing the specimen are 
the same size and sha^je. Consequently the observed mean size will differ 
from the true mean size. 

Patterson ( 1928 ) has attemj)tod to find the effect of a Maxwellian dis¬ 
tribution. He compared Laue’s result, which uses equation (23) for the 
intensity distribution in the X-ray line and assumes all particles are the 
same size, with the result obtained using equation ( 22 ) and assuming a 
Maxwellian distribution of the particles. He commences with equation ( 22 ), 

J{x) = 

but has ignored the fact that the “constant” is a constant for one size of 
particle only. Assuming cubic crystals and = m 2 - - m, tliis equation 

should be 

t/(^) ~ constant' ^ 

by reasoning similar to that used in the derivation of equation (32). This 
omission invalidates the calculation. 

His result, that the observed mean value of rj differs from the true mean 
value of 9 / by follows directly from the inoon^ect assumption that 
and Wa in equations (22) and (23) are the same. We have shown that these 
constants differ by 

The law governing the particle size distribution is not known and it is 
highly probable that it will vary from powder to powder, depending to a 
great extent on the method of production of the powder. Nevertheless some 
estimate of the effect of the variation in particle size is desirable. A number 
of assumptions for the distribution law will be made and the ratio between 
the true mean size and the size as determined by X-ray measurements 
calculated for the different assumptions. 

We will consider the case for cubic crystals where m^a »= m^a m^a =* U 

The total intensity reflected by the crystal is proportional to its volume, i.e. 

00 

J — 00 




Let y = ^™">ean ( 34 ) 

Then y can be found from equations (32) and (33) if the distribution law is 
known. 

Some form of skew distribution law is most probable, the objection to the 
Gaussian law being that particles cannot be negative in size. 

However, os the modulus of distribution is unknown we cannot hope to 
get more than an idea of the order of y. We have therefore assumed for the 
sake of simplicity that the distribution is Gaussian. Equation (32) shows 
that the larger particles are given more weight, so that if A, the modulus of 
distribution, is adjusted so that the number of particles of negative size is 
small, the approximation will be sufficiently close for our purpose. 

The number of particles of size i is 

dn ^ di. 
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2 

As an example, take <0 = 100 A, A «= -—,wliioh gives the number of particles 

88 

for i 0 less than 2 % of that for t - Then y = — ^ = 0*765. 

If all the particles are the same size h — oo and y « 1. As A decreases the 
spread of the distribution increases and y decreases. But if A is smaller than 
2/^0 (the value taken in the example) a considerable number of particles 
will have negative sizes. Thus it is unlikely that y will be much smaller than 
about 0*75. 

If the distribution were Maxwellian we might assume, following Patterson, 


dn ^ 


which gives a value for y of 0-68. 

Alternatively to the above, the assumption might be made that the 
distribution law applies to the volumes, instead of the edges of the particles. 

In spite of the many uncertainties the conclusion can be drawn that the 
observed mean size will be greater than the true mean size, and it is our 
opinion that the difference between them is imUkely to be greater than 
30 % of the observed mean size. 
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The resistance of superconducting cylinders in a 
transverse magnetic field 

By A. D. MiSiSNEE, Emmanud College, Cambridge 

(Communicated by J. D. Cockcroft, F.R.S.—Received 29 January 1938) 

1. Introduction 

ExperimentB on the penetration of a magnetic held (de Haas and Casimir- 
Jonker 1934 ) into superconductors have shown that, when a superconducting 
cylinder is placed in an increasing transverse field, penetration of the field 
first occurs when the applied field strength reaches a value where 

//fc is the critical field corresponding to the temperature of the exiieriment. 
Since, for this value of the applied field, the field strength, at the surface of 
the cylinder (von Laue 1932 ) where it is intersected by a diametral plane 
perpendicular to the direction of the field, wiU be precisely H^, the above 
result is in accordance with expectation. 

On the other hand, it was found by de Haas, Voogd and Jonker ( 1934 ) that 
under the same conditions the cylinder first exhibited electrical resistance 
when the applied field strength reached the value 0 - 68 H^. Since this 
discrepancy probably results from the properties of the “intermediate 
state” (Peierls 1936 ; London 1936 ; Landau 1937 ) occurring when the 
magnetic field just begins to penetrate the superconductor, it seemed 
desirable to investigate the matter in more detail. 

The main difficulty in the experiment arises in the determination of the 
exact field strength (HJ) at which the first traces of resistance appear. The 
resistance at first increases very gradually with increasing magnetic field. 
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so Hi cannot be determined with sufficient accuracy by extrapolating the 
transition curves unless these are determined very precisely. 

The experiments described below were designed to provide the required 
accuracy particularly near Hi where the resistance to be measured is very 
small. Cylindrical poly crystalline wires were used, the best results being 
obtained with tin and indium. It was found that the ratio was not a 
constant but varied linearly with tem})erature. 


2. Expkbimentai. method 

The potential difference between two points on the wire was observed 
with a constant current flowing in the wire and at a constant temperature 
below the normal transition point (H ~ 0). The readings were invariably 
taken with the external field increasing by steps of a few gauss from zero. 

(a) The wires used were made by extruding, at a temperature 20''C, 
below the meltingqwint, a quantity of the pure metal through steel dies. 
The usual rate was 3-4 cm./min. The c]j(>8S“Section was circular to within 
1 % and of diameter 0*010 or 0 * 015 cm. The crystallites were small and 
showed no preferred orientation. Specimens of 0-7 cm. length were cut from 
these wires; they were mounted straight and vertic^ally in a liquid helium 
cryostat and were in contact with the liquid helium everywhere betw oen the 
two points selected for the j)otentia] measurements. At these points two 
short leads of the same material as the specimen were fused to it, and to the 
ends of these w ere soldered leads of 3 H-gauge manganin wire. Sim ilar current 
leads were soldered to the ends of the specimen. 

(b) The purity of the individual specimens was tested, after mounting, 
by determining the resistance ratio at 4 * 2 ° K. {Rq = room temperature 
resistance) and by the abruptness of the transition curve in a magnetic field 
applied parallel to the axis of the wire. All specimens used had resistance 
ratios between 10 “^ and 7 x 

(c) The resistance measurements were made with a jmtentiometer bridge 
similar in arrangement to that described by Kapitza and Milner (1937). 
The sensitivity was 10-^oV/mm. The usual measuring current in the 
specimen was 10 mA, * which was sufficient to detect 10“* ( R^ == i-esistanoe 
in the normal state just above the transition point). From grai>hs of i? against 
H the values Hf {R-^ 0 ) were determined. 

♦ Determinations of the effect of turrent strength on the ehapti of the transition 
curve, to be published shortly, show that for all reasonably small ourrentg the point 
at which resistance first appears is independent of current strength. 
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(d) Tlie transverse magnetic field was produced by an electromagnet 
with large flat pole-pieces which gave a field uniform to within 1 % over a 
diameter of 7 cm. The longitudinal field was obtained from an air core 
solenoid. All fields were calibrated against standard coils using a fluxmeter. 
Temperatures were calculated from the vapour pressure of the liquid helium 
bath surrounding the specimen. By observing a butyl-phthalate pressure 
difference gauge the temperature could be kept constant to within 0*01'^ K, 

(e) The values of appropriate to the temperatures at which the 
different H/& were determined could be obtained from the published results 
on critical fields (Schubnikow and others 1936; de Haas and Engelkes 1937; 
Daunt and Mendelssohn 1937). The critical field (longitudinal) was also 
determined for each specimen at several temperatures. The values agreed 
with those quoted in the above references to within 1 %. It was found, how¬ 
ever, that equally accurate values of the critical field could be obtained from 
the transition curve in a transverse magnetic field. If the linear portion of 
this curve is extrapolated upwards to meet the extension of the normal 
resistance curve at the point A (fig. 1) it was found that the value of the 

Table I 




Temp* 

"K. 


(a) 

(b) 

3*33 

54*5 

640 

54 

312 

81 

82-0 

81 

2*92 

109 

109 

108 

2*71 

138 

136 

134 

2*29 

182 

182 

179 

1*49 

248 

260 

248 


(a) de Haas and Engolkes. (6) Daunt and Mendolasohn. 


Table II 

Temp. . — *-- Tomp. ^-• - 


“K. 

Long. 

Trans. 

°K. 

Long. 

Trans. 

3*31 

10 

10 

2*27 

160 

— 

3*15 

33 

33 

2*24 

152 

— 

3*12 

39 

— 

217 


160 

3*04 

49 

50 

2*07 

— 

170 

3*03 

51 

— 

1*68 

— 

204 

2*98 

58 

58 

1*61 

209 

— 

2*95 

60 

61 

1*58 

% 

214 

2*75 

89 

— 

1*56 

215 

—. 

2*67 

— 

100 

1*50 

219 

221 

2*53 

2*46 

121 

125 

1*38 

227 

— 
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field correaponding to A was precisely /fj^. Values for the critical field of tin 
obtained in this manner are compared, in Table I, with the published data. 
No very extensive data on the critical field of indium coiild be found, so 
was determined in both longitudinal and transverse fields. The values 



Fro. 1. Method of dotorminiiig H/g from transverse hold transition curve. 

are compared in Table II and the threshold field curve shown in fig. 2. From 
this curve the difference in specific heat of indium in the normal and super¬ 
conducting states is calculated to be S^ — 8 ^ = 3*48 x 10 “^^ cal./g.-atom 
(Daunt and Mendelssohn 1937). The Sommorfeld formula (Sommerfeld 
1937) gives aSV == 2-97 x 10“^ cal./g,-atom. 


3. Results 
(a) Tin 

The metal was supplied by Hilger (Lab. No. 10,000). Three specimens 
were investigated; Snv, = 6-6 x 10^*; Snvn, = 0*7 x 10 “*; 

and Sn Yin, Ri.JRo = 0*0 x iO"* The results obtained are shown in Table III. 
In the sixth column, /I T is the tem^wature interval ("" K.) below the normal 
transition point. Two of the transition curves are shown in fig. 3. In this 
graph the ordinates are resistances, and the abscissae are field strengths, 
plotted as fractions of The difference between the H/b of the two curves 
is apparent. 

^ (6) Iridium 

The metal was supplied by Hilger (Lab. No. 10 , 874 ). Two specimens were 
used; In i, R^JR^ - 3-3 x 10“* and Inni, R^JRq « 3-2 x 10“*. The results 
are given in Table IV. 
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200 


150 

H 

gauss 

100 


50 


0 

I’lO. 2. Threshold field curve for indium. 


Table III. Tin 


Specimen 

Temp. 

Ht 

Sk 

* 

AT 

no. 

"K. 

gaUHH 

gauHH 


°K. 

V 

3-41 

23 

44 

0*525 

0*30 

V 

3*12 

45 

82 

0*665 

0-59 

V 

2*97 

56 

103 

0*664 

0*74 

vn 

2*92 

63 

110 

0*672 

0*81 

VIII 

2*80 

72 

124 

0*680 

0*91 

VIII 

2*75 

76 

130 

0*686 

0*96 

V 

2-71 

78 

136 

0*691 

1*00 

VII 

2*70 

80 

136 

0*689 

1*01 

vni 

2*47 

98 

162 

0*604 

J*24 

VII 

2*29 

116 

182 

0*634 

1*42 

V 

1*49 

174 

248 

0*704 

2*22 

vni 

1*49 

176 

248 

0*706 

2*22 






Fig. 3. Transition curves of 


Tabl 

Specimen Temp. H, 

no. ® K. cans 
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(c) Lead 

The metal was supplied by Hilger (Lab. No. 8 , 334 ). Three specimens 
were measured; Pbiii, = 1»x 10 ®; Pbiv, = 1-8 x 10 “*; and 

Pbvii, R^.^jRo — 4 ] X 10~*. Measurements were made at 4-2 and l‘68°K. 
only. The results are given in Table V. 


Table V. Lead 


SjKicimen 

Tornp, 

M, 



AT 

no. 

“K. 

gaut^s 

gauss 

H,IH, 

"K, 

rv 

4-20 

414 

552 

0-750 

3-0 

VII 

4*20 

412 

552 

0-746 

30 

HI 

4-20 

416 

552 

0-754 

3-0 

IV 

im 

692 

766 

0-906 

6-6 

VII 

1-68 

697 

765 

0-913 

5*5 

III 

1*68 

696 

766 

0-910 

5-6 


The variation of //(///* with temperature for tin and indium are shown 
graphically in fig. 4 . From consideration of the probable sources of error it is 
estimated that the values of are accurate to within 2 %, and it is 
seen that in the figure the straggling of the points from the best straight line 

080 


070 

Ht/Hk 

ObO 


050 


0 OS 10 1-5 20 

AT °K 

Fio. 4. Variation of HJH^ with temperature. 
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Ih within this limit. Both tin and indium give, by extrapolation from the 
experimental data, the value == 0*500 at the normal transition point 
(H « 0 ) of the Buperconducting metal. 

It will he noted that the slope of the lines for tin and indium differ only 
slightly. The values for lead fall between these two lines. From this it is 
concluded that the variation of //f///* with tem[>erature depends very 
slightly, if at all, on the particular superconducting metal used. However, it 
is probable that the purity of the metal does exert an influence on this 
relation, and the differences in slope may be assigned to tliis cause. 

4. Discussion 

In taking the observations the accurate setting of the potentiometer 
circuit required about 1 min. for each reading. After balance liad been 
obtained no variation of the resistance with time was observed. Apparently 
the time effects found with the penetration of field into superconductors 
(Mendelssohn and Pontius i936tt and6; de Haas, Engelkes and Guinau 1937) 
do not ocoui* in the restoration of resistanc^e. Particular care was taken over 
this point when the applied field was between 0*50 and //^. In one instance 
the |>otentiometer remained accurately at zero (B < 10 ^^Q) for 25 min., while 
the field applied to a tin specimen was 0*58 74 and the temperature was kept 
at 2 * 70 ® K. Thus it is evident that the field w hich has j)enetrated into the 
cylinder has distributed itself in such a manner as not to destroy tlie perfect 
electrical conductivity of the s{)ecimeii. 

Wliile these investigations were in progress, Mann and Wilhelm (1937) 
published the results of similar measurements made on a short single crystal 
tin cylinder using a persistent-current method. I'hey found a similar linear 
variation of ////74 with temperature. While their values ofHj^ for tin do not 
agree, at lower temperatures, witli those found by other workers, the fact 
that both Ilf and 74 are determined in the same manner for the same 
specimen makes it unlikely that their ratio will be much in error. Their 
results show that single crystals as well as pure polycrystalline cylinders 
show this phenomenon. The value 71^/74 - 0*58 given by de Haas, Voogd 
and Jonker (1934) from the transition curve of a single crystal wire at 
2 - 92 °K. {AT ^ 0 * 81 ^) also agrees well with the value obtained from fig. 4 . 

In attempting to explain why resistance does not ai)pear when the field 
has penetra^d the cylinder and why a larger proportion of the critical field 
is required to produce the first signs of resistance when the temperature is 
lower (i.e. wlien the critical field is increased), we may take either of two 
views as to w hat happens in the superconductor. If we imagine the field 
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penetrating completely in layers of thickness of the order of lO-® cm., as does 
Grayson-Smith (1937) in his discussion of Mann and Wilhelm’s results, 
then it follows from London’s theory that these “ laminae ” will have higher 
critical fields than the bulk metal. On the other hand, we may picture the 
field as penetrating throxigh relatively large portions separated by still 
superconducting metal (of. Mendelssohn and Pontius 1936a). In this picture 
we have no true intermediate state” but simply a macroscopic mixture of 
normal and su|)erconducting regions. 

A preliminary exj)eriment was performed to discover if it was possible 
to detect any evidence of the coexistence of these comparatively large 
normal and superconducting regions. A specimen 5 cm. long, cut from the 
same wire as Sn vin (diameter 0-016 cm.), was laid on a thin bakelite plate 
and the usual current and potential leads soldered to it near the ends. At 
intervals on the central 12 mm. of this specimen, potential leads of 47 -gauge 
eureka wire were bound to it and held in position by being passed througli 
fine holes drilled in the plate. This type of mechanical contact was chosen 
since it produced the least distortion both in the cylindrical shaf)e of the 
specimen and in the distribution of magnetic field in the immediate neigh¬ 
borhood of the specimen. The potential leads were numbered 0, 1 , 3 , 4 , 6, 
12; the number of each contact corresponding to its distance, in millimetres, 
from the lead which was topmost when the specimen was mounted in the 
lielium cryostat. 

A transverse magnetic field {H) was applied which restored a portion of 
the resistance of the complete specimen (H^ <H < Hf^), With tern j>erature, 
external field and current flowing in the specimen all maintained constant, 
the resistance of the interval between each pair of leads was measured. The 
results are shown in fig. 6, the ordinates representing the percentage of 
normal resistance restored in the particular portion. The percentage of 
normal resistance restored by the applied field in the complete specimen 
(measured as a w^hole) is also shown. Graphs 1-4 were obtained at a tem¬ 
perature of 3 * 3 ° K. (AT ^ 0 * 4 °), and graphs 6-7 at 1 * 7 °K. (AT ^ 2 * 0 °). The 
shorter intervals show a wide variation in the percentage of resistance 
restored, iiadioating that the size of the normal and superconducting regions 
is of the order of 1 mm. The value for the longer interval ( 6 - 12 ) agrees well, at 
AT ^ 0*4°, with the average of the specimen as a whole, showing that the 
size of the regions is small compared to the size of the interval (6 mm.). At 
the lower temperature, however (graphs 6 - 7 ), even this large interval may 
have a value quite different from the average of the complete specimen, 
indicating a larger size of normal and superconducting “grain ” in this case. 

From this direct evidence of the existence of measurable normal and 
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superconducting regions in equilibrium we may form a picture of the 
behaviour of the cylinder when the external field is applied. We assume 
that when penetration commences &t H ~ the field enters the 

cylinder and forms normal regions in which the field strength is flj.. These 



I I I I I I II 

0^346 12 Complete 

specimen 

Fia. fi. RcNiistanoe of suoocssive portions of o tin cylinder. 

must be some sort of channels parallel to the direction of H, but their form 
will depend on the relation between the difference of enesrgy of the normal 
and superconducting states (/f|/ 87 r) and the energy of the surface of 8ei>ara- 
tion (Landau 1937). Consequently, their shape will probably be different 
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when has different values. When the critical field strength is small we 
suppose the normal regions to have a form something lilte that sketched in 
fig. 6'a. When the critical field is large they may be more like fig. 6 6. In both 
cases, as the applied field is increased, these normal regions will increase till 
they extend completely across the cylinder as shown by the dotted lines. 
Only when they have met to form a completely normal “layer” will the 
specimen begin to show electrical resistance. Because of the difference in 
shape, this will occur proportionately earlier in the case of low critical fields, 
and this accounts for the increase of as increases. Furthermore, 
the “layer” when formed at low temperatures (large Hj^) is larger than 
when formed at higher temperatures, which is in accord with the results, of 
the experiment described above. 

fa) 


(Field applied 1 page) 

Normal regions 
CZZ3 Superconducting 
regions 

Fio. 6 

This evidence for the coexistence of comparatively large normal and 
superconducting regions in a cylinder is in agreement with the opinion of 
J. G. Daunt (1937), based on results obtained with superconductors in 
superimposed D.C. and A.C. magnetic fields. Moreover, it suggests an 
explanation for the observed difference in his transition curves when the 
transverse D.C. field, used to destroy superconductivity, is applied (1) per¬ 
pendicular to, and (2) parallel to the A.C. field which is used to indicate 
penetration (Daunt 1937, figs. 6 and 7 ). We have only to assume that the 
normal regions formed in the hollow tin cylinder by the D.C. field are of 
sufficient depth to penetrate the metal (1 mm. thickness). Then in case (1), 
D.C. field ± A.C. field, since the normal regions form at the ends of a diameter 
]>et|>endioulartotheD.C.field,asBoona8H= O’SOH* completely “normal" 
paths will be presented to the A.C. field along the common axis of the 
primary and secondary coils. The number or size of these paths, and hence 
the flux in the secondary, will increase rapidly as the D.C. field is increased. 
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In caBts (2), D.C. field |1 A.C. field, the normal regions will be formed at the 
ends of a diameter perpendicular to the direction of the A.C. field. Conse¬ 
quently only a small amount of A.C, field will leak into the interior of the 
cylinder. The amount of flux will remain small even though the size or 
number of normal regions increases until there is a sufficient quantity of 
“normal’' metal to provide a considerable channel in the direction of the 
A.C. field. Then the flux through the secondary coil will increase rapidly. 

Since throughout a “norniar’ region the magnetic field strength is 
this simple picture also offers a jmssible explanation for the fact that in 
|>enetration experiments ( 1 ) the field as measured inside the cylinder with 
short bismuth wires sometimes exceeded the a|)plied field in strength. A 
more detailed investigation, at present being undertaken, may give a better 
estimate of the size of these regions at different temperatures. 

I wish to express my indebtedness to Dr J. D. Cockcroft for his advice and 
interest in this investigation and to Dr H. Jones for many discussions as to 
the probable interpretation of the results. Also to the Royal Commission for 
the Exhibition of 1851 for the award of a research scholarshij) during the 
tenure of which this work was carried out. 


Summary 

Detailed experiments on the transition of polycrystalline cylindrical 
wires from the superconducting to the normal state in a uniform transverse 
magnetic field are described. Several specimens each of tin, indium and lead 
of high purity were investigated. The applied field strength (Z/J which 
restored the first traces of electrical resistance was accurately determined at 
various temperatures below the normal transition point. It is found that 
the ratio of this field to the critical field {Hf^) corresponding to the tempera¬ 
ture of the experiment is not constant but varies with the temperature. 
The variation is linear, the ratio H(jH^ increasing as the temperature is 
decreased. For all specimens the ratio Z/J/Z/j^ would have the value 0*50 at 
the normal transition point. 

It is considered that this effect is incompatible with the idea of an 
“intermediate state” existing in a long cylinder, and an explanation is 
offered based on the assumption that after penetration of the external 
magnetic field (above 0*50 Hjc) the cylinder breaks up into macroscopic 
regions of normal and superconducting material. The agreement of this 
hypothesis with previously observed phenomena is discussed. 
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A preliminary experiment is reported in which, by measuring the resist¬ 
ance of successi ve millimetre sections of a specimen, the coexistence of these 
normal and superconducting regions is shown directly. 


References 

Daunt. J. G. 1937 Phil. Mag. 24. 361. 

Daunt, J. G. and MendolBHohn, K. 1937 Prov. Hoy. Soc. A. 160, 127. 
Gray«on-tSmitlj, H. 1937 Trana. Hoy. Soc. Can. (iii), 31, 31. 

Haa 8 , W, J. and Engolkcs, A. D. 1937 Comniun. Phya. Lah. IJniv. Leiden, 4 . 326. 
de Haas, VV. J.. Knirelkcs, A. D. and Guinau, (). A. 19-17 Commun. Pkya. Lab. JJniv. 
Leiden. 4. 595. 

de Haas, W. J. and Casiinir-Jonker, .1. M. 1934 (bjmniun. Phys. Lab. Univ. Leiden, 
I.29J. 

de Haas, W. J., V\)ogd, .1. and .lonker, J. M. 1934 Comniun. Phys. Lab. Unw. 
Leiden. 1, 2K1. 

Kapitza, P. and Milner, C. J. 1937 J. Hoi. Instrum. 14, 165. 

Landau, L. 1937 Phys. Z. Sow jet. 11, 129. 
von Lauc, M. 1932 Phys. Z. 33, 793. 

London, F. 1936 Physica^ 3, 450. 

Mann, K. C. and Wilhelm, J. O. 1937 Trans. Roy. Soc. Can. (iii), 31, 19. 
Mondclssohn, K. and Pontius, H. H. 1936 a Nature, lAind., 138, 29, 

— — 1936 Physim, 3, 327. 

Poiorls, K. 1936 Proc. Hoy. Soc. A, 155, 613. 

Hchubnikow, L. W., Chotkewitsch, W. I., Schepelcw*, J. D. and Rjabinin, J. N. 

1936 Phys. Z. Sowjei. 10 , 165. 

Sominerfeld, A. 1937 Ann. Phys., Lpz., 28, 1. 


Progressive lightning 

V. A comparison of photographic and electrical 
studies of the discharge process 

Bv B. F. J. SOHONLAND,* D. B. HODGESf AND B. COIaLENS:]: 
{Communicated by Sir CJuirles Boys, F.R.S.—Received 5 January 1938) 

[Plates 1-3 J 


The photographic method of studying the lightning discharge by means 
of the Boys camera has the unique advantage of giving direct information 
concerning events in the discharge in two dimensions of space and one of 
time and could be extended if necessary to include the third apace dimen¬ 
sion. The luminous events which it records are, however, secondary 
processes, and the i)rimary movements of electrical charge which cause 
them can only be inferred by an application of ideas gained from the 
laboratory study of the passage of electricity through gases. 

The direct study of these primary electrical processes involves the 
observation of the electric field during the discharge by means of a cathode- 
ray oscillograph. Studies of near lightning by this method have recently 
been reported by Appleton and Chapman ( 1937 ). The method gives in- 
formation concerning the total electric moment of the cloud charges and 
requires to be compared with the photographic data before its iwults can 
be interpreted in terms of the charges themselves and their movements. 

The present paper is concerned with field studies designed to correlate 
the information obtained by these two methods. It has proved possible to 
secure a certain number of direct and detailed correlations by simultaneous 
observations of the luminous and the electrical changes during a discharge. 
In general, however, the comparison of the two sets of results, electrical 
and photographic, is made from data drawn from different discharges. 
All the information is derived from storms in the neighbourhood of 
.Johannesburg. 

* The Bernard Price Institute of Geophysics, Johannesburg. 

t Howard College, Durban. 

j The Victoria Falls and Transvaal Power Co., Johannesburg. 
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1. Appakatus ani> method 

The cameras employed in this work have already been described 
(Sohonland, Malan and Collens 1935; CoUens 1937). The instruments used 
for the electric field determinations were similar to those recently described 
by Watson-Watt, Herd and Lutkin (1937). An aerial was provided with a 
critical damping resistance and a capacity potentiometer with a known 
shunt resistance to ground. An amplifier with resistance-capacity coupling 
obtained its input from the aerial condenser (fig. 1). With suitable values for 
the capacities and resistances employed the output of this arrangement was 



Fig. 1. Capacities in microfarads, resistances in megohms. 


directly proportional to the electric field at the aerial. The output was 
transferred to a cathode-ray oscillograph and recorded on a camera with 
a moving film. 

The oscillograph was a Cossor gas-focused tul)e with type J screen and 
supplied with 2000 V. from a battery of dry cells. Records were made on 
Kodak sound-film through a Dallmeyer// 1*5 lens of focal length 6 cm. 

The recording film was 102 cm. long and was carried on the circum¬ 
ference of a rotating drum provided with the axial traversing motion 
described by Lutkin (1937). The drum was rotated by an electric motor at 
about 80 rev./min., the speed being checked during each run. This method 
causes the zero position of the recording spot to describe a spiral on the film, 
and a mask over the zero point on the face of the oscillograph prevents 
this zero spiral from being recorded. The pitch of the spiral was made 
0*6 mm., so that the film had an effective length of 170 m. and ran for 
about 2 min. The record of a discharge with a total duration of 0-5 sec. thus 
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occupied some 70 cm. of film length and could be read easily to O'l mm. or 
70/i8ec. 

To make satisfactory use of this direct and economical system of re¬ 
cording it was necessary to keep the recording spot on the masked zero line 
during the periods when actual flashes were not occurring. For this reason 
no attempt was made to study tlie slower field changes which occur in the 
intervals between separate flashes nor those which occur between sejiarate 
strokes of the same flash. The aerial amplifier system was arranged to have 
an overall time constant ranging from 0*03 to 0*01 sec. according to the 
capacity of the aerial condenser (fig. 1) which was employed. Slow and 
semi-penuanent field changes occupying times of this order were therefore 
distorted, the recording spot returning or tending to return to zero. For 
shorter times, up to the limit of resolution of the arrangement, 50/^sec., 
the amplifier was found by tests with artificial transients to be giving an 
undistorted response. The total amplification used was 260 times. 

The aerial usually employed was a wire 2*4 m. long carried on sulphur 
insulators protected against rain and held at 33 cm. above the roof of the 
lorry. An additional aerial was required for storms at distances exceeding 
20 km. 

The instruments were mounted inside a motor-lorry which could be 
driven to a point in the path of an approaching thunderstorm. All the 
oscillographic records were taken in conjunction with either visual or 
photographic observations of the discharges which caused them, a system 
of bell signals serving for communication between the outside observer and 
the oscillograph operator, who had means of marking the film in a suitable 
manner. Thus each field change record has been definitely correlated with 
the flash which caused it, and in a number of cases a Boys camera photo¬ 
graph of the discharge is also available. 


2. RkSULTS of comparison of Ki:4KCTRir3AL AND 
PHOTOORAPHIO HKCORDS 

Records of the field changes j>roduced by seventy-one discharges to 
ground and a much larger number of discharges within the cloud have been 
obtained with this equipment. The data were gathered from more than 
thirt.y different thunderstorms. 

The greater portion of this paper is concerned with discharges to ground, 
which it is possible from both oscillographic and photographic information 
to divide into two main classes. 
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The first class, which we term type a, gives an oscillograph record of its 
electric field effects which is illustrated diagrammatically, but not to scale, 
in fig; 2A.* 

The illustration shows that three major changes of field occurred during 
the discharge, each of which is separable, as was first shown by Appleton 
and Chapman, into three parts, a, b, and c as marked in fig, 2, These authors 
have given reasons for identifying the a portion with the leader process, the 
h portion with the rapid return streamer, and the c portion with the 



t -.—^ 

Fig. 2. 


continuance of luminosity in the channel after the return streamer has 
reached the cloud. It is the object of this section to confirm and extevul 
these identifications. 

The records of three actual discharges to ground are shown in fig. 3 
(Plate 1), each consisting of three major field changes. 

Pig. 2B illustrates the type of picture which the identifications to be 
established later indicate as given from the same discharge on a camera with 
a fixed lens and a film moving at the same linear velocity as that used for 
fig. 2 A. The picture is similar to one previously discussed (Schonland, 
Malan and Collens 1935), and is drawn for the cose of a vertical discharge 
channel, so that displacements in the horizontal direction are displacements 

* The slow field variations betw«)en the three major field clumgoH are not shown on 
this diagram. The dotted lines indicate how the time constant of the amplifier affects 
the record in the intervals between strokes. Recent studies show that the changes 
during these intervals ore unimportant. 
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in time. About 65 % of all discharges to ground give photographic and 
field-change records of this type, 

A variation in the nature of the first, stepped, leader process which is 
illustrated in fig. 4 B, is found to give rise to a significant variation in the 
corresponding record of the first major field change, as shown in fig, 4 A. 
The stepped process for this ty pe leader is rapid in its earlier stages and 
advances with long bright steps (Schouland 1938), but later on its effective 
velocity, its step length and brightness become very much smaller, and it 
can only be photographed on a Boys camera with much difficulty. It will 
be shown that the effect of the later portion of this leader upon the electric 



Fig, 4. 


field is a small and slow change of field strength. For^tliis reason the 
comparatively small time constant of the amplifier causes the recording 
sj>ot of the oscillograph to faD to zero after the point P of fig. 4 A. About 
35 % of the flashes to ground which we have studied have leaders of this 
nature. 

A number of examples of records of the first strokes of type a discharges 
are shown in fig. 5 (Plate 1). Fig, 6 (Plate 2) begins with two records of type 
the remainder of the figure being occupied by the first and strongly 
rippled portions of various others of the same typei 

* The crossing of the zero line dtiring the later portion of the a field change in the 
first record of fig. 6 is a common feature of such records and due to the properties of 
the amplifier used. An amplifier of longer time constant does not show it. 
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(a) Identificatimi of major field changes with mixx^essive strokes 
of the discharge 

This identification is most clearly established from simultaneous ob¬ 
servations by the photographic and the electrical methods. The corre¬ 
spondence in number and in time separation of major field changes and 
photographically observed strokes has been established in the case of four 
lightning flashes, containing six, three and four strokes respectively. An 
example is shown in Table I below. The Boys camera and the osciUograph 
drum speeds were independently determined, and the agreement is well 
within the limits of error for such determinations. 

Table I. Flash Y 3 

Time of start of rotorn Timt^ of Btart of h field- 
Stroke streamer on camera change on oscillograph 



sec. 

sec. 

1 

0 

0 

2 

0155 

0-150 

3 

0-084 

0-082 

4 

0-046 

0-044 


In view of this correspondence and as further support for it, it is of 
interest to compare the distribution curve for the time intervals l)etween 
major field changes due to flashes known to pass to ground with that for 
the time intervals between photographically observed strokes, obtained 
independently. This comparison is shown in fig. 7 which indicates that in 
both cases the most frequent interval lies between 0*03 and 0-04 seconds. 


(6) Identification of the afield change with the leader 'proems 

The first leader to all flashes examined photographically under good 
conditions has been found to be stepped (Schonland, Malan and Collens 
193s). It is therefore to be expected that the a portions of all first-stroke 
field changes will show evidence of electrical pulsations due to the sudden 
appearance of each step streamer. These pulsations have been reported by 
Appleton and Chapman (1937) though without reference to the order of the 
major field change considered. They are observed by us on practically all 
the a portions of the first major field changes. An examination of twenty- 
one of these with sufficient resolution to permit of measurement of the 
average time interval between pulsations shows that tliis quantity ranges 
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from 40 to 65 /i 8 ec, This is in satisfactory agreement with the photographi¬ 
cally observed interval between steps of the first leader proems which has 
been shown (Schonland, Malan and CoUens 1935) to range from 31 to 
9J/^sec. Some observations of the same kind have been reported by 
Appleton and Chapman (1937). 

' It is significant that pulsations of this kind are not usuaUy shown on the 
a field changes of subsequent strokes, as figs. 2, 3 and 8 indicate. This is in 
accord with the absence of steps, except occasional ‘‘dart-steps” (Schon¬ 
land, Malan and CoUens 1935) too rapid to be recorded by our equipment, 
on the photographic records of the dart leaders to subsocjuent strokes. 



Fm. 7, Distribution of time intervals between major field changes (continuous line) 
and between photographically obstjrved strokes (broken line). 

Definite identification of the a field change with the leader process has 
been obtained from simultaneous camera and oscillograph records of the 
two subsequent strokes shown in fig. 8a, 6 (Plate 3 ). Stroke Y 3^ gave a 
leader which is visible on the record from the fast lens (top left)* for 170 // 8 ec. 
(fig. 8a). The corresponding oscillograph record shows an a field change 
lasting 240 /Asec. Stroke Y 3 ^ gave a leader which was too slow to be re¬ 
produced from the fast lens record but which is shown on the slow lens record 
as a faint line to the left of the return streamer (fig. 86)* In this case the 
duration of the luminous leader process was 1900 /^gec., while the corre¬ 
sponding a field change lasted 3000 /isec. The longer durations found for the 
field changes in these cases are no doubt due to the ability of the osciUograph 


♦ Inmlv^ertcntly reversed in printing. 
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to record earlier portions of the leader process which are hidden from the 
camera by the cloud. 

Both'Y 3 s and Y 83 were subsequent strokes; the leader to the first stroke 
of the series, Y Sj, was too slow and feeble tp be recorded on the Boys 
camera. 

In the case of such first strokes we have not aa yet obtained a simulta¬ 
neous direct correlation by the two methods. One indirect means of 
establishing the identification, by comparing the pulsations on the a 
IK>rtion with the leader steps, has already been discussed. Another is 
provided by a comparison of the durations of leaders and of a field changes. 
This comparison is made for first strokes in fig. 9, where the curve A gives 



Fig. 9. A. Duration of a portion of first stroke field changes. B, Duration of first 
leader processes determined photographically. Tyj^e /i leaders shaded. 


the distribution in duration of sixty-nine a field changes from different 
discharges, forty-three of type a and twenty-six of type p. In the latter 
case the duration is measured as in fig. 2 A, and the contribution made by 
these type /? discharges is shown as a shaded area in the distribution curve. 
Fig. 9B shows the corresponding curve for the duration of thirty-two 
stepped leaders observed photographically. Here the shaded parts indicate 
the contribution made by eleven leaders of type p which showed the changes 
in effective velocity and brightness already described. 

For strokes subsequent to the first the times occupied by the leader and a 
processes are very much shorter, as shown by the distribution curve of 
fig. 10 which refers to 114 a changes in subsequent strokes. The peak of the 
curve is at 1 msec, in agreement with what is to be expected from the 




photographic data, for the most frequent value of the velocity of a dart 
leader is 2-7 x 10** om./sec. and thus a path length of 3 km. would involve a 
duration of the order found. 

Before leaving the leader portion of thelheld change we may note a further 
point connected with the pulsations superimposed upon it. The duration of 
this pulsating portion in the case of a type a leader is the whole duration of 
the leader (fig. 2), but in the case of a type /? leader it is difficult to observe 
the pulsations after the first rapid stage of the leader process is over (fig. 4). 
In order to establish the point that this strongly pulsating portion is 
associated with the first and vigormxs stage of the photographically observed 
type fi leader the durations in the two cases must be compared. This is done 



Fig. 10. Duration of a portion of sub- Fio, 11. A. Duration of strong superim- 
sequent stroke field changes. posed pulsations on type leader field 

changes. B. Duration of vigorous stepped 
portion of leaders observed photo^aphi* 
cally. * 

m fig. 11, the ^ curve of which shows the distribution in duration of the 
strongly pulsating portion of seventeen type J3 leader field changes, while 
the B curve gives the distribution in duration of the vigorous part of ten 
such leaders observed photographically. The agreement in order of magni¬ 
tude is satisfactory, about 1 msec., and the fact that the peak of the A 
curve lies at a higher value than that of the B curve is further evidence for 
the view that a considerable part of the leader process is hidden within the 
cloud. 
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(c) The b and c field cJuinges in the case of first strokes 

The b. part of the oscillograph record follows immediately upon the 
leader or a part and involves a nett field change of the same order but 
produced in a much shorter time. Superimposed upon this is a pulsation 
of some complexity, whose general nature is shown in fig, 2, 

This b change can be identified with the effect of the rapid passage of the 
return streamer up the channel formed by the leader, discovered by 
Schonland and Collens (1934). This identification is supported by the 
simultaneous camera and oscillograph observations shown in Table II 
below. 



Tablk II 

Duration of return 


Duration of 6 change 

streamer process 


on oBciilograph 

on camera 

Stroke 

/isec. 

/<soc. 

Y3. 

75 

61 ±10 

Y3, 

150 

110±30 

Y2i 

140 

60 ±40 


Since it is difficult to determine the full duration of the rapid return 
streamer process, which involves passage of the streamer along the branches 
as well as into the cloud itself, the general agreement shown in the table 
may be considered satisfactory. 



Fio, 12. Dturations of 6 changes (A) and of return process (B). 


Further support for this identification is given by a comparison of the 
durations of the 6 field changes of sixty first strokes shown in fig. 12 A with 
the duration of the rapid return streamer process in the case of fifty-six 
photographic observations of first strokes with the Boys camera. This 
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latter duration should include the time taken for the streamer to reach the 
end of its last and longest branch, and where this has been determined the 
duration is shown as a shaded area in the figure. The first curve has its 
})eak at 165/isec., the second ranges from 20 to l(> 0 //sec. The shaded areas 
of tlie B curve suggest that if those photographs could all have been 
analysed to give the duration of the complete discharge of the branched 
leader system by the return sireamerj the agreement would have been much 
closer. The majority of the times in this lower figure refer to the time taken 
by the streamer to reach the cjloud base only, and it is tlierefore to be 
expected that they would be lower than the true duration of the return 
process. 

It is natural to 8 Uf)fJOse tJiat the final c field change coiTespouds, in part 
at least, to the discharge to ground of tliat portion of the cloud charge which 
was not lowered into the air by the leader, and which in its slow passage to 
earth kcHips tlie channel luminous after the return streamer stage is over. 
The duration of the c change in the case of thirty-nine first strokes has been 
found to range from 70 to OOO/uiec. Malan and Collens ( 1937 ) state that the 
most frec^uent value for the dtiration of luminosity in the channel is found 
photographically to be 1000 //sec. Since their observations show that this 
•quantity ranges from a few hundred //sec. to a full l)alf’Se< 5 ond, no detailed 
comparison is possible. Fig. 13, which gives the distribution in duration of 
the c change from these thirty-nine first strokes, indicates that the greater 
portion of the stroke is completed with a c change of less than 300//sec. 
duration. 


20 
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0 

Fio. 13. Duration of tinal c hold chan go. 
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{(J) The b and c changes for subsequent strokes 

In a subsequent stroke field-change the change which follows the a 
portion is tmexjiectediy complicat^ed and cannot always be separated into 
a b and a c fiortion, for the pulsations superimposed upon the electrostatic 
field change are much more complex and of longer duration than that 
found in the case of a first stroke. A general picture of what is observed is 
shown in fig. 2 A, and examples are given in fig. 3 (Plate 1 ) for the second and 
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third strokes of three discharges and in fig. 14 (Plate 3 ) for the sixth stroke 
of another discharge. The latter is typical of the complexity which can 
develop and which is not observed on first strokes. It is found that in the 
majority of the flashes examined this complexity increases progressively 
from stroke to stroke of the series which make up a flash. It is rare to find 
a subsequent stroke with superimposed fe pulsations of less eom]:)Ioxity and 
shorter total duration than those on the first stroke. 

The unexpectedness of this effect lies in the fact that the camera discloses 
no such comj)lexity in either the j)ath of a subsequent stroke return streamer 
or the after-glow which succeeds the return streamer. It must therefore be 
ascribed to discliarge^ processes within the cloud, which cannot be observed 
by the camera and which take place after the return streamer has entered 
the base of the cloud. Such ju-ocesses must be associated witli the sug¬ 
gestion (Schonland 1937) that leaders to subsequent strokes originate in 
discrete centres of charge ir» different- parts of the cloud. The increased 
duration of the pulsating b field change would on this view be due to the 
incTeased distance the return streamer penetrates into the cloud, an effect 
similar to that already noted for the leader streamers studied in § 2 (/>). The 
increased complexity would be ascribed to the development of new^ and 
rapid discharge processes within the (doud itself and the progressive liature 
of the effect to the fact that as a rule each siujcessive stroke tai)8 a centre 
of charge at a greater distance from the original channel. 

(e) The poinrity of the discharge to ground 

The oscillographic material at our disposal includes records of the field 
changes due to seventy-one discharges, from some thirty different thunder¬ 
clouds, which are definitely known to have })assed from cloud to ground. 
It also contains records of several hundreds of discharges which are known 
to have occurred within the cloud. The ground flashes comprise 350 separate 
strokes, each of which causes a major field change which is divisible, as has 
been seen, into an effect due to the downward leader and another due to the 
return process. The nett electrostatic change for each stage of every flash 
to ground thus recorded has been found to be positive, indicating without 
ambiguity that each and every stage has involved the slow lowering and 
sudden destruction of a negative charge from the cloud. 

No such regularity is observed in the sign of the field (jhanges from 
discharges which take place within the thundercloud. The separate strokes 
of a cloud discharge show a reversal of sign of field change with distance of 

^ 4 single exception has rooontly been observed in tbo coiirst^ of further work. 

5-3 
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exactly the same nature as has previously been noted for the nett change 
due to the whole discharge. 


3. The nature or the EliKOTEOSTATlO riELP OHANOES IN 
THE DiacHARGB TO GROUND 

{a) Th^ form of the leader field-chuTige record 

An approximate description of the form of the electrical record produced 
by the leader process can be obtained theoretically from the assumption 
that the stem of the leader streamer carries a uniform charge, q, per unit 
length and moves with uniform velocity, v. In the ease of the first leader this 
velocity may bo taken to be the effective velocity of advance, and the step 
streamers may be left out of account. The leader process then lowers 
charge downwards from the cloud in order to maintain newly formed 
sections of the stem in a charged condition. 

Such a loader streamer as has been postulated above, which proceeds 
vertically downwards from a cloud centre at a height H above the ground, 
will have reached a height H — vt after time t and will carry a charge qvt 
upon its stem. The total electric moment of this charge and its image is 
2qvi{H — vij2), and this will produce a vertical field at a point on the 
ground at a distance supposed large compared with //, which is of strength 
2qi)t{U — vtj2)jL^. Since the charge qvt was initially at a height H the 
resulting change of field is given by 

AE^ 2qvt[H - (// - t?f/2)]/i» = qvH^jL^, (1) 

If, as we have supposed, both q and v are constant, AEcet^, and the form 
taken by the field-change record of the leader process will be a parabola 
which is concave upwards. This parabolic curve is a characteristic feature 
of the a field change and is shown in a number of cases reproduced in (figs. 6 
and 8a, b. Plates J, 3). 

For a straight leader channel at an angle to the vertical the same treat¬ 
ment yields AE^qvH^ cos which is again a parabolic relation. Thus, 
as is otherwise obvious, a leader which begins with a channel which is 
practically horizontal will produce an initial field change which is small 
compared to that due to its later and more nearly vertical channel. Dis¬ 
charges with a flat top to their channel are quite often observed and a 
field changes of corresponding nature are frequently found. 

The characteristic feature of what we have termed a type p leader is an 
abrupt alteration in the value of its velocity after it has reached a certain 
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space-charge region in the air below the cloud. Its initial high velocity may 
reasonably be associated with a high value of the stem charge and hence eqn, 
(1) leads one to expect an initial leader change which is parabolic and of large 
curvature, as is shown by the examples in fig. 6 (Plate 2). The subsequent 
downward movement is observed photographically to be much slower and 
this is associated with a much smaller value of q. Hence the curvature of 
the field-change record after this point may be expected to be small, as in 
the second example in fig. 6, and often so small that the time constant of 
the amplifier causes the return of the recording spot to zero, as in the other 
examples in this figure. 

The effect produced by tortuosity in the channel may be examined in 
terms of the case where the leader travels vertically for a time and then 
moves at an angle 0 to the vertical for a further time If q and v are again 
supi>osed constant the field change after a time ^ ^ is given by 

AE=qv\i\ 4 - 2<i^2 4 1\ cos 8) 

In practice 0 does not often exceed nl 2 , and in this extreme case 

4 = ( 2 ) 

Thus if the streamer turns abruptly from the vertical to the horizontal 
at the further field change after this will follow a straight line tangential 
to the parabola at For a turn of less than 7r/2 the further field change will 
be intermediate between this parabola and its tangent at 

Such abrupt alterations in direction occur in the leader process as a 
result of the steps in the first loader (Schonland, Malan and Collens 1935) 
but their electrostatic efiFects, together with the superimposed pulsatioiis 
due to induction and radiation field changes, require instruments of higher 
resolving power than we have used to be properly studied. In the return 
streamer they occur at intervals of the order of 7 // 8 ec. and have not yet 
been observed. 


(6) The distribution of charge along the leader channel 

In the foregoing we have assumed a uniform distribution of (sharge along 
the leader channel. A test of this assumption can be made by comparing 
the final leader field change AEi (fig. 2 A) with the nett electrostatic change 
in the b or return streamer stage, AE^, 

Let Q be the total charge distributed along the leader channel at the 
moment it reaches the ground, and H/n its effective height above the ground. 
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For a straight channel and uniform charge per unit length, w==2. It is 
easily shown that the total leader field change is given by 

AE, - 2 QUl(m + ( 3 ) 

which when L^H becomes 

zlFi = (2Q///L») 

The leader field change, which effectively lowers Q from H to Hjn, is 
followed by the return or h field change which lowers it from Hjn to ground 
and is given by 

AE^^ 2 QHInL^ for LpH. 

From these two equations we have 

AEJAEi^l/n~l, ( 4 ) 

an equation from which n can bo determined experimentally. 

In applying eqn. ( 4 ) to our present data care has to bo taken that the 
effect of amj^lifier distortion does not enter into the rneasui’ement of the 
slow loader field change and only those field changes can be used 
which take place in a time too short for the distortion to be appreciable. 
The more rapid type a leaders and the leaders to subsequent strokes are 
suitable for this jjurpose. 

The distribution of the values of AEJAEi in twenty-six type a first 
strokes and forty-six subsequent strokes is shown in fig. 15 . The sub¬ 
sequent strokes selected were those in which the portion of the field 
change was not particularly complex and could be distinguished from the 
c |>ortion without difficulty. It will be seen that the most frequent value 
for the ratio is 1*0. This indicates that the most frequent value of n in 
eqn. ( 4 ) is 2 * 0 , and that the effective height of the charge distributed along 
the completed leader chaimel is usually ///2. We have seen that this is what 
would be exj)ected for uniform leader charge distribution along the channel. 

Of the values shown in the figure, 85 % lie between 0-3 and 3*0, corre¬ 
sponding to effective heights for the lowered leader charge ranging from 
H/ 4 . to 3 H/ 4 . The more extreme values are found with first-stroke leaders 
where the effect of branching may be expected to produce considerable 
variation in the ratio. 

It appears from these results that it is permissible, to the rough degree 
of aj)pToximation required in the treatment of the lightning discharge, to 
regard the leader process in general as involving a uniformly charged 
channel* 
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(c) Type leaders 

In the type fi leader, the first part of the field change, AE[ (fig. 4 A) is 
generally abnormally large, which indicates that the leader at this stage, 
as would be expected from its velocity and the vigour of the steps it 
executes, is lowering an unusually large charge. The return field change, 
is found to be usually about 1/lOth of AE[, and in no case has it been 
observed to exceed 0*7 AE[, It would follow that the charge lowered by the 
first part of the leader process is either placed close to the ground in the 
first stage or is no longer present when the return streamer starts back. 
The photographic evidence lends no 8U])Y)ort to the first explanation, for 
all type leaders reach the end of their vigorous stage less than halfway 
down to the ground. The second exjdanation is in accord with the view 
(Schonland 1938) that the charge carried down in the first stage is neutra¬ 
lized by a space charge in the air, to which it was originally directed. 



Fig. 15. Ratio return field change/leador field change. 


(d) Reversal of fidd^ change in the lender process 

Equation (3) above, which involves no particular assumption os to the 
distribution of charge along the leader channel, indicates that at a certain 
distance Lq from the discharge the sign of the final leader field change AE^ 
will reverse after passing through zero values. The value of depends upon 
H and n. For n = 4 / 3 , 2-0 and 4*0, is 1-27 H, 1-01 H, and 0*75 H. In our 
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storms this reversal distance should be about 3 km. It has been observed 
that within distances of this order the expected reversal occurs, but all the 
material discussed in the present paper was obtained at distances exceeding 
2/^0 for which the approximations used are justified. 

(e) The charge rermming on the, clowl after the leader process 
has reached the grounds 

The field change due to the combined action of the leader and the rapid 
part of the return stroke lowers a (ihargo Q to the ground and is given by 

AE^^AE^^ 2 QHIL^, HLpH. 

If the whole of the final c field change is due to the subsequent passage to 
ground of a charge Q\ which was left by the leader in the original centre 
of charge in the cloud, this final change is given by 

AE^^ 2 Q*HI 1 ? ioxL>H. 

Hence Q'jQ ^ AEJAE^^TM^, 

or = AE.JaE^^M,^AEZ 

an equation from which the fraction of the original charge left in the cloud 

after the leader process has reached the ground can be estimated. 



Kig, is, Itatio AEJAE^-^AE^\ C, first strokes; O, subsequent strokes. 

A distribution curve for the values of this fraction in the oaae of forty- 
eight first strokes is shown in fig. 16 C. The most frequent value is 0-3, 
indicating that at most 30 % of the cloud charge remains behind. 
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A similar curve for 162 subsequent strokes is shown in fig. 16 D. In this 
case the most frequent value for the ratio is 0-6, indicating that 60 % of the 
cloud charge remains behind. The leaders in this case are dart leaders and 
imbranched, and the increased value of the fraction left behind indicates 
that they are less eifective in lowering charge than the first and heavily 
branched leaders. 


4. Transient radiation and induction effects on the 

OSCTUDOORATO RECORD 

We have so far dealt only with the electrostatic field, and its altera¬ 
tions during the discharge ])roces8. The full expression for the field recorded 
on the oscillograph includes the two transient induction and radiation 
terms, and E^, and is given by 

E^E,^E^-^E,:=^MAIL^ 4- dMjdt . 1 jcL^ + dmidi^ . 1 jcH^, 
where M is the total moment of all the cloud charges at time t — Ljc, 
From these equations 

EJE, = . dMfdt^ X Lie and EJE, = x !/»/«*• 

Since in the observations discussed in this paper the quantity Ljc is of 
order 6 x 10**“^, the transient terms are not likely to be very large unless the 
quantities in square brackets are large, that is, unless the discharge process 
involves large and sudden changes of moment. The photographic evidence 
indicates that such changes must be expected during the execution of the 
rapid steps in the first leader and during the rapid return streamer process. 
It has already been noted that these are the two portions of the discharge 
which show powerful transient and pulsating effects on the electrical 
record. It is not proposed to discuss them in detail in the present paper, 
since the resolution of the oscillograph used was not sufficient to obtain full 
information on these transient effects, but a few general points may be 
noted. 

The pulsations on the record of the stepped leader process show a time 
separation which corresponds well with the intervals of time between the 
starting of successive step streamers and a form wliich is easily interpreted 
a combination of the induction and radiation terms resulting from the 
rapid lowering of charge in a step. The exceptionally large amplitude of the 
pulsations carried on the first portion of type ^ leaders is precisely what 
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would be expected if these portions corresponded to the rapid first stage 
obseiwed photographically for a leader passing down to a space-charge 
region in the air below the cloud, the fast step streamers involving excep¬ 
tionally large and sudden ciianges of moment in each step. The absence of 
pulsations on the second portion of such records is in accord with the 
deduction from the general slope of the field change and from the photo¬ 
graphic evidence that in this stage the leader process is slow and lowering a 
much smaller charge along its channel. 

The oscillogra])}! record of the b or return streamer process shows that the 
transient pulsation begins at the moment the return streamer starts from 
the ground, when the change of moment in the comparatively slow leader 
streamer is replaced by a much faster one due to the rapid passage of the 
leader charge to ground and to the creatif)n of a positively charged stem to 
the upward-moving return streamer. The details of this and the step- 
streamer transient pulsations are nf)w being studied with instruments of 
higher resolving power. 


6. Field changes due to discharges within the cloud 

Oscillographic records have been obtained of many hundreds of lightning 
discharges which are knowi> from direct observation to have taken place 
within the thundercloud itself. The distinguishing feature of these records 
lies in the absence of the sudden b change of field whicli is characteristic of 
a discharge to ground. The usual field change from a cloud discharge is a 
simple slow rise to a final maximum, this rise carrying superimposed 
pulsations of the same kind as those found for the stepped leader ]:)rooes8 
and with the same time intervals between pulsations. Examples are given 
in fig. 17 (Plate * 3 ). The explanation of this form of field change is presumably 
to be found in the observations made with the Boys camera on '‘air dis¬ 
charges” (Schonland, Malan and Ckillens 1935) which consist of a series of 
step streamers without a return streamer at their close. These air discharges 
are flashes which occur from the cloud to a space charge in the air, and it is 
legitimate to suppose that flashes which take placje between different parts 
of the cloud have the same nature. This conclusion is confirmed by the 
oscillographic records w^hich in general are identical in form with the leader 
portion of a ty^ie first stroke. 

The absence of a ^ portion with its powerful radiation component in these 
field changes suggests that cloud discharges axe not usually such effective 
sources of distant atmospherics as discharges to ground, and that further 
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study of atmospherics would enable those caused by cloud discharges to be 
distinguished from those caused by ground flashes.* 

This work forms part of the lightning investigation sponsored by the 
South African Institute of Electrical Engineers whom we thank for financial 
support. We are very much indebted to the Victoria Falls and Transvaal 
Power Co. for the loan of the lorry used in the investigations. Our thanks 
are due to l)r D. J. Malan for frequent assistance in the field and to Professor 
Paine and his staff for many facilities. 

To Mr R, A. Watson-Watt, Mr F. Liitkin and the late Mr J. F. Herd of the 
Radio Research Board of Great Britain we owe the opportunity of studying 
their technique and a great deal of helpful advice. 
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[Plates 4. 5] 
iNTBODtTOTlON 

Amongst the difficulties encountered in the study of the structure of 
hair not the least is its heterogeneity, whether considered crystallo- 
graphically or histologically. From the former viewpoint progress has been 
made possible by assuming that there is no clear demarcation between 
crystalline*’ and '‘amorphous” keratin, but rather that there is a con¬ 
tinuous gradation of organization, so that the properties of "crystalline” 
keratin, which lies at one end of the scale, may be linked by a series of 
almost imperceptible changes with those of the keratin of any other degree 
of regularity. The X-ray photographs of the better organized parts have 
been regarded as signposts pointing the way to an understanding of what 
is happening, in the molecular sense, in the rest of the fibre substance. 

Histologically, it is possible to define to a certain extent the part played 
by the various structural elements by comparing the properties of different 
types of hair. In this way we find that all hairs have certain basic 
simUarities in their behaviour, and if we confine our attention to these we 
may at once eliminate, as being of no fundamental importance, such special 
histological features as the cuticle or the medulla, wliich occur in certain 
types of hair only, or can be removed from the specimen. There remains, as 
the seat of the characteristic properties of keratin fibres, only the cortex, 
which in all hairs consists of a mass of biological cells apparently fused 
together by an "intercellular medium”. The present work is an attempt 
to discriminate between the cortical cells and the intercellular material in 
their relation to the elastic behaviour of the fibre. 

t 76 ] 
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X-ray studies of the structure of animal fibres 

In an earlier paper of this series (Astbury and Woods 1933 )* it was shown 
how the normal extension range (up to twice the initial length of the fibre) 
can be divided into three steps, whose limits correspond roughly with the 
limiting extensions in dry air, cold water, and steam. The course of the 
intramolecular transformation as shown by X-rays is also roughly divided 
in the same way, for when a fibre is stretched by an amount not exceeding 
some 20 % there is very little change in the X-ray photograph, whilst 
further extension up to the limit in cold water is accompanied by a pro¬ 
gressive replacement of the normal a-photograph by that of the yff-form, 
so that at extensions of 6 (V- 70 % the original photograph has almost, if 
not entirely, disappeared. Whether there is an increase in the intensity of 
the /^-photograph in the final stage of extension when the fibre is stretched 
in steam is difficult to say, but the provisional conclusion has been reached 
that it is chiefly within the intermediate range of extension that the best 
organized keratin transforms. The results of a number of experiments 
support the idea that the intermediate range is distinguished from the 
initial and final stages of the extension, for very often the rate at which an 
effect increases with increasing extension, whilst sensibly constant within 
eatih range, changes considerably in j)assing from one range to another. 
Sometimes only one of the limits is shown in this way; for instance, when 
the temporary setf of a fibre relaxedf in steam for a few minutes is plotted 
against the relaxation extension, it is found that there is a distinct lag in 
the development of the effect for extensions below 20 ; this is shown by 

the cirrve b in fig. 3 . 

Such observations can only mean that the fibre substance can be 
divided into three “phases’" which transform successively in the three 
ranges of extension, and whose properties differ in cortaixi respects; the 
phases, however, are to be thought of only as modifications of a funda- 

* Referred to as (11) throughout this paper, 

t When a fibre is held stretched at a constant extension in the presence of cold 
or hot water, steam, or alkali, its tension falls at a rate which depends on the tem¬ 
perature, etc,, of it« environment. When this relaxation takes place in cold water, the 
fibre still retains its power of reverting to its initial length wlien released in cold water; 
under other conditions of relaxation it may lose this power, wholly or in part, so that 
when released in cold water it exhibits a “Set*’ imposed in this way may be 

diminished or entirely removed by increasing the temperature of the water in which 
the fibre is released. The residual extension when the fibre is allowed to contract 
freely in cold water is thus temporary set; the test for perrmnent set is to allow con¬ 
traction to take place in steam or boiling water. A fibre may also be set at an 
extended length simply by drying; it is then said to have acqumsd a cohesive set, 
which may he removed by wetting the fibre. After certain relaxation treatn^ents, 
hair acquires the property of contracting, under suitable conditions, to less than its 
original length; it is then said to be capable of supercontracting. 
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mental keratin, and even then as modifications which are variable within 
themselves and between which there exist no clear-cut distinctions. The 
pha-ses, moreover, do not function entirely indef)endently, but restrict 
each other to such an extent that it is necessary to postulate that they act 
in parallel as well as in series. This state of affairs may be best visualized 
by supposing that the phase which transforms most easily, forms an 
effectively continuous matrix in which the others, K2 (most ‘'crystalline’’) 
and are embedded. An attempt was made (JI) to apply this concept by 
identifying the combined and A"3 with the cortical cells, so that the 
intercellular medium would consist of Aj, and it was partly with the 
object of testing this suggestion that the present investigations were 
started. 

The points at issue reduce to two relatively simple questions: do the 
cells contain any crystalline keratm, and do they contain any The 
first is easily answered by investigating the cells themselves by X-ray 
methods, and it turns out that the cells from all the fibres studied (wool, 
whalebone, cow’s horn, and human finger-nail) give, when oriented, 
X-ray photographs closely approximating to those of the fibres. The 
second question is more difficult, and can only be answered by a study of the 
elastic properties of the isolated cells. Since, however, they are too small 
to be manipulated singly, resort must be made to indirect experiments. 
In these investigations two methods have been used: in one, the fibres have 
been treated in various ways before disintegration, and the properties of 
the resultant cells studied; in the other, cells from normal fibres have been 
compounded into coherent films whose elastic behaviour was examined. 

The results obtained leave no doubt that the properties of the fibre are, 
in the main, the same as those of the cells, which may bo stretched, relaxed, 
set, and superijontracted in the same way as the fibres. In particular, the 
cells do stretch, during the initial extension of the fibre, almost as much as 
the fibre as a whole, so that it is clear that they do contain a proportion of 
the phase A|. Whether the intercellular material may be classed with the 
cuticle and medulla as being of no basic importance from the i>oint of 
view of the elastic behaviour is, however, doubtful; it seems more likely 
that it, too, has the characteristic keratin |>roperties. It is even possible 
that the term “intercellular” is really a misnomer, that the material 
removed during the disintegration of the fibre into cells extends, too, inside 
the cells, wliioh are only regions in this all-pervading medium reinforced, 
perhaps, by the presence of a greater proportion of the more highly 
organized keratin. 
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Material 

The earlier, and to a certain extent preliminary, experiments were done 
with a sample of cells isolated by Waters (1932) and Gabriel (1932) by the 
action of the ‘‘Pink-rot organism’’ on New Zealand Romney wool. Later 
it was found nec^essary to prepare our own (iolls by tryptic digestion, 
following Burgess’ procedure (1934). The great advantage of bacterial or 
enzyme retting lies in the moderate pH values used, so that the cells may 
be expected to be less seriously damaged than those whicdi can be isolated 
by the older methods in which fibres were treated with strong acids or 
alkalis (Nathusius 1894). With the exceptions of the New Zealand 
Romney wool mentioned, and whalebone, which was easily disintegrated 
by treating the fibre with a dilute ammonia solution, each kind of hair 
used was retted by trypsin solutions buffered to pH 8*6. The fibres studied 
were Cotswold, Wensleydale, Lincoln, cornel, and merino wools, cow’s 
horn, and human finger-tiail, as well as whalebone and New' Zealand 
Romney w'ool. In every case the cells were purified by repeated washing 
in large volumes of distilled water, and care was taken to remove all buffer 
salts in those which had been retted by trypsin. 


X-RAY PHOTOORAPHS-OF NORMAL CELLS 

An account of the technique for obtaining fibre photographs of normal 
wool cells has already been given elsew^here (Woods 1936). Briefly, the 
procedure is based on the fact that elongated particles in an electric field 
tend to be oriented , if they are free to rotate, with their lengths j)arallel to 
the electric forc^e (Pidduck 1925). The shajje of wool cells is ideal for such 
an effect, since they are about lOOp long by a few microns thick, and when 
an alternating field is maintained across a suspension of the cells in a pool of 
water lying on a glass plate they are rapidly pulled into alignment and 
sediment out to form a layer in which they are api)roxiraately parallel to 
one another. The use of an alternating field is, of course, essential, on 
account of cataphoresis, which wiotild cause a drift of the cells in a steady 
field. On drying, the oriented cells form a rather fragile tissue* which may 
be removed from the gloss with a sharp razor. 

X-ray photographs of tissues prejjared in this way show very little 
dispersion when the beam is parallel to the plane in whicli the cells lie 

* To avoid any possible confusion, it is well to state here that the term "‘tissue” 
is used in this paper to describe the filmy aggregate of cells prepared as described, 
and never in the biological sense. 
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(fig, 1 a, Plate 4 ), and even with the beam perjiendicular to the plane the 
semi-angle of dispersion may be os small as 13 ^, Fig. 1 6, Plate 4 , is a 
comparison, by the "‘quadrant photograph*’ method described in 11, of a 
cell tissue {X*ray beam parallel to the plane of the tissue) with a bundle of 
parallel normal fibres. In this tissue the semi-angle of dispersion was about 
20^*, whereas in the fibre bundle it was about 9 '^. It will be seen in the figxire 
that the intensity of the meridional group of spots (120), (020), (Astbury 
and Street 1931)* ie considerably less in the cells than in the fibres, the 
estimated ratio being between 1/3 and 1/2. The specimens were adjusted 
to have approximately equal masses in the X-ray beam, and equal 
exposures were given to the two parts of the photograph, so that at first 
sight there would appear to be a discrepancy. A correction must be made, 
however, for the dispersion of the cells in the plane of the tissue. This may 
be done with sufficient accuracy by noting that the dispersion in the plane 
perpendicular to the X-ray beam is the same in the tissue and the fibre 
bundle, so that the intensities, for equal scattering powers, should be 
roughly inversely proportional to the dispersions given above. In view of 
the difficulties involved in any exact discussion of the intensities in such a 
case, the agreement must be regarded as satisfactory, and we may say that 
to a first approximation the cells diffract about as strongly as the fibres. 

The success of the method in the case of wool cells suggests that other 
types of cell, not so greatly elongated, might also be at least partially 
oriented in an electric field. Whalebone and cow’s horn, for instance, can 
be disintegrated into cells which are in the form of flat, moderately 
elongated disks-t Tissues of whalebone cells, oriented as described, were 
found to give fairly good fibre photographs with dispersions comparable 
with that in the fibre; and horn cells, being slightly less elongated but 
otherwise similar to those from whalebone, were oriented to about the same 
extent. Fig. 1 c, Plate 4 , is an X-ray photograph of a tissue of horn cells; 
the dispersion, though considerably greater than that in the wool-cell 
tissues, compares favourably with that shown by many specimens of 
horn. 

In the cells so far discussed the electrical orientation can be ascribed to 
the shape of the cells. From finger-nail, however, cells are obtained which 
are much more like flat circular disks, and in these it would appear that 
any orientation would be due rather to a difference in the dielectric constant 

* Referred to ae (I) throughout the paper. 

t For photograpiis of whalebone, horn, and finger-nail oells, see Aatbury and 
Sisson 1935 (referred to as (III) throughout this paper). The horn oelk shown there 
seem to be exceptionally round; usually they are much more like whalebone cells. 
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Fig. 2 (o) 


Fig. 2(6) 

Fig. 1. X-ray photojjraphs of colU from keratin fibres. 

{e) Coherent cell sheet stretched by 98 % in steam. 

Fig. 2. Photomicrographs of wool cells ( x 260). 

(а) Normal Cotswold wool cells. 

(б) Colls from steam-set Wcnsloydalo wool (80% extension), 
(c) Supercontractod Cotswold wool colls (see text for details). 
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for fields parallel and per|>endioidar to the protein chains. When the test 
was made it was found that the cells did orient to a certain extent, and in 
the X-ray photographs, even when the beam was perpendicular to the 
tissue, it was possible to see the reflexions as arcs and not circles. That 
there was an effect due to the electrical anisotropy was supported by the 
observation that a cylinder of cow’s horn about 1 cm. in diameter and 
1*2 cm. long, cut so that the fibre direction was per})endicular to its axis, 
when hung by a silk fibre so that it coiild rotate about its axis between the 
c;harged plates of a small parallel-plate condenser, always tended to swing 
round until the fibre direction was parallel to the field. The orienting effect 
of the structure is thus in the same sense as that of the external shape, so 
long as the greatest length of the parti(;lcs is parallel to the natural fibre 
axis. The two effects, however, are of quite different orders of magnitude 
in wool cells, and probably also in horn, since when elliptical disks of cow’s 
horn with the fibre direction parallel to the minor axes were substituted for 
the cylinder in the above experiment, they oriented normally (with the 
fibre direction parallel to the field) only so long as the eccentricity was lees 
than about 0 * 4 . Except with particles which are very nearly circular disks 
or a|)beres, therefore, it is only the external shape which is of any importance 
in determining the direction and extent of the orientation. 

Molecular orientation in protein films 

The experiment just described, where a cylinder of cow’s horn tends to 
rotate until the direction of the main chains is })arallel to an applied alter¬ 
nating electric field, may also be used as a test for determining the direction 
of the orientation of the chains in films of myosin or denatured proteins. 
Hitherto, the only unequivocal method has been to take an X-ray photo¬ 
graph, since optical tests may be misleading for various reasons, 

A film of, say, denatured edestin, in which the chain bundles are in 
random orientation, as is shown by the X-ray })hotographs (Astbury and 
Dickinson 1935; Astbury, Dickinson and Bailey 1935), may be expected 
to be isotropic in its electrical behaviour. When a disk about 5 mm, in 
diameter and about 0*2 mm. thick was hung by a suspension through its 
centre perpendicular to its plane in an alternating electric field of about 
100 V/cm. parallel to its plane, it was found to remain m equilibrium in 
all positions. Similar disks, cut from films which had been stretched by 
about 200 % in water and then dried, behaved in the same way as the 
keratin cylinder, that is, tended to rotate until the direction of stretching 
lay parallel to the applied field. It is clear, therefore, that the act of 
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stretching, which orients the chain bundles in the direction of extension, 
also results in the development of electrical anisotropy* 

Similar tests were applied to films of myosin. With myosin there is 
considerable difficulty m making a film in which the crystallites are 
arranged at random; accordingly, the electrical behaviour was found to 
vary considerably, some specimens cut from unstretohed films showing an 
eflFect when hung in the field, and others behaving like the normal edestin 
films. An effect was always obtained with disks cut from stretched films, 
however, in accordance with expectations. In order to resolve the 
anomalies in the case of unstrotched films, one of the electrically anisotropic 
specimens was therefore examined by X-rays, with the result that the 
orientation indicated by the electrical test was indeed found to be present, 
and the average direction of the chains, as shown by X-rays, coincided 
with the direction predicted. So far, owing to the difficulty of preparing 
stretched and unstretched films of the same uniform thickness, it has not 
been possible to obtain quantitative comparisons between different proteins 
or between films of the same protein at different extensions; the results 
obtained, however, show that the effects are of the same order in a-keratin 
and the other proteins, whether these are in the a-configuration (oriented 
myosin) or in the / 3 -form (oriented edestin and highly extended myosin). 


CeiJaS kbom stretched fibres 

According to the folded chain theory of the structure of a-keratin, the 
(approximate) numerical relation 2 x 5*1 ^ 3 x 3 * 4 , found between the 
longitudinal periodicities in a-keratin ( 5*1 A) and / 3 -keratin (3-4A) is a 
consequence of the elongation of the crystallites by 100% during the 
transformation, so that three residues, which in the folded chain occupy a 
length of 5*1 A, have a length of 10*2 A in the straight chain. This relation 
corresponds to the observed extensibility of hair in steam, which is about 
100 %, if we assume that at the limiting extension the whole of the fibre 
substance is elongated by the same amount. The histological heterogeneity 
of the cortex introduces an element of uncertainty in this connexion, 
however, since it is possible that the maximum extensibility of the fibre 
as a whole is not a measure of that of the intercellular material and the 
cells separately, but is only a mean value of their extensions at the breaking 
point of the fibre. Since the cells contain crystalline keratin, a more 
stringent test would be to compare the elongation due to the transformation 
with the extensibility of the isolated cells. If the latter can be measured 
accurately and should be found to differ greatly from 100% the relation 
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mentioned above would lose its signifioanoe. The possibility envisaged 
here, it should be noted, is something quite apart from any effect due to 
the phases, and it raises the question whether the molecular configuration 
in the intercellular material is, in fact, that of a-keratin, or whether the 
chains there are normally folded in some other way. A test for an eflFect of 
this sort would be to measure the extension of the cells for high fibre 
extensions; at low extensions complications might introduced by the 
phases, if the effective proportions of these diifer in the intercellular and 
cellular material (see below). 

Previous studies have shown that "‘permanently set’’ keratin, obtained 
by steaming stretched fibres, retains its molecular /^-configuration under * 
a variety of subsequent treatments, but whether it would do so during 
digestion by trypsin was not known. Trial experiments with Cots wold wool 
fibres set in steam for 3 hr. at an extension of 80 % showed that the retting 
proceeds at a greatly enhanced rate, so that the cells themselves may be 
seriously attacked after a few days. Owing to the scale sheath retaining 
its form and holding the cells in bundles even after they were freed from 
one another, some difficulty was found in obtaining complete cells, con¬ 
tinuation of the retting causing them to break up, at first into short 
lengths and ultimately into granules. In later experiments with Cotswold 
wool fibres which were relaxed in dilute caustic soda before retting a 
similar difficulty arose, and the solution proved to be to scrape the fibres 
after they had been retted for a short time; the scales were then found 
to come away from the more or less intact cortex, and the latter was 
returned to the trypsin to complete the disintegration. 

In order to reduce the necessity for this treatment as much as possible, 
the present experiment was carried out with another kind of wool, 
Wensleydale, which has a smooth (and apparently thin) cuticle which 
broke up a good deal more easily than that of Cotswold w-ool. When 
Wensleydale fibres, after steaming at 80 %, extension for 3 J” 4 hr., were 
treated with trypsin, ceils were obtained in large numbers in less than a 
day, and no difficulty was exi>erienced in collecting enough to make into 
tissues for X-ray examination. When seen under the micro800j)e these 
cells appeared much more needle-like than normal cells, and there seemed 
to be no doubt that they were of the right length to account approximately 
for the fibre extension. Fig. 2 (Plate 5 ) shows how they compare with 
the norm^d cells.* Owing to the large variation in the lengths of the latter, 
a cursory examination is not entirely satisfactory, and an attempt was 
made to compare the mean lengths of the normal and elongated cells, with 

♦ See footnote, p, 89. 
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the results shown in Table I. It will be seen that the stretched cells are 
about 75 % longer on the average than the normal cells, and although too 
much reliance should not be placed on this actual value, owing to the large 
standard errors of the means, the figures are sufficient to show that the cells 
in fibres stretched to 80 extension ore extended by approximately the 
same amount (see below). 

Tissues made from the elongated cells by the usual device were not so 
well oriented as those made from normal cells, owing to a pronounced 
tendency which the stretched cells had to flocculate. The X-ray photo¬ 
graphs of these tissues showed all the features of the ordinary photograph 
of /?-keratin, except that the ''spreading” of certain spots along the 
hyperbolae was not apparent. This might easily have been due to the 
angular dispersion in the tissues. Fig. Id, Plate 4, shows an X-ray 
photograph of Wensleydale wool cells in the p-ioxm prepared by the method 
described. 

Table I. Compabison of the lengths of normal and elongated 
CELLS (Wensleydale wool; elongated cells feom fibres at 



80 % EXTENSION) 



No. of 

Mean length 

Standard 

deviation 


<Soll8 



Nonnal 

208 

106 

22 

Elongated 

200 

185 

36 


Cells measured dry (room htunidity). 



Table II. Recovery of elongated cells in boiling water 


Time of boiling 

No. of 

Mean length 

Standard 

deviation 

hr. 

coils 

A 


0 

200 

185 

36 

1 

87 

164 

43 

3J 

98 

153 

39 

7 

102 

148 

30 


CHla measured in water, except thoae for 0 hr. 


That the cells themselves take port in the elastic phenomena is thus 
clear; it appears also that the temporary set developed in fibres when 
stretched and steamed is not due to the intercellular material, but is a 
property possessed by the cells as units* They probably also, therefore, 
are capable of being permanently set, i.e* the recovery in boiling water of 
the elongated cells should be only partial. In accordance with this 
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expectation it was found that after boiling for 7 hr. they still remained 
about 41 % longer than the normal cells. For fibres steamed for 4 hr. at 
80 % extension we should expect about 45 % permanent set (this value is 
taken from II, corrected for swelling, since the cells were measured in 
water). As a first approximation, therefore, it is possible to take the 
behaviour of the cells in this experiment as identical, \inder the same 
conditions, with that of fibres; certainly there is no evidence that the 
cells set more than the fibres. 

The small contraction of the steam-set cells during the retting process 
(as judged from their average length when isolated) is impprtant in another 
respect, because it means that from a study of the lengths of the cells from 
fibres set at various extensions some information may be forthcoming 
about the way in which extension is realized in the intact fi bre; whether, 
that is, at low extensions the intercellular material is responsible for the 
whole of the stretching, or whether the cells also make a contribution. 
This seems to be the most direct test of the suggestion put forward in II, 
for if it turns out that the cells themselves stretch at low extensions, then 
they must contain some K^, Experiments were therefore made to determine 
the relation between the extension of steam-set fibres (in each case the 
steaming was for 4 hr.) and the mean length of the cells obtained from them. 
Table III gives the figures for cells from (kitswold wool fibres steamed at 
extensions up to 53%; the ceils were measured wet (in water), and for 
comparison the wet length of normal Cots wold wool cells is also given. 

Table HI. Lengths of Cotswold wool cells fkom fibees set in 

STEAM AT VARIOUS EXTENSIONS 


Extension 


Mean 

Standard 

Extension 

of fibres 

No. of 

length 

deviation 

of cells 

0/ 

/o 

cells 


A' 

/o 

10 

224 

114 

26-4 

6 

15 

202 

118 

25-4 

8 

19-5 

130 

121 

26-4 

11 

20 

246 

120 

26-4 

10 

306 

203 

131-6 

27-0 

21 

40 

210 

144-5 

27-7 

33 

53 

203 

155 

30-4 

42 


All measured in water. Normal length of wet ceils, 1 ()»/«. 


When the results are plotted as in fig. 3 a, it appears that there is a lag in 
th^ increase in length of the cells with increasing extension of the fibres 
below 20 %, an effect which recalls the lag in the development of tem¬ 
porary set in the same range for fibres; the latter is shown by the other 
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curve in the figure. The value of the discrepancy, 9-6% at 20% fibre 
extension, is rather greater for the cells than for fibres steamed for 
corresponding times, as was shown by measurements of the temporary set 
(in the bufier solution at the retting temperature) of fibres steamed for 
4 hr. at various extensions. The actual recovery of a fibre after steaming 
at an extension of 20 % was 2 * 8 %, which leaves unaccounted for a 
deficiency of about % in the average cell length at 20 % extension. 

It is clear, however, that since the cells stretch at low extensions of the 
fibre they must definitely contain some Ki. Two explanations are then 
possible for the shape of the curve in fig. 3. The first is that here again we 



Fio. 3. (a) The relation between the mecui length of cells from Cotswold wool fibres 
set in steam for 4 hr. and the extension at which steaming took place. (6) The ndation 
between the temporary sot of human hair fibres steamed for 2 min. and the extension 
at which steaming took place. 

have evidence of the smaller setting power of the phase. The set 
inducted in by steaming for 4 hr., though almost complete when the 
fibre is released in cold water, is only partial when the fibre is allowed to 
c^ontract in steam. If we suppose that trypsin is able to break those 
linkages which are responsible for temporary set in but not those in 
and .^ 3 , then its contractile effect on will be similar to that of steam. 
The phenomenon measured in the present experiment would then ]t>e 
something more closely related to the permanent set of the fibre than to 
the extension at which steaming took place. If this view is adopted tire 
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cellB may be regarded, with respect to the phase as representative of 
the fibre as a whole. 

It is 'possible, however, that trypsin has not this power of releasing 
temporary set. Certainly, as the experiment at 80 % extension shows, the 
recovery of the cells during retting is small compared with the residual 
temporary set which can be removed by boiling the cells, so that retting is 
not effective in destroying the linkages responsible for temporary set in 
and ^ 3 . From this point of view, the discontinuity in the slope of the 
curve is due to the extension of the cells lagging behind that of the fibre. 
This would indicate that contributes less to the elongation of the cells 
than it does to that of the fibre as a whole. 

Which of these two explanations is correct is difficult to decide. A 
possible test depends on the slope of the curve for the higher extensions, 
for Recording to the first hypothesis it should be not greater than 1, which 
is the value it would have if the recovery during retting is confined to Aj. 
If, however, the other suggestion holds, the slope should be greater, for 
the cells would have to regain the ground lost during the initial part of the 
extension. If they do so by the time the fibre has stretched to 100% the 
slope should be about M. The calculated value for the line of best fit 
for the last five observations of Table III is 0*99, but the reliability of this 
is hardly great enough to allow a definite conclusion to be drawn. If 
anything, the balance of evidence is in favour of the first hypothesis; but 
against this must be placed the measiu'ements for Wensleydale cells given 
in Table I. The apparent recovery of these cells, which was about 5 %. 
is really rather an over-estimate, for if the measurements are reduced to 
wet lengths, os are those in Table III, the measure of agreement between 
cell and fibre extensions becomes even closer, on account of the greater 
percentage swelling of the elongated cells. 

Since the cells contain some K^y the simple picture of the histological 
structure of the fibre put forward in (II) is clearly invalid, A better 
approximation to the truth is probably that the cells are regions in a 
continuous phase Ki reinforced to a certain extent by the occurrence of the 
other two phases. The latter may possibly l>e associated with the fibrils 
(Nathusius 1894 ) which can be obtained by further treatment of the cells 
by alkalis or acids, and whose presence can be discerned even in cells which 
have been in trypsin for long periods. It seems to be well established that 
the process of digestion by trypsin does actuaUy cause the cells to get 
thinner if it is prolonged (Burgess 1934 ), although this is not accompanied 
by any very great shortening, since the mean length of normal cells seems 
to be constant for a given kind of wool, even when no particular.precautions 
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are taken to ensure uniform retting. This would be the case if the length 
of a cell is determined by the fibrillar content; the diameter would depend 
more on the amount of interfibriliar material. There is also reason to 
believe that the fibrils give the keratin X-ray photograph, since Rudall 
( 1936 ), in a study of the effect of compression on horn and porcupine quill, 
finds that in certain experiments where the photograph is a composite one 
of two a-photographs at an angle, the fibrils tend to form a sort of net with 
this angle. He deduces that they are “ crystalline ”, and suggests that is 
the interfibriliar material. At the moment, therefore, it appears that this 
idea may ultimately prove to be correct. 


So rERCONTRACTl ON 

Further evidence that the cells behave elastically in a similar way to 
the fibre as a whole is afforded by a study of supercontraction in the cells. 
Two possible methods are available for isolating cells in the superoontracted 
state; retting superoontracted fibres is the obvious way, but unfortunately 
all attempts to do so failed to give cells which were in any respect satis¬ 
factory. Apparently the effect of supercontraction by the action of steam 
on relaxed fibres is to modify the intercellular material to such an extent 
that it is no longer preferentially attacked by trypsin. The fibres are 
certainly more resistant than after relaxation without supercontraction, 
as is perhaps to be expected, since, as pointed out in (II), setting effects 
must necessarily accompany contraction in steam; so that failure to obtain 
good cells is not due to an increased susceptibility of the cells, but rather 
to a stabilizing of the intercellular material. It was thought that this might 
be a consequence of the greater degree of folding of the protein chains in 
the superoontracted fibres, and that pepsin might therefore be more 
efficient than trypsin in removing the '‘cement”, but it was found on 
trial that digestion in pepsin was, if anything, less successful than in 
trypsin. 

The alternative process was much more successful. It was based on the 
fact that a fibre could l>e relaxed sufficiently to induce a considerable 
capacity for su]f)eroontraction without damaging the cellular material so 
much that it would not remain intact during the retting process. The 
actual details of a typical experiment were as follows: Cotswold wool fibres 
were treated at 50% extension for 10 min. with a 1 % aqueous caustic 
soda solution; they were then washed thoroughly to remove the alkali, and 
put into the retting solution. After a few hours they were transferred to a 
glass plate to form a bundle, which was scraped with a moderately sharp 
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glass edge (the end of an ordinary microscope slide was found to be 
suitable) in order to remove as many of the scales as possible. The fibres 
were then returned to the retting bath, and in a few hours more the cells 
separated quite well. The mean length of the cells obtained in this way 
was about the same as the normal, so that the temporary set shown by 
fibres relaxed in caustic soda was absent. This is not surprising, since the 
fibres and cells had been standing in a warm alkaline solution, and we 
know that temporary set of this kind can be removed by treatment with 
dilute caustic soda. After washing, the cells wore boiled in distilled water 
for about an hour, and this caused them to shorten to about half the normal 
length. Table IV gives the results of measurements of their lengths, 
and fig. 2 c, Plate 5, is a photomicrograph of some of them. The throe 
photographs in this figure show how great the changes in the form of the 
cells may be under various treatments.* 

Table IV. Comparison op normal, REiM^xEn, and supbrcontraoted 

CELLS (COTSWOLD WOOL) 

Standard 


Treatment 

No. of 
cells 

Moan length 

deviation 

Normal 

320 

105 

18 

Relaxed 

72 

97 

18 

Superoontracted 

95 

53 

8 

All measured at room humidity. 



During the treatment with boiling water the cells flocculated so badly 
that any attempt to form an oriented tissue was out of the question. An 
X-ray photograph of some of the cells which were allowed to sediment on a 
glass plate without being aligned (this gave a tissue with the cells approxi¬ 
mately oriented with their lengths parallel to a plane) showed that the 
crystalline keratin was in the /?-form, but that it was not completely dis¬ 
oriented in the cell. In this respect the cells behave in the same way as the 
fibres. 


Coherent films from wool cells 

The experiments described above are sufficient to tell us a good deal 
about the way in which a fibre stretches, so long as we assume that when 

* Although the elongated cells shown her© are from Wensleydale wool, whilst the 
others are Cotawold wool, the normal colls of the two fibres are so similar that it 
is unnecessary to show both. 
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fibres are treated in various ways before retting the material which is 
removed by the try^isin is the same. Actually, there is no guarantee that 
this condition is rigorously fulfilled, for it is quite clear that some 
treatments (notably, relaxation in dilute caustic soda) are difficult to 
control 80 that the fibres will afterwards disintegrate into recognizable cells. 
On this account it was thought worth while to search for a method of 
stretching the normal cells. In the absence of a micro-technique capable 
of dealing with the cells singly, the only possibility is to make them cohere 
so strongly that they may be stretched in bulk, but to do this by embedding 
them in an adhesive matrix proved quite impossible, owing to the in¬ 
extensibility of strong adhesives such as cellulose, and the weakness of 
extensible materials such as rubber or the proteins. 

One experiment, however, should be possible without stretching the 
cells directly —the transformation from a- to /?-keratin by the application 
of lateral pressure in steam (III)—and in order to show that this could be 
brought about in the isolated cells, a bundle of the oriented tissues was 
pressed between glass plates in steam for several hours with the rather 
surprising result that it was transformed into a transparent and exceedingly 
tough film, recalling, in appearance, a thin sheet of tortoise-shell. An idea 
of the change effected in this way may be gathered from the fact that the 
original tissues were too fragile to handle excopt very gently with forceps, 
and were quite opaque except when made extremely thin; the pressed 
films, however, were (in strips about 2 mm. wide and 100 /^ thick) too 
strong to be broken by gripping with the fingers and pulling, and were 
transparent enough to read through. 

Properly made sheets of this sort not only remained coherent when 
placed in cold water, steam, or dilute caustic soda, but also had an 
extensibility comparable with that of the fibres (see below). It is remarkable 
that such coherence can be developed simply by the action of steam on the 
strained keratin, and it seems probable that a molecular linking up of 
neighbouring cells takes place similar to that between the polypeptide 
chains of the grid during permanent set (II). Tlie suggestion is made more 
plausible by the fact that the development of resistance to steam or alkali 
requires prolonged steaming of the pressed tissues; pressure in water at 
ordinary temperatures merely results in a sort of cardboard which dis¬ 
integrates when wetted, whilst insufficient steaming under pressure gives 
a transparent sheet which is stable in cold water but not in steam. These 
effects seem to be directly comparable with the phenomena of cohesive and 
temporary set in fibres (11). Cells which had been dyed after retting showed 
a great reluctance to cohere, so that apparently the ba 8 io-NH 2 groups in 
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the keratin are involved in some way, just as they are in permanent set 
(Woods 1933 ; Speakman 1933 , 1936 ; Astbury and Dawson 1938 ). 

The degree of compression used in fonning these sheets was less than that 
required to give a clear indication of the presence of y^-keratin in the 
X-ray photograph; but examination of more drastically treated specimens 
showed that continued pressure resulted in tl» transformation. The 
photographs obtained, however, were never good, because the procedure 
involved a transformation at constant length (in contrast to that used in 
(III), where the effect of pressure was aided by the ability of the specimen 
to expand longitudinally), which could of course be realized only at the 
expense of crystallite orientation ; complete disappearance of the a-photo- 
graph was never obtained, either. The possibility of stretching still 
remained, nevertheless, and after some practice it was found possible to 
make sheets which were extensible in cold water. At the highest extensions 
thus attained (rather less than 50%) the X-ray photograph wa>s still 
composite, although the amount of a left was not very great. In this 
respect, and also in that there seemed to be little change in the photograph 
at extensions less than 20 %, the films are very similar to fibres, so that the 
results support the conclusions drawn from the retting experiments. 
Although, as mentioned above, there is a loss of crystallite orientation in 
the pressed sheets, it must not be concluded that the disorientation was 
enough to account for any considerable fraction of the extensibility; for 
the most part the extension must be of the same nature as in fibres. 

It was now clear that, just as in fibres, the complete /^-photograph could 
be realized only at high extensions, which can be reached only in some 
more efiicient relaxing agent than cold water. That the sheets could be 
stretched in steam seemed at first too mu<di to expect, but trial showed 
that good specimens had an extensibility in steam (or dilute caustic soda) 
of the order of 100 %. At the higher extensions the /^-photograph became 
more perfect, as shown in fig. 1 e, Plate 5, photograph of a specimen 
stretched by 98 % in steam. All the features of the normal /^-photograph 
are present, including the spreading of certain 8 i)ot 8 along the hyperWoe. 


EnASTiO PROVKBTIES OF THE PRESSED OEIX-SHKETS (COTSWODD WOOL) 

(a) Eostensibility and long-range daMicity. In cold water the highest 
eactension realized was 48%; elastic recovery in cold water was always 
complete (within 1 %) from extensions of this order. In steam or dilute 
caustic soda the extensibility was about twice that in cold water. Fig. 4 
shows tune/extension curves for specimens stretched under constant load 
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in steam and in 2% caustic soda (of. (II), fig. 2); a limiting extension 
in the neighbourhood of 100% is indicated by the shape of the curves. 
Specimens stretched to high extensions in the alkali, and then allowed 
to recover in the same solution, had residual extensions (wet) of about 
10 %, but when washed and dried they contracted stUl further, to the 
initial length, at least, *and in some instances to about 10% less than 
the initial length. In corresponding experiments with Cotswold wool 
fibres, the final superoontraction realized is in the neighbourhood of 20%. 
Both in extensibility and power of elastic recovery, therefore, there is no 
significant difference between the cell-sheets and fibres. 



Fig. 4. Time/extension curves under constant load for pressed cell sheet in 2% 
aqueous caustic soda (a) and (6), and in steam (c), 

(6) Loadjextension curves. In fig. 6 are shown load/extension curves for 
cell sheets, cow’s horn, and human hair, under similar conditions of 
stretching (in cold water, at about 5% per minute). The curve for the 
cells is almost exactly the same as that for a wool fibre which has been 
‘‘derestricted” by repeated extension in cold water (e.g, the one on the 
left of (II), fig, 5); retting therefore appears to remove to a certain extent 
the restrictions between the phases. The relatively great effect of changing 
the rate of extension is shown by the broken curve, for which the entire 
stretching took only 90 sec. 
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(c) Belaxation avd set. Internal breakdown is shown by the fact that 
repeated extension moves the load/extension curve to the left, just os in 
normal fibres. A capacity for temporary set is also possessed by the sheets, 
recovery in cold water after extension in steam being only partial. One 
specimen, after steaming for 30 min. at 48 % extension, recovered in cold 
water to 22 % ; with normal fibres the corresponding recovery would have 
been only a few per cent, so that set takes longer to develop in the sheets. 
That there is a lag in the setting below 20% is also possible, since one 
specimen, steamed for 30 min. at 17-5% extension, showed a temporary 
set of only 4*3%. In its capacity for permanent set also the sheet is 
inferior to fibres, since two strips steamed at 50 % extension for 6 hr. and 
then released in boiling water recovered to extensions of 21 and 17%, 
respectively; normal Cotswold wool fibres similarly treated give about 
28 %. 



Pm. 6. I.«odd/extension curves, (a) Human hair; (b) cow’s horn; (c) pressed cell- 
sheet; all stretched at the rate of 5 % per minut/C in cold water, (d) Pressed cell sheet 
stretched in cold water as quickly as possible. 

{d) Supercontractioii, Sheets relaxed in 2 % caustic soda at extensions 
of 90 and 101 % and then washed, contracted in steam to 30*5 and 33 %, 
respectively, less than their original lengths. Normal fibres, under similar 
conditions of relaxation, supercontract by 50%, The difference is not 
auiprifling in view of the treatment of the cells; the pressing in steam 
necessary to form coherent sheets would tend to decrease the super- 
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contracting power. The results, however, are not inconsistent with the 
idea that part of has been removed, leaving in a proportion rather 
greater than normal; for we know that some at least of the crystalline kera¬ 
tin does not shorten during supercontraction, but actually lengthens* (II), 

The sheets, therefore, show all of the characteristic properties of 
keratin in the form of fibres, and in the cases where measured values do not 
agree with those from fibres the discrepancies are only of the order we 
should expect in passing from one type of hair to another (e,g. the maximum 
supercontraction attained after relaxation in caustic soda varies con¬ 
siderably; it is about 50% Cotswold wool, and about 30% only for 
human hair), 

Misckllankous 

In the course of these investigations a few other points have received 
preliminary attention. It was noticed that in washing the ceUs from wool 
fibres the cuticle scales, which are in the form of thin plates, tended to 
float on the surface of the water as the cell suspension was poured from one 
vessel to another, Tliis made it ]) 08 sible to effect a partial separation of the 
two kinds of cells; and by starting with the mixture obtained by scraping 
incompletely retted fibres it was possible to obtain samples of the scales 
relatively free from cortical cells. So far, complete separation has not been 
attained, but X-ray photographs have been taken of tissues in which the 
estimated proportion of scales was about 80%; they indicate that the 
degree of crystallinity and alignment of crystallites in the scale cells is poor 
compared with that in the cortex. This is in agreement with the optical 
properties, since a cursory examination suggests that the scales have a very 
small birefringence, and would also account for the observation that in 
highly supercontracted Cotswold wool fibres the scales appear to be traversed 
by lateral wrinkles, as if they cannot shorten longitudinally but must buckle 
as the cortex contracts. Since supercontraction in a randomly dispersed 
system could take place only at the expense of a change in density, and 
the measurements wliich we have made of the volume of a fibre before 
and after supercontraction show that there is little such change, any 
angular dispersion of the crystallites in the scales would result in a 
decreased power of supercontraction. 

The proportion of intercellular material in the fibre is, as indicated 
elsewhere, probably on ill-defined quantity, and can hardly be expected to 
be measurable with any great accuracy, Thus, Stakheyewa-KavetTnewa 
and Gavrilov ( 1936 ) report a loss in weight of 10% during the retting of 

• This point has recently been disoiissed at some length (Astbury and Woods 
1937 o, 6 ). 
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an unnamed wool, whilst our own measurements show a oonsiderably 
greater loss, 19 ± 3 %. The loss in weight is without doubt a function of 
the time bf treatment, since the cells themselves are attacked in time. In 
this connexion the experiments of Haller and Holl ( 1936 ) and some of our 
own are relevant. The former find that when wool is treated with ammonia 
a water-soluble protein extract is obtained which they call lanain; and the 
fibres are broken up into cells, which indicates that lanain is a disintegra¬ 
tion product of the intercellular material. In corresponding experiments 
with cells, we have obtained a similar extract, and it seems likely that the 
precursor of lanain also exists inside the cells. If this is so, it suggests that 
the extract is really formed by hydrolysis of the keratin constituting the 
phase and since prolonged treatment with ammonia causes the cells 
to break up into fibrils, a study of these seems to be the next step towards 
locating the crystalline phase. 

Further work is now in progress on the points raised in this section, and 
will be reported on in due course. 

The investigations described in this paper have been made possible by 
the generosity of the Worshipful Company of Clothworkers, to whom the 
writer wishes to acknowledge his indebtedness. He also wishes to thank 
Dr W. T. Astbury for help given in numerous discussions, and Dr K. M. 
Rudall for advice on retting procedures and other matters. 

Summary 

From a study of the cells isolated from various types of animal hair it 
is concluded that they contain crystalline keratin, and when the cells are 
long, tissues can be built up to give X-ray photographs closely comparable 
with those of the fibres. Cells obtained by retting fibres previously set in 
steam are found to be stretched correspondingly, although their measured 
lengths after retting are found to be somewhat shorter than would be 
expected. This lag is associated more with the early stages of extension, 
indioatifig that the elastic phase Aj extends inside the cells, as well os 
between them. The X-ray photograph of elongated cells from fibres set at 
high extensions is the ordinary one of /?-keratin. The elongated cells only 
recover partially when they are boiled in water, and the permanent set 
3:'©maining is of the same order as that which the fibres would have shown. 
Permanent set is thus also a property of the cells themselves. 

Cotswold wool fibres which have been relaxed in dilute caustic soda can 
also be disintegrated into cells, which recover during the process to rather 
less than the normal length. These relaxed cells can be superoontracted 



96 


H. J. Woods 


still further by boiling water. In this way cells of about half the normal 
length can be obtained ; their crystalline part shows itself in the y?-form, 
just as does that of highly supercontracted fibres. 

By the combined action of lateral pressure and steam the cells from 
normal fibres may be compounded into coherent transparent sheets which 
are elastic in cold water for extensions up to about 50 % and are extensible 
in steam or caustic soda by twice this amount. These sheets can be relaxed, 
sot, and supercontracted, in the same way as fibres, and their tensile 
strength in water is about 25 % of that of fibres. It is suggested that the 
development of coherence during the treatment in steam is of a similar 
type to the development of permanent set in a stretched fibre. 

Since such differences as exist between the properties of the cells and 
those of the fibres are only of the same order as those which occur between 
various types of hairs, it is clear that the behaviour of the fibres is for the 
most part duo to the cells. The histological heterogeneity of hairs can 
affect only the details of their behaviour. 

Keratin, stretched denatured edestin, and stretched myosin are all 
anisotropic in their electrical proj)erties, having different dielectric constants 
for fields parallel and perpendicular to the protein chains. By hanging 
disks of these proteins in an alternating electric field it is therefore possible 
to determine the direction of the chains. 
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The development of the spark discharge 
By T. E. A 1 .UBONE, D.Sc., Ph.1). and J. M. Mbek, M.Eno. 
(Communicated by S, R. Milner, —Received 31 January 1938) 


[Plates (i-11] 


1. Iktrobuction 

The development of the short electric s])ark has been extensively studied 
by various scientists who used the Kerr electro-optical shutter, which enables 
the spark to be photographed at short intervals after its initiation. The 
longest sparks so studied have been of the order of a few centimetres, and 
the gap has usually been l)etween parallel plate electrodes. The spark has 
been shown to start sometimes at the electrodes, and sometimes in the 
mid-gap region. The cloud chamber has also been used by others to study 
the pre-discharge and the spark between dissimilar electrodes and between 
parallel plate electrodes: between dissinular electrodes the discharge 
generally starts from the smaller electrode: between parallel plate electrodes 
the same results were obtained as had been found l>y the Kerr cell technique. 
The rotating camera has been used by the authors to photograph the long 
electric spark and preliminary results have already been communicated 
(Allibone and Meek 1937 ; Allibone 1938 ). The present paper extends the 
re mits given in the two preceding papers. 

2. Apparatus 

For the study of the long electric spark the impulse-voltage generator is 
the most convenient piece of apparatus for producing the high voltages 
required, and the time of application of the voltage to the spark gap may 
be easily measured by the cathode-ray oscillograph. The particular impulse 
generator used in this series of experiments has been described elsewhere 
(Edwards and Scoles 1937 ). Essentially it consists of twelve condensers, 
having a series capacitance of 0-01 /«F, and a maximum output voltage of 
2000 kV. The generator was connected to the spark gap througli a series 
resistance comprising a bakelite tube containing water, the resistivity of 
which could be altered at will. The values of resistance employed were 
always sufficient to render the circuit aperiodic. For convenience one 
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terminal of the impulse generator and one electrode of the spark gap were 
earthed. The length of spark investigated varied from 25 to 200 cm., and 
a variety of electrode arrangements have been used, such as point-point, 
point-plane, sphere-point, sphere-sphere. The point electrode consisted oi 
a brass rod 1 cm. in diameter having a sharp tip tapered to a cone of 30°: 
the plane electrode consisted of a large she?et of steel, or of a trough of 
water: 8|)heres of 12*5, 25 and 100 cm. diameter were employed. The high- 
voltage electrode was suspended vertically above the })Iane electrode. 

To record the voltage applied to the electrodes connexion was first made 
from the high-voltage electrode through a small series resistance to a 
capacitance potential divider (35 connected to a high-speed oathode- 
ray oscillograph, the function of the resistance being to make this subsidiary 
circuit aperiodic. It was found that the development of the discharge was 
considerably affected by the presence of this parallel capacitance, so the 
divider was replaced by an antenna of length sufficient to pick up a suitable 
voltage for direct application to the oscillograph. The current in the spark 
was measured by earthing the lower electrode through a small non-inductive 
resistance and recording on the oscillograph the voltage so developed across 
the resistance. The minimum spark-over voltage has been employed for 
the majority of the discharges. 

The spark was photographed by means of a rotating camera in which the 
film moved at a speed of 41*7 m./sec. at right angles to the image of the 
spark. The camera consisted of a brass drum 26-7 cm. diameter mounted 
on a horizontal shaft driven by a 3000 r.p.m, induction motor. The drum 
could be traversed 9 cm. along its axis, thus enabling a succession of sparks 
to be photographed and afterwards identified: this proved of great value 
when synchronized records were being taken on the camera and on the 
oscillograph. On the drum was fixed a 36x6 in. “Ilford Oscillographic 
Film Type F”, and a special casing allowed the drum to be loaded in the 
dark room and then carried in the case to the caffiera chamber. The lens 
used was a quartz ultra-violet flint glass lens of aperture 3 cm. and focal 
length 12 cm., and light from the spark was reflected into the lens by a 
front surface aluminized mirror. Under the best conditions of focus and 
spark formation a resolving power of a ^ /^sec. can be claimed with this 
camera. 


3. Gknkral dksobiptiok of ekooeds 

All the photographs taken show that the spark consists of two or more 
components. In the simplest case a discharge is propagated from the high- 
voltage electrode to the earthed electrode and is then succeeded by a return 
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discharge from the earthed electrode to the liigh-voltage electrode. Thus 
the formation of the spark discharge is generally analogous to that of the 
lightning flash, and the nomenclature developed by Schonland (Sohonland 
and Collens 1933 , 1934 ; Schoxiland, Malan and Collens 1935 ) to describe 
the lightning flash will be adopted in this paper. In an earlier publication 
(Allibone and Schonland 1934 ) the “leader-stroke*' to the spark was only 
photographed for a fraction of the interelectrode spacing, but in the series 
of records described the leader stroke traverses the whole gap, and the 
return stroke or main stroke only occurs after the leader or leaders have 
ftilly developed. In the lightning discharge the Boys camera shows that 
the main stroke has a velocity of propagation about 100 times greater than 
the effective velocity of the stepped leader (Schonland, Malan and Collens 
1935 )* ^ similar relationship exists for the leader and main-stroke velocities 
in the long spark discharge. It has not been possible to employ two lenses 
as in the Boys camera for the determination of the speed of propagation 
of the main stroke, but a lower limit to this speed can be determined by 
the following simple process: a number of rotating camera photographs 
were taken between two point electrodes, and on the same section of film 
a number of photographs of the spark were taken with the drum stationary. 
Many of the stationary records were sufficiently close to the rotating camera 
records to enable accurate measurements to be taken of the spacing between 
the stationary photographs and the main strokes of the rotating photo¬ 
graphs. Such spacings at the high-voltage electrode were equal to those at 
the earthed electrode to within the limit of accuracy of measurement. Thus 
for a 150 cm. gap the speed of the main stroke could not be less than 
150 cm. per J /^sec., or 3 x 10® cm./sec. (corresponding to 3*4 x 10® cm./sec. 
for the three-dimensional track velocity). The probability is that the speed 
is greatly in excess of this, as the oscillograms of voltage wave form applied 
to the gap show an almost instantaneous collapse of voltage. It is doubtful 
therefore whether a two-lens camera would be cajxable of determining the 
speed of the main stroke for gaps of the order of a few metres. 

Due to the relatively high speed of the main stroke the speed of the 
leader stroke can l>e determined by direct measurement of the leader/main 
stroke spacing on the rotating camera records. It is obvious that in times 
of the order of 10-100 /tsec. there is negligible movement of the air in the 
gap so that a separation of the leader/main stroke on the records is a 
separation in time and not in space. The projected track length is •on the 
average 7 % greater than the interelectrode spacing, so that a further 7 % 
increase ^ves the approximate three-dimensional track, i.e. the three- 
dimensioml track is M4 times the interelectrode spacing. 


7‘2 
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As thert^ is such a very marked difference between the discharge when 
the polarity of the high-voltage electrode is changed, detailed discussion of 
the results will be separated into two categories, positive and negative 
discharges. 

In all the illustrations, the high-voltage electrode is at the top and the 
earthed electrode is at the bottom, the leader stroke appears at the right 
and the return or main stroke aj)pears at the left. The horizontal streaks 
extending to the left from each electrode in the spark photographs are 
caused by eleotnxie incandescence. Other streaks across the photographs 
are due to discharges photographed on a neighbouring section of film. The 
oscillograms given in the text are printed with their time axes from right 
to left to correspond to the photographs of the sparks: a zero line is given 
for reference, and when a timing wave is shown this has a natural period 
of 8 /tsec. The spacing, d, between the electrodes, the circuit resistance i?, 
and, where relevant, the height, p, of the earthed point above the earthed 
plane are given on each photograph. 


4. The positive discharge 

(i) High-voltage, poaitive-poini electrode: plane emthed electrode 

Typical records of this type of discharge nw shown in fig. 1 , Plate 6 , 
The distinctive feature is that the leader stroke starting from the anode 
traverses the whole gap to earth, branching downwards all the way: the 
main stroke follows in detail the tortuous path of the leader stroke. The 
leader appears as a sharply defined channel of width not exceeding 0*02 mm. 
on the pliotographic negati ves indicating that the d uration of high luminosity 
at any one point on the leader cannot be more than 0*5 psec. It will be shown 
later that the velocities of leaders are approximately 2 x 10 ® cm./sec., so 
that the length of the highly luminous section of the leader stroke at this 
sj>eed cannot bo more than 1 cm. As the leader approaches the earthed 
electrode it apjjears to be brighter and is accompanied by a voluminous 
shower of discharge most conspicuous in fig. 1 (b). The main stroke 
generally diminishes in brightness as it recedes from the earthed electrode. 
In noting this increase of luminosity of both leader and main stroke near 
the earthed electrode it must not be forgotten that the film is more sensitive 
when slightly “fogged**, and the voluminous shower of discharge present 
near the earthed electrode provides this fogging locally. There is, however, 
other evidence to show that the leader stroke sometimes truly increases in 
luminosity as it progresses: figs. 1 ( 6 ) and 1 (c) show a number of ^‘stepped 
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leaders*' (Sohonland, Malan and Collens 1935 ) which travel with high 
velocity until they catch up with the first leader, and thereafter the leader 
brilliancy is enhanced. Subsequent to the passage of the leader at any point 
the luminosity at that point falls to very low values in some records such 
as fig. 1 (a) near the high-voltage electrode, and fig. 1 ( 6 ) between the second 
and third leader strokes at the high-voltage electrode. In other records the 
luminosity does not fall to such an extent after the passage of the leader, 
as for instance in fig. 1 (d) (in this case the applied voltage is about twice 
the minimum spark-over voltage of the gap). (See Plate fi.) 

The leader stroke is sometimes of a composite character as in the case of 
the stepped leaders to the lightning discharge. The first leader usually 
exhibits all the phenomena of branching and travels slowly: the subsequent 
leaders travel rapidly over the previously ionized main track and do not 
branch, but exhibit branching as they extend the previous track towards 
the opposite electrode (fig. 1 ( 6 ) is a good example of this). Where they blaze 
a new portion of track their velocity is comparable with that of the first 
leader. The number of stepped leaders seems to be very variable even 
under the same conditions of sparkover; the total time between first leader 
and main stroke is also very variable. For example, of two discharges 
across a 135 cm. gap one has a first leader-main stroke separation of 94 /laec, 
and exhibits no stepped leaders, the other has a separation of ISO/tsec. 
and exhibits four stepped leaders. Generally the number of stepped leaders 
increases with total time to spark-over and a very rough average time 
between leader stroke components is 15 //sec., during which time the part 
of the stepj)ed leader advancing over a fresh part of the gap traverses 
about 15 cm. For the purpose of determining the velocity of the leader 
stroke, measurements have been made of the time interval between the 
leader stroke and the main stroke at many points between the electrodes. 
The results of a typical analysis for a positive discharge are shown on the 
left of fig. 2 with the time interval as abscissa. The curved line represents 
the tip of the leader stroke; from this line the velocity at any point may be 
deduced, and is shown on the right of fig. 2. This discharge was accompanied 
by five stepped leader strokes which are shown in fig. 2 as lines parallel 
to the ordinate. The factors governing velocity of propagation will be 
discussed later. 

Very infrequently the positive leader does not bridge the gap completely, 
and presumably a negative leader is propagated from the earthed plane to 
meet the downward-moving positive leader, although the time interval 
between such a leader and the main stroke cannot be observed and so must 
be less than 0*5 /meo. This type of discharge is shown in fig. 1 (e) where the 
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junction point is approximately 20 % of the electrode spacing above the 
earthed plane. No discharge has yet been observed in which the height of 
the junction point above the earthed plane exceeds 30 % of the electrode 
spacing. The development of this discharge is graphically represented in 
fig, 3, and is exceptionally interesting in that the stepped leaders are seen 
to diminish in sjjeed after they have reached the previous leader. Thus the 
leader “envelope"’ does not progress at a steadily increasing speed, but 
rather in bounds, each of which is initiated by the fresh pulse of energy 
from the successive stepped leaders. It is possible that the leader to the 

Time interval: Leader-main stroke lender velocity 



discharge which has been analysed in fig. 2 progresses in a similar manner, 
but the changes in velocity may be so small as to be undetectable. 

The main stroke of the spark discharge like that of the lightning flash 
does not branch so frequently as the leader stroke, but only follows the 
more prominent of the leader stroke branches. This is clearly shown in 
fig. 1 (d) for two of the main branches. The intensities of the main stroke 
along branches are lower than those of the leader branch; they are also 
weak compared with the main strokes which show no diminution of intensity 
as they pass a junction point. At these points, however, the main stroke 
shows very localized “beads’* of light, a few of which can be seen in %. 1, 
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and often these correspond to similar “beads” on the forks of the leader 
stroke (see fig. 1 (d)). Some of the main stroke branches exhibit a “comet” 
type of discharge where they subdivide; such a case is given in fig. 4, a 
drawing from an enlargement of a very short section of the spark: similar 
“comets” are visible in figs. 1 (a) and 1 (e). The speed of development of 
the main stroke and of its branches must be of the same order of magnitude. 
As this speed is too high to be measured no proof is available as to the 
direction of propagation of the main stroke, but the presumption that it 
travels upwards is based on the lightning analogue and on the fact that the 


Time interval: Leader-main ntroke Leader veloeitic^B 



Fio. 3. Positive-point eieotrodt^: eartliod piano electrode. Development 
of the stepped discharge shown in fig. 1 (e). 


intensely ionized section of the leader stroke at the instant of commence¬ 
ment of the main stroke is at the earthed electrode, not at the liigh-voltage 
electrode. 

A number of oscillograms indicating the voltage at the point were taken 
in conjunction with the photographs; a typical oscillogram is shown in 
1 (/). Comparison of simultaneous records shows that the leader stroke 
is initiated at an early stage on the voltage wave front, while the subsequent 
wave shape deviates to a continually increasing extent from that on open 
circuit, due to the increasing voltage drop in the series resistance if as the 
leader stroke develops. Steps on the voltage wave may be observed, 
corresponding to the development of stepped leaders. There is a sudden 
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dn)p in voltage immediately previouB to spark-over, and this is found to 
occur simultaneously with the final stepped leader. In the ease of the 
discharge con'esponding to fig. 1 (/) this final leader occurred C /tsec. before 
the main stroke. 

(ii) High-voltage positive-point ehctrode: pointed earthed electrode 

A typical record of this type of discharge is shown in fig. 5 (a) (Plate 7). 
The earthed point electrode projects out of an earthed plane for a distance 
equal to the interelectrode spacing. In addition to the downward directed 



Fki. 4. Drawing to illustrate **comet” type discharge. 

leader stroke an upward directed leader stroke starts at the earthed point 
and the two meet, followed then by the main stroke propagated, presumably, 
in both directions. The upper leader and main stroke are similar to the 
discharges described in the previous section. The upward-directed leader 
exhibits upward branching which is later followed by upward branching of 
the main stroke, and where the leaders join there is an elongated section 
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of intense discharge. The final leader-main stroke interval at the earthed 
point is 20 /*sec. in fig. 5 (a) (Plate 7) and the interval at the high voltage 
point is 46 //sec.: thus the tipward leader started when the downward leader 
had traversed about 30 % of the gap. An analysis of the leader developments 
of fig. 5 (a) is given in fig. 6. It will be seen that the velocity of the negative 
leader is less than one-third of that of the positive leader over the distances 
where the two leaders were developing simultaneously, and this is confirmed 
in the study of many records. The positive leader here has one or two 8tej>s 
and then progresses with uniform velocity. Between the parts of the leaders 
M^hich are developing simultaneously the same voluminous shower of 
discharge (see fig. 5 (a)) takes place as is referred to in the foregoing section. 

Time interval: Leador-ruain stroke Lc^ader velocity 



Pio. 6, Positive-jxiirit okxitrodo; earthed point electrode. Development 
of the stepjyod discliargc shown in fig. 5 (a). 

The presumption that the main stroke develops in both directions from 
the meeting point of the opposite leaders is again founded on the fact that 
the intensely ionized sections of the leaders at the moment of commencement 
of the main strokes is where they meet, not at either electrode; there is no 
visible disoharge at either electrode for the 10 /tseo. which precede the main 
stroke, so it is inoonoeivable that the main stroke starts from either electrode. 
A current-time oscillogram of this discharge is given in fig. 6 (6). This shows 
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that the first leader at the earthed point takes place after 32 ftseo. from the 
instant of application of the voltage, and a second (stepped) leader takes 
place 3 /tseo. later, while the main stroke follows after a further 20 /tsec. 
The agreement between the various leader-main stroke spaoings and the 
current-time oscillograms is generally perfect, though not all the pre¬ 
liminary stepped leaders at the earthed electrode are strong enough to 
show on reproductions. It will be seen from the oscillograms that the 
leader currents rise and fall very rapidly, the maximum currents last for 
only 1 /tsec. at most. Between the last leader and the main stroke some 
current is flowing from the ground electrode, about 30 % of the last leader 
stroke current, although the ionization produced by this current is not 
intense enough to be recorded photographically. The main-stroke current is 
determined by the series resistance and its duration by the circuit constants. 

Branching of the discharge is enhanced by the presence of a number of 
earthed points. This is illustrated in fig. 5(c), when two points projected 
10 cm. out of the earthed plane (the two |>oints are equidistant from the 
high-voltage point and lie in the same vertical plane). The positive leader 
divides after travelling about one-quarter of the gap; one of the branches 
is met by an upward-growing negative leader from one of the earthed 
points, and forms the ionized path over which the main stroke occurs. The 
other branch, which develops in the direction of the second point, terminates 
in mid-gap. Its path is retraced by the main stroke, and measurement of 
the time interval at different positions in the gap indicates that the speed 
of tliis branch leader is the same as that of the main leader after each has 
progressed equal distances. The development of the positive-branch leader 
is accompanied by an upward-growing negative leader from the second point. 

(iii) High-voltage positive spherical electrode: pointed extrihed electrode 

The upi>er electrode had a diameter of 25 cm. and the electrode spacing 
was 75 cm. The results are generally similar to those in the foregoing section 
except that the negative upward-developing leader was lengthened by the 
partial suppression of the positive leader. The two leaders joined about 
30 % of the gap spacing above the earthed electrode. 

(iv) High-voltage positive spherical electrode: plane earthed electrode 

The upper electrode had a diameter of 12-6 cm. and the electrode spacing 
w'as 75 cm. Whereas there is seldom an upward-developing leader from a 
plane electrode when the anode is a point, substitution by a 12*5 cm. 
sphere results apparently in a short, upward, negative leader, the presence 
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of which can be inferred, since an intense junction point of the kind described 
in § 4 (ii) occurs at about 10 % of the gap spacing above the plane. This 
leader cannot, however, be distinguished on the photographs: obviously 
its time separation from the main stroke cannot exceed 0*5 /^sec, and its 
speed of development must be high. 

(v) High-voltage positive spherical electrode: spherical mrthed electrode 

Both spheres had a diameter of 25 cm.: electrode spacings of 25 and 
75 cm. were employed. At the larger spacing the positive leader almost 
bridged the gap, the junction-point was only 5-10% above the earthed 
sphere. The positive leader strokes are not accompanied by stepped leaders 
and the velocity of propagation is more or less uniform at 2*5 x 10® cm./sec. 
From the upper spherical electrode straight shafts of discharge frequently 
extend, branching only after proceeding some 5 -10 cm. and the leader 
proceeds from one of these branches. At the smaller spacing these shafts 
are longer and nearly bridge tlie gap, although the loader which initiates 
spark-over seldom develops from the end of one of these straight shafts. 
Figs. 7 (a) and 7 (6) (Plate 7) illustrate the nature of the discharge at 
75 and 25 cm. spacing respectively (the band across the centre of fig. 7(a) 
is a photographic fault). 


5. The negative disohakoe 

(i) High-voltage negative-point electrode: plane earthed electrode 

Typical records of this type of discharge are shown in fig. 8 (Plate 8). 
The distinctive feature is that in addition to the negative leader which 
starts from the cathode, a positive leader rises out of the plane and meets 
the negative leader, an inversion of the phenomena described in § 4(ii). 
If discharges from the edge of the plane are to be avoided the gap must be 
less than 70 % of the minimum width of the plane: the illustrations given 
in fig. 8 are for sparks definitely terminating on the smooth flat portion of 
the sheet-metal plane. Identical results have also been obtained by sub¬ 
stituting a large shallow trough of water 3 ft. square for the sheet-steel 
plane: the upward-directed positive leader always rises from the plane to 
meet the downward-moving negative leader, and the two meet at varying 
positions usually rather above the middle of the gap. Both leaders branch 
iu the directions of their propagation, and the same voluminous discharge 
surrounds the leaders in the vicinity of their meeting point as noted for the 
positive discharge between two points. 
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The diHcharge shown in fig. 8 (a) is across a 70 cm. gap, and in fig. 8 (b) 
across a 37 cm. gap. It will be seen that there are a number of brush 
discharges rising from the plane in addition to the leader to the main stroke. 
There is also a considerable amount of discharge at the high-voltage point 
electrode in the form of 8har}){y defined streamers prior to the development 
of the leader stroke which meets the positive leader stroke: the leader stroke 
follows the ionized path blazed by the pro-discharges, but it differs greatly 
in appearance from the stepped leaders of the positive discharge as the 
pre-discharges are not connected to it, and the envelope of the tips of the 
pre-discharges is not continuous as in fig. 1 (Plate 6). These discharges 
will therefore be referred to as pre-discharges” after which only one 
^‘leader” stroke occurs to initiate the main stroke. 

Time interval: l.<eader-main stroke Leader voloeity 



Fio, 9. Negative-point electrode: earthed plane electrode. Development 
of the discharge shown in fig. 8 (a). 

An analysis of the development of the discharge shown in fig. 8 (o) is 
given in fig. 9, and indicates a negative leader velocity of 1-6 x 10* om./sec., 
and a positive leader velocity of 2-6 x 10* cm./sec. The velocity of the 
negative leader is very high over the region previously ionized by a “pre¬ 
discharge”, thereafter it is smaller than the positive-leader velocity. 
During this latter portion of the leader development the leader is not so 
sharply defined and its luminosity is maintained until the main stroke 
occurs—for a time of 10-16 /isec. at least—’but during the initial portion 
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of the leader stroke where the leader is traversing a pre-ionized path the 
luminosity only lasts about 1 //sec., and no visible discharge is apparent 
for the /isec, separating the leader from the main stroke. 

Fig. 8 (a) (Plate 8) exhibits a very interesting phenomenon at the junction 
point of the two leaders. There is a sphere of discharge 7 mm. in diameter, 
the luminosity of which lasts for 700 /isec. This phenomenon is not typical 
of the junction points of leaders and no explanation can be advanced for its 
infrequent appearan/ie. The junction point in fig. 8 (6) is of the more usual 
form: it is generally elongated to a few cm. and has no specially long 
luminosity. Many kinks or bends of leader strokes show luminosity for 
longer times than the remainder of the loader. The electrodes remain 
incandescent for times far longer than the duration of the luminous dis¬ 
charge between the electrodes. This latter hardly ever exceeds 500 /^aec., 
whereas tlie former is frequently 2000 /tsec. The ground electrode shows 
the longest luminosity which might be explained by the fact that it is 
of iron, whereas the upper electrode is of brass, and the iron spectrum is 
notably strong in the ultra-violet. 

The straight shaft of discharge from the positive eIe(;trode, previously 
observed for sphere-sphere breakdown (§ 4(v)), is also present in a few 
photographs of the discharge from a negative point to earthed plane. Sucdi 
a photograph is siiown in fig. 8 (c), where the shaft is seen to develop from 
the earthed positive plane. The shaft discharge is very intense for about 
15 cm. of the gap, and from this intense portion heavy branching develops. 
The first branches which occur suddenly at about 4 cm. above the plane 
are curved upwards in well-defined ‘‘parabolic” paths. The main stroke 
follows the path of the shaft discharge for about 6 cm., i.e. to above the 
first branching point; up to this point the speed of the shaft discharge is 
too fast to measure, and although tlie luminosity of the shaft is initially 
strong yet it falls rapidly, so that the space on the photograph betweeti 
the shaft and the main stroke is quite clear. After this point, however, a 
normal positive leader stroke develops from the shaft discharge, at a speed 
of 3*2 X 10® cm./sec., and its luminosity is maintained until the main stroke 
occurs. No pre-discharges are visible prior to the development of the shaft 
discharge, so that the latter cannot be considered as similar to a stepped 
leader such as described in § 4(i). It appears therefore that the positive 
leader, of the shaft discharge type, can develop at a speed too high to be 
measured by the present camera, although it is travemng a path which 
has not been previously ionized. This fast positive leader has only been 
observed to develop from planar or spherical electrodes and not from 
point electrodes. 
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Oscillograms of two negative-impulse voltages are given in fig. ^{d)^ 
one an open circuit record, the other showing spark-over. Simultaneous 
records were taken with the rotating camera, and it was found that the 
small steps on the voltage oscillograms coincide in time with the pre¬ 
discharges at the high-voltage electrode. In the event of spark-over the 
last step on the oscillogram occurs at the same instant as the final negative 
leader, and is followed by a large drop in voltage before the main spark-over 
takes place. If there is only corona discharge the same small steps corre¬ 
sponding to {ire-discharges are visible, while there is a definite step-up in 
voltage when the pre-discharges cease. 

(ii) High-volUige negative-point electrode: pointed earthed electrode 

Typical records of this type of discharge are shown in fig. 10 (Plate 9): 
the spacing of the electn^des is 75 cm., the earthed point projects out of a 
plane for 2 % of the spacing in figs. 10(a) and 10(6), and for 100 % of the 
spacing for 10 (c) (Plate 9). The records show the two leaders meeting in the 
mid-gap region, on the average a little nearer to the high-voltage electrode 
than for a point-plane discharge. The individual pre-discharges at the high- 
voltage point are very conspicuous in figs. 10(a) and 10(6) (only the part 
of the discharge down to the junction of the leaders is shown in fig. 10(6)) 
and a notable characteristic of the negative discharge is the sharp bifurcation 
visible in the pre-discharges. The intensity of the two forks is frequently 
greater than that before bifurcation, and in this resembles the negative 
Lichtenberg figures. Another characteristic of the negative discharge is 
also conspicuous in figs. 10(a) and in 10(c), referred to as an “explosive 
discharge”: from the high-voltage electrode in 10(c), and from halfway 
down the leader in 10(a), a straight shaft of discharge develops for some 
10 cm. terminated by an intense elongated discharge 3-8 cm. in length 
from which a shower of clearly defined negative streamers proceed towards 
the earthed electrode. A strange feature of this discharge is that its track 
is not followed by the subsequent main stroke. Immediately after the 
explosive discharge has left the negative leader track the velocity of this 
track diminishes rapidly. The explosive discharge is never met by the 
ascending positive leader. A graphical representation of fig. 10 (a) is given 
in fig. 11. 

It has been said that the main stroke often traverses the more important 
of the branches to the leader stroke. A notable example of this is seen at 
the cathode of fig. 10 (6). The first of the pre-discharges is composed of two 
separate tracks, one to right the other to left at an angle of about 120^ to 
the first. The second pre-discharge takes the path of the left-hand track, 
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the third, fourth and fifth pre-discharges and the main leader take the 
path of the right-hand track, but when the main discharge reaches the 
cathode' it also traverses the left-hand track: an interval of 94 /tsec. 
separates the second pre-discharge from the main stroke. 


Tiiiie interval: Leader-main stroke Loader velocity 



Fio. 11. Negative-point electrode: earthed point eloctrodo. Development 
of the discharge shown in fig. 10 (a). 


Fig. 10(c) is accompanied by the current oscillogram 10 (d) taken at the 
earthed electrode. The time on the oscillogram from application of the 
impulse to commencement of the upward leader is 102 /-tsec. and 23 /^sec. 
elapse between leader and main stroke; the loader-main stroke separation 
on the rotating film is 23 /tsec, which is in agreement with the oscillo¬ 
graphic records, 

(iii) High-voltage negative sphere electrode: pointed earthed electrode 

Two diameters of spherical electrode were employed, 25 and iOOcm,; 
the point/25 cm. sphere spacing was 45 cm., and the point/100 cm. sphere 
spacing was 100 cm. 

The negative leader is very short from the 25 cm, sphere and is almost 
non-existent from the 100 cm. sphere where the positive leader (illustrated 
in fig. 12(a), Plate 10) bridges at least 95% of the whole gap from the 
^rthed point to the sphere. The current oscillogram for this is given in 
fig. 12 (6). The positive leader is stepped, and its structure at the anode 
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shown photographically corresponds to the detail of ^e oorrent oedllo- 
gram: this is further illustrated in the drawing of fig. 13 which is accompanied 


Tim* htwah leader-McnnStrokt. 



Fia. 13. Nogativf^-sphere electrode: earthed point electrode. Devdopmeiit of the 
discharge and the synchronized current oscillogram shown in 12. 

by an analysis of ,i^e current oscillogram . Ilie velocity of the positiye leader 
is S'l X 10* cm«/sec. and is uniform overthe whole gap, in markeddistinetkoi 
to the velocities of the downward-pomtive leadem in figs. 2,3 and 6, althoiigh / 
two stepped leaders join the initial lea(^. The stepped leaders c<nnE«spdiidi 
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Fia, i. Positive-jH>int elootrodo: earthed piano eloctrodo. 


( hif j loJigth 

(a) cl = 183 nin.; 
{h) d = 135 oin.; 
(c) d = 76 cm.; 
(rf) 76 cm.; 
(c) d=: 135 era.; 
(/) d” 76 cm.; 


iSerios rtwistance 
H = 1,040,000 ohms. 
il — 1,040,000 ohms. 
H = 1,040,000 ohms. 
li = 1,040,000 ohms. 
R ^ 1,040,000 ohms. 
R = 600,000 ohms. 


(Faei/wp. 112) 
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Fig. 5 Fi(j.‘7 

Fid. 5. Fortitivn-poinf (>Ioctrodo: oarthod point oleotrodcs (a) d = S9 era. ;p = 68 cm.; 
/(►=: 480,000 ohraH. ( 6 ) Current oscillogram s 3 nrichroni/od with (a), (c) d~94om.; 
7 ; — 10 cm.; 11 — 400,000 ohms. 

Fid. 7. Posit iV(?-s]il 10 ro oloetrodo: earthed sphere electrode. (a) d — 76 cm.; 
H ^ 300,000 ohms. (/>} d 26 cm.; ii == 300,000 ohms. 
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‘in. H. N’of^ativH-ixjiiit olodtrudt': oartluHl piano olootrocli'. (a) i/=i70crn.; 
^ — 400,000 ohms. (/>) d ~ 70 (;m.; H — 400.000 ohms, (c) d ~ 3S cm.; R 1,900,000 
o ims. [d) d 51 cm.; R 500,000 {>hins. (Voltago oscillograui.) 
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(a) 




Kin. |(>. I’odr: t'arthrd ('icftrndr. (//; (f --IWtMu.; 

p: - 1'*2r) (‘ 111 .;/* — I oliins. ;(/>)(/ = 7<M‘in.; p ~ 1-25 (‘in.;/n’ ~ i (thriiH. 

{(■)(/ “ 7(tcin.;/j “ 7<i (‘Ill.; — 1 .UOMJKlO n|^tn^^, ((/) (/urrciit OHoillo^iiun syiiflirriiii/j'iJ 

with (r). 
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Viff. 12. Nf'gativc-splicri) ('li'rtrc)<li>; (‘arlli«'<l poini («) (/-lOOctii 

p = 50 oin.; Jt - 1,040,000 oliiiiH. {!<) (’(im'iit. osoillogniin Hyii.'liioni/,.'.l willi (a). 

P'W. 14. Nogniiva-RpliiM’i' i'lo(!(,i-<j<lc: cartli.'il si)li('r(' electro.lc. (<i) fl = 75 cm 
H = 300,000 olim.M. (b) d = 25 cm.; = 300.000 ()lim«- 
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micro-seconds 

(a) 



Kt(j. 18. Mullipli'-stroke disdiorge for a 03 tnn, bi'twoon a positive-point 

oleetrode ami an ('art ht'd point olivet rode {p = 00 cm.), (a) Fiiot ograph of discharge 
together with synclirotu/.tid voltage oscillogram. (6) Current oscillogram for a 
negative diweliarge over the same gap. 







t 0 thie peaks on tbe cutreni osoiliograms, and have velociiles too hi^h to 
be measured; the duration of luminosity of these steps is from 1 to S 
Where they join the initial leader the duration of luminosity of the leader 
is considerably increased up to 7 /tsec. indicating an increase of ionisation 
at the moment of junction of the leaders. As the upper electrode is ap* 
proaohed a large shower of discharge develops similar to that formed at 
the earthed electrode in fig. 1 (6). The diiwtion of development cannot be 
stated with certainty: it probably develops simultaneously from the sphere- 
on which short darts can be seen—and from the many branches of the 
upward growing leader. 


(iv) High’Voltage negative spherical electrode: plane earthed electrode 

The results are similar to those reported under § 5(i), the only sphere 
diameter used was 12-6 cm. at a spacing of 75 cm. from the j)lane, so that 
the electrode can almost be considered os a point electrode, The junction 
point of the opposing leader strokes is about in the centre of the gap. 


(v) High-voltage negative spherical electrode: spherical earthed electrode 

The spheres of 25 cm. diameter were spaced at 25 and 75 cm. At the 
large spacings the opposing leader strokes meet at about the centre of the 
gap; at the diameter spacing the meeting point varies from the centre up 
to the high-voltage sphere. Breakdown for the two spacings is illustrated 
in figs. 14 (fl) and 14(5) (Plate 10). The leaders usually start from the 
spherical electrodes with very high velocity, then branch, and develop 
further with more or less uniform velocities of the order of 1*5 x 10* cm./sec. 
for the n^ative leader and 4 x 10* cm./sec. for the positive leader. The 
straight al^t of discharge from the earthed sphere in fig. 14(a) is com¬ 
parable with that in fig. 7 (Plate 7) from the positive sphere. 


6. PaOTOES INFLtriiNCmO SPAKK DJflVBLOPMBNT 

(a) CireuU resistance and gap spaaing 
In the work previously reported (AUibone and Sohonland 1934 ) ^ 
imimise generator having a discharge oapaoitano© of 1000 /</aP was em¬ 
ployed, To make the discharge circuit aperiodic a 1000 ohm (approx.) 
cesistanoe was inserted* The resultant main discharge photographed 
thron^aglass lens was of such an intensity that the leader stroke 0*2-1 mm. 

coiild readily be distinguished, but the composite character of 
not appreciated. The velocities of posilive and 

, ' *' 
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negative leaders calculated on the assumption that each traversed the 
whole gap from high-voltage electrode to ground with uniform velocity 
were 9 and 15x10* cm,/sec. respectively. In the present work a generator 
having a discharge capacitance of 10,000 was employed togetlier with 
the quartz lens, and with only 1000 ohms series resistance the record of the 
main stroke was so intense that it obscured the leader stroke. In consequence 
only those records taken with circuit resistances from 9000 ohms to the 
up{>er limit of 1*9 megohms have proved suitable for analysis. 

(i) Posithm high-voltage electrode. The velocities of positive leader strokes 
can be measured with considerable accuracy as the leaders are nearly 
always continuous. The values are remarkably consistent for the same 
gap and same circuit conditions. In general, as shown in fig. 2 , the velocity 
increases with increasing distance from the anode, and this is true for all 
values of circuit resistance. The change of velocities of stepf^ed leaders, 
as shown in figs. 3 and 6 , is also a phenomenon independent of circuit 
resistance. For a gap spacing of 76 cm. (point/plane electrode) the time 
betw een the initiation of the leader and the occurrence of the main stroke 
increases with increase of resistance as shown in fig. 15. Isolated points 
have also been plotted for gaps of 38, 136 and 183 cm., and indicate an 
inappreciable variation in time intervals over this range of gap lengths for 
high values of series resistance. However, oscillographic measurements 
show that the time to breakdown increases with gap length at low values 
of series resistance, and for 1000 ohms the values given in fig. 15 are taken 
from such measurements (AlUbone, Hawley and Perry 1934 ; Bellasohi and 
Teague 1934 ). 

In making comparison between leader-stroke velocities an arbitrary 
distinction has been drawn between the initial velocity and that more or 
less unifonn velocity which the leader acquires as it approaches the opposite 
electrode; this value is described as the “final’’ velocity, and for con¬ 
venience it is measured at a point | of the gap spacing from the high-voltage 
electrode. The variation of these velocities with resistance is given in fig. 16 
for a gap length of 76 cm., and a few isolated values for other gap lengths 
are also given. 

The initial velocity of the leader decreases with increase in series re¬ 
sistance, and velocities as low as 0-2 x 10 * cm,/sec. have been measured for 
a resistance of 1-45 megohms. Although it is probable that even lower 
initial velocities can be obtained if the resistance is further increased, yet 
these velocities become more difficult to measure due to the increased 
numl>er of 8 hort- 8 teiq>ed leaders. Not only is the intensity of these stepped 
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S0n0s Msi$tofiG0. 

Fill. 15. Pf>wtiv(>-point electrode: oartht^Kl pJanf* i?U>ctrode. Curvo rolating tho tiino 
interval between leader and main strokes with series resistan<;e for a gap length 
of 76 cm. 



Fio. 16. Positive-point electrode: earthed plane electrode. Curves relating the 
initial and final velocities of the leader with series resistance for a gap length of 76 cm. 


8-2 
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leaders very weak when the resistance is in excess of 1*5 megohms, but the 
envelope of their tips is not clearly defined. It is probable that this reduction 
in intensity of the leader stroke is responsible for the decreased speed of 
the leader when the series resistance is increased, but in addition the 
increase in series resistance causes a decrease in the rate of rise of voltage 
at the high-voltage electrode, and tliis will be a further factor tending to 
increase the time to breakdown and presumably to decrease the initial 
leader velocity. 

The final velocity appears to be more or less indei>endent of gap length 
at high values of series resistance (e.g. 1*45 megohms): it varies from 
2*6 X 10® cm./sec. for a 183 cm, gap to 2*2 x 10® cm./sec. for a 76 cm, gap 
and 2*1 X 10® cm./sec. for a 38 cm. gap. The decided flattening of the final 
velocity curves as the resistance is increased suggests that there is a lower 
limit to the velocity at which the leader will progress without apparent 
reinforcement from stepped leaders. Below 10,000 ohms it is not possible 
to measure the final velocity with the present camera due not only to the 
fa(*t that the time interval between the leader and the main stroke is 
reduced, but also to the confusion caused by the increased luminosity of 
the main stroke. 

The development of the positive leader does not appear to be affected 
in any way when the earthed plane is replaced by a point electrode. An 
insufficient number of records have been taken to enable curves to be 
drawn, but it will be seen from the analysis of such a discharge given in 
fig. 6 that the final velocity of the positive leader is 2*3 x 10® cm./sec., 
which is in accord with the point^plane records. This record was made for 
a series resistance of 480,000 ohms, and the analysis of two other dis¬ 
charges (gap = 68 cm.: length of earthed point ~ 22 cm.; series resistance 
== 1,300,000 ohms) gave a final leader velocity of 2*2 x 10® cm./sec. 

The velocity of the upward-growing negative leader is affected con¬ 
siderably by change in resistance. In the record analysed in fig. 6 its 
velocity is 0*6 x 10®, whereas for the other examples quoted above, where 
the resistance is 1,300,000 ohms, it is only 0*1 x 10® cm./sec. 

(ii) Negative high-voltage electrode. The mechanism of the discharge when 
the high-voltage electrode is negative is not consistent, even under identical 
circuit conditions. Sometimes there are fast pre-discharges followed by a 
fast final leader from which an explosive discharge may or may not occur; 
at other times there are no pre-discharges and the explosive discharge 
develops directly out of the high-voltage electrode itself. The velocity of 
the negative leader after the explosive discharge has occurred can be 
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measured, but its value is variable over a considerable range for the same 
group of records. Thus for a 57 cm. gap between a negative high-voltage 
point and" an earthed point projecting 1*25 ora. out of an earthed plane 
= 1*9 megohms), the velocities of the negative leader ranged from 
0*8 X 10 ® to 0*3 X 10 ® cm./sec. Velocities varying from 3*2 x 10 ® to 1*1 x 10 ® 
cm./sec. were obtained fora 92 cm. gap with a series resistance of 0*4 megohm 
(the earthed point projecting 11 cm. out of the earthed plane). There is 
seen to be an increase in the negative leader velocity when the resistanc^e 
is decreased, but as yet an insufficient number of records have been taken 
for the same gap to give cjurves for the variation of leader velocity with 
resistance. The time between the fined negative leader and the main stroke 
varied between 11 and 20 /^seo. for the 57 cm. gap {R = 1*9 megohms) and 
between 9 and 16 /^sec. for the 92 cm. gap {R = 0*4 megohm). Thus the 
time interval does not vary appreciably over this wide range of series 
resistance, but it must decrease considerably when the resistance is reduced 
to 1000 ohms as the time-to-spark-over is only 5-6 /isec. for the above- 
mentioned gaps (Allibone, Hawley and Perry 1934 ). 

The upward-growing positive leader is continuous in its development, 
and, in the majority of the records examined, is initiated almost at the 
same instant as the final negative leader. In no case does it precede the 
final negative leader. The velocity of the positive leader is found to decrease 
wth increase in resistance, though as in the case of the negative leader the 
velocity may vary by a factor of 3 under identical circuit conditions: for 
high values of series resistance the mean velocity is found to be in close 
agreement with the final velocity of the downward-growing leader from a 
positive point; for low resistances the uj)ward positive leader develops 
faster than the downward positive leader. 

( 6 ) Magnitvde of applied voltage 

In all the foregoing records (with the exception of fig. 1 (d)) the applied 
voltage was just sufficient to cause spark-over. The effect of over-voltages 
is to decrease the time-to-spark-over, decrease the number of pre-discharges, 
increase the luminosity of the leader strokes and the duration of their 
luminosity, increase the amount of branching and increase the velocity of 
propagation of the leader strokes. Fig. 17 shows the change of formation 
and of velocity of the positive leader for a 76 cm. gap as the voltage is 
raised from the minimum spark-over value to twice this value. It will be 
noticed that the greatest change of velocity with voltage occurs at the 
beginning of the leader, the final velocity only increases by 25 % when the 
applied voltage is doubled. 
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(c) Nature of applied voltage 

In all the foregoing records the voltage has been applied rapidly to the 
gap, the rate of rise of voltage being of the order of 10-1000 kYI/imc. With 
such rapid rates of rise of voltage no appreciable space charge can be created 
before the leader stroke mechanism develops. To test what effect such 
space charge may have on leader stroke formation some experiments were 
performed with a source of constant potential of negative polarity (300 kV) 
the voltage being slowly increased until spark-over occurred; a series 


Time interval: Lt;ader-main stroke Leader velocity 



Fto. 17. Kffoct of over-voltage on loader development for a 

fMisitive point to eartlied-plane gap. H = 500,000 ohms. 

A. Minimum spark-over voltage ( - V). 

B. Voltage-1'25 V. 

C. Voltage = 2*0 V. 

resistance of 80,000-600,000 ohms was in circuit. The electrode arrangement 
chosen was the point/point gap, and from the points intense brush discharges 
were maintained for at least 10 sec. before spark-over occurred. The general 
api>earanoe of the D.C. spark discharge was found to be similar to that of 
the impulse spark discharge of the same ijolarity (such as fig. 10 (c), Plate 9) 
except that the D.C. leader stroke showed no pre-discharges at the high- 
voltage electrode, and the upward-growing positive leader appeared to 
develop from a point 5-10 cm. above the earthed point, apparently from 
the limit of the visible corona at that point. The velocity of propagation 




119 


The development of the spark discharge 

of the downward negative and upward positive leaders were also com¬ 
parable Avith those of the impulse discharge (negative, 0-2-0-3 x 10® cm./»ec.; 
l>ositive, 1-3 x 10® cnu/sec.). A further experiment was performed with a 
group of 20 points projecting from an earthed plane giving an extensive 
layer of space charge over the plane. The results did not differ materially 
from the foregoing results so that it can be said that the position of the 
junction points of the leader strokes and their velocities are not affected by 
the presence K>f space charge or the field distortion produced thereby. 

(d) Nature and resistance of the earthed electrode 

Since lightning discharges may terminate on earth of widely differing 
resistivity, photographs were taken of impulse voltage and constant voltage 
spark discharges between a high-voltage point electrode* and a plane 
covered with 5 in. of dry sand and (a) earthed direct, or ( 6 ) earthed through 
a resistance of 30,000 ohms. No difference could be detected between the 
results so obtained and those relating to earthed metallic electrodes: the 
nature of the ground electrode does not therefore influence the speed of 
leader stroke development. 

7. Mxtltiplk strokes 

The lightning flash can consist of a succession of separate strokes: as 
many as 27 have been observed (Schonland, Malan and Collens 1935 ). This 
feature may be reproduced in the spark discharge by a very simple method. 
A condenser of 36 jiijuF capacitance was connected in parallel with the 
discharge gap, through a resistance of 814 ohms, suflSoient to make the 
circuit aperiodic. A high resistance (E - 1*8 megohms) was connected 
between the impulse generator and the high-voltage electrode of the 
discharge gap. The resultant discharge, shown in fig. 18(a), consists of a 
seiies of strokes, the first of which is preceded by a leader stroke. A syn¬ 
chronized oscillogram illustrating the variation of voltage at the high- 
voltage electrode is also given in fig. 18 (a) and a current oscillogram relating 
to another similar discharge is shown in fig. 18(6); unfortunately it was 
not possible to obtain simultaneous voltage and current oscillograms as 
only one oscillograph was available. (See Plate 11 .) 

It will be observed from the photograph of the discharge that the 
branching of the leader is followed by branching of the first main stroke. 
The subsequent strokes do not branch, are less intense than the first stroke 
8 wid follow its main path in detail. Similar effects have been noted in the 
lightning flash, where it has been found that the first stroke is usually 
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more intense than subsequent strokes, and is always much more heavily 
branched, while the strokes all follow the same main path. The luminosity 
of the first stroke is not apparent after 5 /^sec. in the discharge of fig. 18 (a), 
but it is evident that the degree of ionization must still be considerable 
when the next stroke occurs, 47 /isec. after the first, since the track followed 
by this stroke is identical with that of the first stroke. There is no indication 
of leaders to strokes subsequent to the first, though it may be that these 
would be revealed by a camera of liigher speed. 5 

The intensities of the successive strokes are all less than that of the first 
stroke, and vary among themselves according to the time intervals between 
them. As in the lightning discharge a stroke which succeeds a previous 
stroke after a long time interval is more intense than a stroke which has 
occurred after a short time interval. This is to be expected, since the shorter 
the time interval the less will be the voltage developed across the condenser 
in parallel with the gap, and hence the lower the energy available when a 
stroke occurs. In the case of one particular discharge the second stroke 
occurred 37 /isec. after the first main stroke and required a voltage of 
0*21 T, where V is the voltage necessary to cause initial breakdown. The 
third stroke occuiTed after a further 41 /mec, at a voltage of 0-24 F and 
was correspondingly more intense than the second stroke. 

The develof)ment of the leader to the first stroke of the discharge shown 
in fig. 18(a) is affected considerably by the presence of the condenser in 
parallel with the gap. There is not the pronounced stepping which was 
})reviou8ly evident for high values of series resistance, and the luminosity 
persists until the main stroke occurs. The speed of the downward growing 
positive leader is uniform at 3*0 x 10® cm./sec., and that of the upward 
growing negative leader is uniform at 1-5 x 10® c./sec.; both these speeds 
show an increase on those whicli would have been obtained if the parallel 
capacitance had not been present. When the polarity of the high-voltage 
electrode is negative the downward-growing negative leader meets the 
upward-growing j)ositive leader at about one-third the gap length beneath 
the high-voltage cathode. The leaders remain luminous until the main 
stroke occurs; the negative leader velocity decreases from 3*2 x 10* cm./sec. 
as it leaves the cathode, to 1*6 x 10® cm./sec. as it approaches the junction 
point of the tv'o leaders. The ascending positive leader develops at a 
uniform rate of 4*1 x 10® cm./sec. There are no differences between the 
positive and negative discharges as regards multiple strokes, other than 
that of leader formation, and hence the details given above for the positive 
multiple discharge are applicable to both polarities. 



121 


The development of the spark discharge 

8. DiSCtTSSION OF RESULTS 

(a) Structure of the spark 

The most interesting feature of the present work is the proved existence 
of the positive as well as the negative leader stroke to the main discharge. 
Hitherto the leader stroke to the lightning flash has been presumed (not 
always proved) to be associated with a negative discharge to earth and 
a mechanism similar to that suggested by Dorsey ( 1926 ) has been advanced 
(Sohonland and others 1935 ) to explain the propagation of the negative 
loader. 

A further interesting feature is the continuous nature of the leader 
stroke. The loader to the first stroke of a lightning flash is always stepped, 
and Schonland ( 1937 ) could only offer strong presumptive evidence for the 
existence of a “pilot” streamer which travels in front of the stepped 
streamers preparing an ionized path for them. The spark photographs 
prove the existence of the continuous pilot streamer, reinforced from time 
to time by stepped leaders which travel rapidly from the electrode to the 
pilot streamer: the stepped leaders to the lightning flash cannot always 
be traced from the |)ilot streamer back to the cloud. 

A remarkable characteristic of the negative discharge is that it is always 
accompanied by a positive discharge which develops from the earthed 
electrode whether of point, j)lane or spherical form, and the two leaders 
meet in the mid-gap region. This is true also for power frequency A.C. 
sparks and for D.C. sparks. If this is a general characteristic of all negative 
discharges in the laboratory it might be presumed to characterize the 
lightning flash also: some few photographs of flashes taken with stationary 
cameras show the thickening of the flash, reminiscent of the junction point 
of the spark leaders (see Jensen 1933 , right-hand flash of fig. 21 positive 
field-change reported, i.e. negative cloud base), and a few photographs 
show upward branching of the lightning flash indicating upward propa¬ 
gation of a leader (see Jensen 1934 ). In this connexion it might be noted, 
as previously stated (Allibone and Meek 1937 ) that all spark photographs 
show that the direction of branching is the direction of propagation of the 
leader stroke. 


(fc) Velocity of propagation of the leader 

It is of interest to compare the speed of propagation of the leader stroke 
with the speed of spark formation as calculated from time-lag observations 
by other workers. In the following table calculated speeds and, where 
possible, actual speeds are quoted for gaps varying from 1 mm. to 3 km. 
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It will be seen that the mean speed of propagation varies by only a 
factor of X 10 for gaps from 0 * 1 to 150 cm, for minimum impulse spark-over, 
and is almost no higher for the lightning flash. The voltage of the lightning 
flash is not necessarily the minimum voltage which would result in spark- 
over from cloud to ground, and it has been shown that overvoltages can 
cause an increase in leader velocity. The positive leaders are generally 
continuous and their velocities increase as the leaders approach the cathode; 
the total range of velocities is from 0*2 to 20 x 10 * cm./sec. The negative 
leaders are composed of very fast and very slow sections, the very fast 
part adjacent to the cathode travels too fast to be measured and is generally 
traversing a preionized track, the very slow section develops from the tip 
of the fast leader at speeds of 0*1 to 4x 10 ® cm./sec. until it meets an 
ascending positive leader. Time-lag studies naturally only give the average 
values quoted in the table. 

(c) The mechanism of the leader stroke 

The oscillograms of the current in the spark clearly show that the leader 
stroke starting from the electrode carries a current of the order of 1 amp. 
for less than 1 //sec., after which the current at the electrode diminishes 
until the main stroke or stepped leader stroke occurs. The intensity of the 
leader stroke does not vary greatly as it traverses the gap so that it may 
be presumed to contain the same density of ion pairs over the whole of its 
path. The leader appears therefore as a column of ionized air the front of 
which is advancing due to fresh ions being formed at its tip, while the rear 
of the column recedes from the electrode due to recombination of the ions. 
The propagation of the positive discharge has been discussed by Simpson 
( 1926 ): his suggestions require modification to include recombination of 
ions. The modification suggested is illustrated in fig. 19(a). Ionization 
occurs at the electrode tip due to the concentration of field there. Electrons 
occxirring by chance or liberated photoelectrically ahead of the streamer 
travel towards it ionizing as they move in the intense field. If almost no 
movement of the positive ions occurs the tip of the ionized region will 
advance towards the cathode although the motion of the ionizing particles— 
electrons—is towards the anode. The velocity of the electrons inside the 
channel is governed by the voltage gradient in the channel and may be 
expected to be small compared with the velocity of the ionizing electrons 
at the tip of the channel, and compared with the velocity of propagation 
of the channel. The channel does not therefore become filled with positive 
ions as pictured by Simpson but remains a region of ionized gas of almost 
equal number of positive ions and electrons which combine according to 
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• These speeds are certainly too high as no aUowance is made for the positive leader which develops from the earthed plane. 

White ( 1934 ) measured cathode streamer velocities of 1-4 x 10’ cm./sec. in nitrogen for an 6 mm. gap: no statement is made 
regarding minimum spark >over voltage. 
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the usual law dnidt = (where 1*5 x 10"*) unless ionization is 

maintained by current passing through the channel. Prom a knowledge 
of the current in the leader—1 amp.—and the diameter—I mm.—the 
density of ion pairs must be of the order of 10*^* ions/c.c. and this number 
would be reduced by ^10—and the luminosity by 10—in 10“® sec. unless 
re{)!eni8hed. It is not ))()ssiblo to state for how long the luminosity persists: 
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Fuii. 19. Drawing to illustrate the suggested development of leader strokes. 

an up]:)er limit of 0-5 x lO"^* sec. applies to some of the leader strokes. In 
others—and especially with overvoltages—the luminosity, and the current 
recorded in the leader does not fall so that ionization proceeds within the 
channel due to the voltage gradient along it. 

When the value of the series resistance R is large the leader stroke current 
flowing to the anode causes a reduction in its potential, and the leader 
stroke travels with diminishing velocity; after a few microseconds the 
potential of the anode rises again and a second leader develops rapidly 
along the weakly ionized path of the first leader until it joins the first 
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leader and rapidly augments its velocity. As shown in the earlier sections 
several of these stepped leaders may leave the anode, and the current 
oscillograms completely confirm this idea. 

The propagation of the long negative discharge has been discussed by 
Dorsey ( 1926 ), Schonland and Collens ( 1934 ) and Cravath and Loeb ( 1935 ). 
The latter two based their discussions on the observed lightning **leader’' 
stroke, average velocity of 8 - 10 ** cm./sec. but it is realized now that this 
figure related in 1934 to a ‘‘dart” leader, not to the leader to the first 
stroke, the velocity of which was only measured in 1935 (Schonland and 
others 1935 ) and found to average 1*6 x 10 ’ cm./sec. This velocity is com¬ 
parable with the laboratory spark leader velocity whether of positive or 
negative polarity. The negative leader stroke shown in fig. 19(6) advances 
as electrons in the vicdnity of the tip move from the tip under the action 
of the high field. Although Oavath and Loeb have shown theoretically 
that the electron velocity and the stroke velocity can be very widely 
different, there is in fact no great difference between the leader stroke 
velocity and the velocity of an electron in the minimum ionizing field. 
Overvoltages produce faster leader strokes but also higher electron velocities. 
In the electric spark the advancing electrons must produce 1 electrons/cm. 
path to give the observed leader stroke current; these would be produced 
by one electron travelling 1 cm. in a field of 34 kV/cm. (a - 28 for X /p =» 50; 
Posin 1936 ). 

The only reason that can be advanced to explain why the negative leader 
develops more slowly than the positive leader is that behind the negative 
leader tip is a concentration of positive ions which partially neutralizes 
the field whereas a similar concentration of positive ions at the tip of the 
positive leader augments the field. No explanation can be offered for the 
explosive types of discharge which are under further investigation. 

The authors wish to express their thanks to Dr W, Payman and the 
Safety in Mines Research Board for the loan of the Quartz Flint lens, to 
members of the staff of the High-Voltage Laboratory for assistance, and 
to Dr A. P. M. Fleming, C.B.E., Director and Manager of Research and 
Education Departments, Metropolitan-Vickers Electrical Co., Ltd., for 
permission to publish this paper. 

9. Sttmmaky 

A general account is given of the development of the high-voltage electric 
spark, based on the study of over 1000 photographs taken with a rotating 
film camera. 
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The electric spark is shown to consist of two principal components, a 
leader stroke and a main stroke—analogous to the lightning flash, A leader 
stroke invariably starts from a positive electrode, and sometimes also starts 
from a negative electrode: sometimes the structure of the leader stroke is 
simple, sometimes it is of the “stepped” variety. The leader stroke is 
always branched at many places, and the direction of branching is the 
direction of its propagation in space: branching thus forms a criterion of 
the direction of leader-stroke development. The main stroke develops in 
the reverse direction to that of the leader stroke and at a velocity too high 
to be recorded. The velocities of the positive and negative leader strokes 
are of the order of 10^-10^ cm./sec., the positive leaders being the faster. 
Oscillograms of current and voltage support the photographic results. 
Multiple stroke discharges have been produced and show the characteristics 
of the multiple lightning flashes: the first is initiated by a slow leader 
stroke and is branched, the subsequent main strokes are either without 
leader strokes or the resolution of the camera is inadequate to show them: 
they are not branched. 
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Quantum theory of Einstein-Bose particles and 
nuclear interaction 
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Beit Scientific Research Felimv, Imperial College of 
Science and Technology, London, S, W. 1 

{Communicated by S. Chapman, F.RB,—Received 1) Febrimry 1938) 

1. Introduction 

The descri})tion of nuclear interaction in terms of a neutron-proton 
‘‘exchange force'’ appears to be well justified and generally acceptred. 
However, there has hitherto been no satisfactory suggestion as to the nature 
of the field of charged particles, the virtual emission and reabsorption of 
which, according to Heisenberg's (1932) picture, would give rise to this 
type of interaction. It may be now considered certain that this field is not 
identical with the electron-neutrino field of Fermi’s theory, the magnitude 
of nuclear forces being far too large to be compatible with the small empirical 
value of the constant of /^-deoay. 

As an alternative and simpler description of the nuclear field Yukawa 
(193s) put forward the idea that the interaction is transmitted by charged 
particles obeying Einstein-Bose statistics. He showed that the resulting 
nuclear potential would be proportional to exp( - 2 nmQcrlh), m^ being the 
rest mass of the Bose particles. Thus, forces of a correct range would be 
obtained with a rest mass about 100 times that of the electron. 

The apparent discovery of particles (“heavy electrons”) with a mass of 
this order of magnitude in cosmic radiation by Neddermeyer and Anderson 
(1937) has aroused considerable interest in Yukawa's suggestion, and 
various asjieots of this possibility have been discussed by a number of 
authors (Yukawa 1935, 1937; Yukawa and »Sakata 1937; Oppenheimer and 
Berber 1937; Stueckeiberg 1937; Frohlich and Heitler 1938; Kemmer 
1938; Bhabha 19386). In particularYukawaand Sakata (1937) have studied 
one possible form of the theory in considerable detail. 

It is the purpose of this paper to consider this theory from a more general 
point of view. There are various ways of generalizing Yukawa's treatment, 
the most important concerning the spin of the new particle* Prom the 
mechanism suggested it is clear that the spin must be taken to be integral, 
that is, 2 n times that of the neutron or proton. Yukawa's equations are 
one way of describing the case n =« 0 . For this value there is a second alter- 
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native theory, and there are also two independent possibilities for 1 . 
On the other hand, a consistent theory for higher vahies of n does not appear 
possible. 

The expression for the interaction of the neutrons and ])roton 8 with the 
Bose particles will also be taken in a very general form, a generalization 
being possible even in the case treated by Yukawa. It will be shown that 
the similarity of all the castes studied is so great that a priori it seems 
imi>08sible to discriminate in favour of any of them. A decision can, how¬ 
ever, be reached if one evaluates the neutron-proton force in all the difiFerent 
cases. Comparing with experimental data, only one possibility proves 
tenable, and it is of importance to note that this is a case with spin and 
not the scalar case hitherto usually considered. 

In an accompanying paper by Frohlioh, Heitler and Kemmer {1938) this 
case has been selected for more detailed treatment. As far as comparison 
with experiment is possible in view of the present rather unsatisfactory 
state of quantum field theories, the account of known data given by the 
formalism proposed can be regarded as very good. 


2. Prooa’h equations and their quantization 


The wave equations for particles with a spin value twice that of the 
electron or proton have already been used in other investigations. In 
particular the theory proposed by Proca (1936) contains much of the 
formalism used in the following. As an introduction to the systematic 
development to follow in the next section, we will study and quantize the 
equations of Proca.t The interaction with heavy particles will not yet be 
considered here. For the scalar case used by Yukawa the analogous quanti¬ 
zation had already been performed earlier by Pauli and Weisskopf (i934)» 
Apart from the difference in the spin eigenvalue the results of the present 
procedure are found to be identical with theirs. 

The wave equations of Proca can be written in the following form; 


0 *^ 








(1) 

( 2 ) 


t It has just come to the writer’s notice that the question dealt with in this 
section has recently been treated independently by Durandin and Erschow (1937). 
Their results ore obviously identical with ours, but it cannot be judged from the 
short publication available, whether their methods are the same. For methodical 
reasons we still prefer to include this section. 
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Here Xq = ct, and for any tensor component ^ (i = 1, 2, 3 ). 

Greek suffixes are allowed all values from 0 to 3 ^ whereas Latin suffixes run 
from 1 to 3 only. Unless they occur as summation variables the suffixes 
I, k and I will in future always denote the values 1 , 2 , 3 in cyclic permutation. 

Proca’s equations are obviously closely related to Maxwell^s equations, 
the main difference being that the “potentials” recur on the right-hand 
side of the second set ( 2 ). Apart from that a difference consists in the fact 
that all quantities are here assumed to be complex. 

We can immediately deduce the existence of a 4 -veotor that satisfies an 
equation of continuity, namely 

( 3 )' 

Thus can be taken to represent the current density of our particles. 
Similarly, one can dedxice the existence of an energy-momentum tensor. 
We will here only put down its OO-component, the energy density: 

7'oo = CKi^S^o + + i)dkXtk)- W 

It is satisfactory that this quantity is essentially positive. 

The theory can now be easily stated in Hamiltonian form. Let us express 
Too in terms of the six quantities and Xoi together with their complex 
conjugates and their spatial derivatives alone. This can be done by using 
the equations 

and = div Xo («) 

and their complex conjugates. We thus obtain 

H =jT^dV = «JdF[l5 1 *+ + I divxo 1 * + ^, 1 curl^i |*]. ( 7 ) 

Equations ( 5 ) and (6), which alone of equations (1) and (2) do not involve 
time derivatives, can be regarded as definitions of Xik respectively, 

and the latter quantities can in this way be completely eliminated as 
variables of our theory. The possibility of doing this for is the essential 
difference from electrodynamics. 

It is now seen immediately that we can obtain the remaining equations 
of (1) and (2) as the canonical equations of our Hamiltonian system. We 
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must take the and <f>* to be the canonical co-ordinates q, 
being the corresponding momenta p. 

The equation dfljdp = q here takes the form 


dXn 




1 0 
K^X^ 


divxo 


and from the relation dHjdq — —/> we obtain 


dXn 


,0t 




With the use of the definitionB ( 5 ) and (0) wo tlms get 

30,. 300 


d'X. 


0 




and 


|r*. 

3 ar, 


the and Xm 


( 8 ) 

( 9 ) 


( 10 ) 

(H) 


Similarly, the oonjugate complex relations are derived. Including ( 5 ) 
and (6) we have the complete set of Proca’s equations. 

Having found the Hamiltonian form, quantization is simple. We postulate 
the commutation rules 

A:ofc(a:')) = [0,?(a;), A'o*(-<^')l = -Utk8(x-x'), (12) 


while all other pairs of quantities are taken to commute. Their invariance 
can be proved by the usual methods. Assuming (12), the equations of 
motion (8) and ( 9 ) can be derived by means of the relations 


and [/f.Aof] = vXoi- (1») 

and their conjugates. 

It should be observed that by making use of (6) we can here avoid the 
special considerations for that are necessary in electrodynamics. This 
represents a considerable simplification.f 


We will now^ divide each field variable into a “transversal” and a 

"longitudin.l"p»t: ( 14 ) 


with 


div^ ai 0 and curl/7* = 0, 


t In proving the invariance of ( 12 ) it ia however initially neoeseary to proceed 
as in radiation theory, considering as a separate variable. This form of the theory 
has been dealt with in more detail by Bhabha (19386). 
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and similarly Xti = ( 16 ) 

with ' divTT =s 0 and curl W* = 0. 

The Hamiltonian can now be represented by 


H 


CK^dV iJp 


+ + carl |*+I •?!*+I div 

K K 


iv!P|*j, 


(16) 


with the commutation rules 


[n^{x), ilr^{x')] ^ Infix), ft{x')] 

= [n,(x), ¥,{x')] = infix), ¥fix')\ = ts,^Six-x'), (17) 


all other combinations commuting. We transform to momentum space, 
putting 


1 1 


I**! = integerj ( 18 ) 


= ;;^,|;^fWexp(-a'’ or), //,: ^ x), 


and denoting the complex conjugates correspondingly. If we now choose 
the directions of the co-ordinate axes for each Fourier comj)onent separately, 
we can do this in such a way that 

?3 — = ^2 == Ps ” A = -^2 “ P - 

Further we put 

^2^gi-tg4) = g‘"^ 


Pg = p(0), ^ (pj - tpg) = ?»(+«, ^2 (Pi + *Pt) = 

The energy then becomes 

H^ck'^ [^g('>*(fc) g<«>(A!) (1 + ^-g) + ?»‘*>*(it-) p<‘>(^)J. (19) 


9-2 
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Similarly, the total charge can be shown to be 


^ JaOrfF = -11 2 [p<‘»(^) (20) 

We perform yet another transformation of the variables, following the 
procedure of Pauli and Weisskopf (1934) in the scalar case. We put 


In these variables we find the commutation rules to be 


( 21 ) 


K(i), a:.(k^)] = [b^ik), bf.{k')] ^ k% (22) 

while all a(k) commute with all b(k), etc. Further, we obtain for the Hamil¬ 
tonian 

H = l I he V(fc* + K^) [at(k) aAk) + btik) h,{k) + 1)], (23) 

* €--l 


and for the total charge 

JJsOdF * e^f \a*{k)a,(k)-bf(k)b,{k)]. (24) 

As a consequence of ( 22 ) the operators 

N-^ik] = a*'‘(A’)^(A‘) and N'~(k) = b*{k)b(k) 

have all positive integers and 0 as eigenvalues. Thus, taking account of the 
expressions ( 23 ) and ( 24 ), we can obviously interpret the N as numbers of 
particles present in the field, the iV ♦ denoting particles of positive charge, 
the N" negatively charged ones. This result is identical with that of the 
scalar case, except for the additional suffix e occurring here, which indicates 
the three possible values that the spin component in the fc-direction can 
assume. As the N are not restricted to the values 0 and 1, the particles 
have Bose statistics. 

The energy of a particle of the kind k is Jff(fc) «= T, its rest 

mass therefore It is of importance to note that, in spite of the 

formal analogy in the final result, the treatment of the “longitudinal ” part 
of the field, which gives the quanta with e = 0, was necessarily separate from 
that of the “transversal field which gives the other two spin orientations. 
The latter part corre8i)onds exactly to the electrodynamical case, whereas 
there is no analogy to the former there. 
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Prooa has already given the extension of his formulae for the case of the 
presence of electromagnetic fields. His equations then are 

the being the electromagnetic potentials. Just as in the scalar case the 
addition of the potentials makes no difference to the procedure of quanti¬ 
zation. The commutation rules between the <j!>^ and the x^t remain the same 
as before, and the expression for the charge density remains unaltered. The 
Hamiltonian acquires two additional terms, which are again very similar 
to those given by Pauli and Weisskopf in the scalar case: 

fiTj = - ^ Jrf F{curl W*. [A x (W+ 77 *)] + div W*\A . tt* )] 

— complex conjugate} 

-~^dV{\Ax{ir + n*)\^+\A.{^-7r*)\»} (27) 

and 7^2 = ~JdF.4®(!f'-7r*).(\ir* + / 7 ) + complex conjugate. ( 28 ) 

(The symbol . means scalar multiplication whereas the vectorial product 
is denoted by x ,) 

This formalism appears sufficiently simple to justify the attempt to 
connect it with experience. Though more general cases will be studied in 
the following, the final result will be that the case described in detail above 
is the one best suited to account for the facts of nuclear interaction. 

For the rigorous derivation of the expression describing the interaction 
of Prooa particles with neutrons and protons the considerations of § 3 are 
essential. It may, however, be useful to note that in applications the 
necessary extension consists solely in adding to the Hamiltonian the term 
given later as equation (63 6). This expression can be understood using 
the ideas of the present section alone. It gives rise to emission and 
absorption of heavy electrons by protons and neutrons. 


3. General theory of Einstein-Bose ^articles 

In a recent paper Dirac (1936) has studied some wave equations for 
particles with a spin momentum n times that of the electron or proton. 
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Apart from the usual Dirac equation of the electron the simplest case 
contained in his scheme, for non-vanishing rest mass, is the following (we 
use spinor notation and take the case of no electromagnetic field only): 


'ii — ~ A 

Polk^A “ 


( 29 ) 


This case corresponds to the spin eigenvalue 1 (twice the electron sf)in). 
For Dirac^s classification the assumption that is symmetrical in its two 
suffixes is essential. Let us however compare the equations with those 
ensuing from the opposite assumption of antisymmetry. For an arbitrary 
antisymmetrical spinor we can raise one suffix according to the general 
rule and then put 

= ASi, (30) 


where A is a scalar. Ecpiations ( 29 ) then become 

Pt-A yj2 niaBi, \ 

r (^1) 

= -V 2 m^A.) 

It is not necessary to go into the details of spinor notation here, as we 
will now abandon it; it was merely introduced to obtain an initial classifi¬ 
cation of possible wave theories. The transition from equations ( 29 ) or ( 31 ) 
to tensor equations can be performed immediately; it is, however, not 
unique. In the 8[)inor notation no specification of the transformation of the 
wave functions for reflexions of the co-ordinate system is implied. As a 
consequence, when reverting to tensor notation we can always choose 
either of two dual quantities to correspond to any spinor. Thus, one possi¬ 
bility of writing equations ( 31 ) in tensor form is 

= (32a) 

= K(l>, ( 33 a) 

{k = m^clh) 

and similarly the first possibility for equations ( 29 ) is 


dXg, 
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Alternatively, however, (29) can be transcribed as 


and (31) as 


^^/>r 

dx„ 

^ay 

dXp 

dXy 



(32c) 

dx^ 




= K<j>i>y, 

(33c) 







dx^ 

dXfj ^Xy 

dx, 


(32d) 

0^/fy<r 

dx^ 




= K(j)^y^ 

(33(2) 


(^apy “• 

Now, equations (32a) and (33a) are obviously equivalent to the scalar 
relativistic Schrodinger eqiiation (Klein-( Jordon equation) 

(34) 

Xa being merely a symbol for the 4-gradient of the wave function. Wave 
equation (34) also holds for all the other field quantities in the above four 
cases, but in general the statement of the second-order relation (34) alone 
is not suflScient. 

(32b) and (33/;) are Froca’s equations. We have, however, further found 
two cases of obviously highly analogous structure and equal simplicity 
which wo have tiot considered before. It is true, of (K)urse, that their 
difference from the two first cases is to a large extent a matter of notation, 
the quantity XmrA instance, behaving like the scalar ^ in 

case a in all but reflexions (with^i 33 + ► Thisdifference 

in reflexion character does not in the slightest affect the quantization of 
the theory; in case c the method of the preceding section, in case d that of 
Pauli and Weisskopf is immediately applicable, and we obtain particles of 
spin 1 or zero just as before. Nevertheless, the separate treatment of the 
dual cases is necessary as soon as the terms describing the interaction of this 
field with protons and neutrons are introduced, as these are characteristically 
different in either of two dual cases. From now onwards we will therefore 
consider the four cases independently. 
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We begin by noting that the four sets of equations can each be derived 


from a Lagratigian, namely, 

ig = - + xJ A:“). (35o) 

+ (36ft) 

Lg = - + ix^Arr'”'). (36c) 

Li^- + Ax^Ay^ r'”")- (36d) 


Taking as a function of the independent variables and expressing 
the X as derivatives of the ^ by means of the equations (32n), the equations 
(33n) can be deduced as variational equations in the usual manner. We 
can further easily determine the complete expressions for the energy- 


momentum tensor and the current density vector: 

^2a = (Xt Xfi + complex conjugate) - Lg, (36o) 

^Sa = (<4?<^A + ^*’'A^Ay + ‘^"‘P*®* conjugate)(366) 
Tlfi = (5i!^9iAy + iA:r*A:Ay« +complex conjugate)(36c) 
Tin = + ixr*‘XAy«« + complex conjugate)-(36(i) 

<^^(X^<i>-Xa^*h (37a) 

s|:*y(x:A?^'’-X.A9^'’*)> (376) 

4 = 2 ^ (x:/,ri>^^ - X.fiy<f>^''*), (37c) 

< = g (X.^Ay^^i^’'* - (37d) 


In each case the energy density is essentially positive; this is a special 
characteristic of these simple cases. If we had proceeded from any more 
complicated examples of Dirac’s spinor equations, we would not in general 
have obtained this result. There thus appears to be some justification for 
choosing these four cases of simple and similar type for preferential con¬ 
sideration, and it seems certain that any alternative formalism would have 
to be a great deal more complicated for physically satisfactory results to be 
expected. A theory for spin values greater than unity therefore immediately 
leads to serious difficulties. On the other hand, the strength of the analogy 
among the four possibilities here stated is so evident that it would not 
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appear justified to exclude any of them a priori. For reasons of economy it 
is of course to be hoped that a comparison with experience will prove that 
one of the cSiases alone is sufficient to give a description of reality. 

When one proceeds to the formulation of the law of interaction of the 
new particles with protons and neutrons one observes yet again that all 
four cases appear equally adequate for these purposes. The quantities 
occurring in our possible fundamental equations are one scalar (^), two 
4-vectors (Xa and 0^), two antisymmetrioal tensors of the second order 
iXx/i ‘‘pseudovectors”, that is, totally antisymmetrioal tensors 

of the third order (Xa^y and finally one “pseudoscalar” iXom)* 

We now assume that the protons and neutrons obey the Dirac equation; 
then, from their wave functions, we can form just one covariant of each of 
these five types and no others. Denoting the Dirac wave function of the 
proton by 0p, that of the neutron by 0y, we can form the five covariants 

Scalar: 

Vector; ( 

Antisymmetrioal tensor: {0%yi0p\ (38) 

Pseudovector: -0%y^0p) ^ 

Pseudoscalar; 0'** fiy^0p - % 23 * 

OLp p are the Dirac matrices, y^ = Ci =« —ia^a^ and y^ == — iaja^ag. 

Further, we can of course form the complex conjugates of the above 
quantities, for instance, 

0%p0s - w’*. 

We will now put down the most general interaction satisfying the fol¬ 
lowing conditions: 

(i) The interaction term to be added to the Lagrangian involves only the 
wave functions of protons and neutrons without their derivatives. 

(ii) The field quantities describing the heavy electron which enter the 
interaction expression are the tj> and x only, derivatives of these quantities 
not occurring explicitly. 

In each of the four cases there are then two terms that may be added to 
the Lagrangian if the condition of relativistic invariance is to be satisfied. 


The first in each case involves the namely: 

L® = “ CK{g^'uxji* 4- conjugate complex), (39a) 

L\ «= + conjugate complex), (396) 

- CK{g^ + conjugate complex), (39c) 

CK{g^ -f conjugate complex), (39d) 
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The other term will contain the x^ 



L’f ~ -cA(r(/„Vay®''‘ + conjugate complex), 

(40a) 


L) ~ conjugate complex), 

(406) 


l/j = + conjugate complex). 

(40c) 


Uj = -c/c(/d^^^y,y*^’'** + e.onjugate complex). 

(40d) 


The/y^ and are arbitrary constants,f 

The general interaction will of (?onrse be a linear combination of the two 
terms. The assumptions (i) and (ii) are justified on grounds of simplicity; 
it might, however, be here objected that the interactions from (40n) are 
already less simple than those given by (39n), as the x by (32w), 

derivatives of the “wave functions'’ 0, From the example treated in §2, 
we have, however, already seen that the theory is quite symmetrical with 
respect to the (j> and the ^bat in fact, for the longitudinal field, it is 

natural to consider 0 as defined by {33n), x then being considered the “wave 
function'*. Besides, there is complete analogy between the ^4 of cases a 
and h and the x oases d and c respectively, and vice versa, and there is 
therefore no legitimate reason for (considering the second kind of inter¬ 
action to be less simple. Our present procedure of treating the (j> as wave 
functions and the x their derivatives is necessary only for formal reasons. 

The total Lagrangian can now be assumed to have the form 

L = + l; + l; + Lp+Av]. (41) 

wliere Lp and are the Lagrangiana of the free protons and neutrons 
respectively. 'I’hese are of course well known, as we assume the Dirac 
equation to hold for the heavy particles, and we need not put them down 
explicitly. 

Defining the canonical conjugate piq) of any co-ordinate q in the usual 
way, 

/>(?)= gV, 

t The quantities defined aa g and / in the paper by Frdhlich and others (79J8) 
are related to and /*, by 


fKC\^ , /KC\^^ 
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we obtain jj(^) = Co = X* +/* »'o. (4>2a) 

l’(54f) ==Co< = X6i +/*■<- (4=26) 

P{4*ik) — ^Oik ~ (^2c) 

Pi^iza) — Coios AIoi88+/<f *oiia> (42d) 

P(M = P{<Pm) = P{<f>o{k) = 0- (43) 


As there are no time derivatives of the proton or neutron wave functions 
in or Lf, there are no additions to the canonical conjugates of the heavy 
particle wave functions due to the interaction. 

We can now pass to the Hamiltonian function by the usual procedure: 

II = E^q — L, 

We take case b as an example; 

H» = + ^*<^n + ixtkXik + 

+ +/fc i^ikXik "fi.ywQi + conjugate complex) 

+ 

- {?io + ’’OS'" I complex jj . (44) 

The final term is derived by means of a jiartial integration. This form 
corresponds to the final form of the Hamiltonian of electrodynamics. 
However, here again, as in the simple case studied in § 2, we can consider 
the equation 

='f(^o + *'ofi'). (46) 


not as a supplementary condition, but as the definition of and we pro¬ 
ceed to eliminate this (juantity from the Hamiltonian. H is then a function 
of and only. Whereas such a consideration is not necessary in case a, 
it reappears in an almost identical form in cases c and d. There we will use 
the abbreviations 


= - 


a®/ 




axt ’ 


'^Vmk = 




Him 


ax, 


(46) 
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The four Hamiltonians can then be expressed as 


H» = HS + Hi + Hl‘, 

(47) 

HI = cxJdF[<5*9i + S(rfo + X?Xi]. 

(48a) 

H% = CAcJdF[?i? + vH Vo + + hXikXi^l 

(486) 

HI * cxJdF[|?iJ'fc^<t+ <•%. + Ko**f(>i»: + iA:*fcjA:iwJ- 

(48c) 

H^ == cxJdF[J^Jfc,95ffc,+ i»/*i*:^oi:fe + iCoiw^o<&i]> 

(48d) 

fl'f = cxJdF[!?„w^*-/,,(i>oi:?-»-’iA'?) + conjugate complex], 

(49a) 

H\ = cxJdF[flfj,(Wi9i?~t;o5?3')-/fc(MoiSw-K*X?*) + conjugate complex], 

(496) 


+ conjugate complex], (49c) 


Hi = cx dF[!7rf(J<(fc,9lffc,-i<o<*’/o<fc)-/di%w5MW+oonjugate complex], 


( 49 d} 

(60a) 

* 1 ?6 I * Vq ^>0 + I A I * < “o(. ( 50 *) 

Hi =• 1 gc |*<Moi+ \fc 1 * ( 50 c) 

H-i * 117 d 1* "t" l/fj 1 *( 60 d) 


The Hamiltonians of the free heavy particles have been omitted. To the 
Hamiltonians we must adjoin the definitions 


Xi 


1 

K^X^ 


( 610 ) 

( 51 A) 


£«-/.«» - to - - V. - 

-xm- (>«+».“« - ?« - + (“I') 

+ * ( 5 i(Z) 
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and then, in the usual way, we obtain the oauonioai equations 

K\ dx^ dxt ^ dxj " /^\ dx^ a*J ~ 

(62c) 

(62d) 

The relativistic invariance of the scheme is evident. 

In cases c and d the present notation is awkward. For any antisym- 
metrical tensor let us by definition put 

^0 ~ ^ik 

for any pseudovector 5o - ^ia 3 » h - 
and for a pseudoscalar c = C'oizn^ 

The expressions (48) to (50) for the Hamiltonians then become 

Hi = c/cjd F[^f + xSXo + ^oi^oi + ivTkVtkl (6«c) 

Hi = c/fjd V[l *^++ fjffj^], {tied) 

H'i = Jm^)+ complex], 

(57c) 

fi? - - CKjdVlfaSt* - 9d{fo^o - hvf) + conjugate complex], (67 d) 

(58c) 

(58<i) 


The form of (48 a, 6)-(50o, 6) is very similar to (66c, d)-(58c, d) re¬ 
spectively, there being a correspondence between the following sets of 
quantities 

X^V> 

9c*^-fb< 9d*^-fa> Jc^-9b> fd*-*-9a- 
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However, this correspondence is not quit© complete* Instead of the 
terms (58c) and (58d) actually found one would, from analogy with (606) 
and (50a), have exj»ected 

li'i - \h 1 

and (69d) 

This is the form of the terms quadratic in the/^ or which we would 
have obtained if we had neglected to treat the dual cases separately but 
had put down the results for them from analogy. The reason for the difference 
is however very simple. In our original Lagrangian we assumed the <p to 
bo the independent variables, or in our new notation for cases c and d the 
These however correspond to the x cases a and />. In these first two 
cases we would indeed have had final terms of the form 

= ba 1 ^ w; 4* I/„ 12 vf Vi (60a) 

and -ffa'* = (60fc) 

instead of (60a) and (506), if we had adopted the following procedure: 

As Lagrangian we take 

jdVl-L^-L^-Lf + Lp + L^]. ( 61 ) 

We then express the ^ as derivatives of the x l>y means of equations (33»), 
and take the x as the quantities that are varied independently. This method 
is equivalent to the one actually chosen for the corresponding dual oases. 
Thete thus exists an ambiguity in the formulation of the theory which 
would appear surprising, and there seems to be no reason for preferring 
either of the two forms. Fortunately the ambiguity is not serious. The 
undetermined terms H 2 or it is important to note, do not involve 
the wave functions of the heavy electron but only those of proton and 
neutron. They can be interpreted as a direct interaction between these 
particles with the ^-function as potential. Precisely these interactions 
have been studied in a previous jiajier (Kemmer 1937 ), and it was seen that 
they do not give any finite binding energy between the particles concerned. 
Similar considerations can also be employed to show that this type of 
interaction gives no scattering cross section whatever.! The non-vanishing 
contributions due to such terms are solely of the self-energy type. For 

t This result was also proved very generally in unpublished oaloulations by 
Professor Pauli, who gave the writer his kind permission to quote the results. 
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such questions the theory is, however, in any case inadequate, so that 
the additional ambiguity introduced here is of no consequence at all. It 
might even be hoped that one could utilize the indeterminateness here 
found to reduce the divergence of self energy calculations, but the final 
section of this paper will show that such an attempt camiot succeed. 

For the present it is certainly allowable to ignore the terms and ifj” 
cotnpletely. 

For quantization let us now revert to vector notation as in § 2. We can 
then put 

/fg = //g = CKjdV 


j^l ^ 1 ®+Itt 1*4-grad 


(62 a, d) 


Hi = Hi = v> 1* 4-1771* + i I curl ySr 1* 

4- I !^|*+|/y|*4- (62b,c) 
Hi = CKjdV-fa{^ ~ (a grad Ji'*))] 

+ conjugate complexj, (63 o) 

HI - cKjdv\0%^gf,(af*)~ft,^{yn)-~fi((TVAir] f*)^+f^(y^^*) 

+ ffi,^(a/7)- ^div 0^4-conjugate compJexj, (63fc) 


O’ i?*) - O-77) 4- ^(7curl jir*)j +gJ((T'P*) 

+fj^(cr /7) - ^ 7 ,div ^/* + conjugate complexj. (63c) 

m o. -■CKjdvi^0*J^f.M*-9,[7,”- i(^gradf*)j]0;, 

4 - conjugate complex]. (63d) 



Here the r/r, W and n, 77 are understood to be defined as canonical con¬ 
jugates. The whole of the further development can now be taken over 
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without change from the case of no interaction.t In particular the 
equations from (12) to (24) in §2, or the corresponding equations of Pauli 
and Weisskopf, remain valid. It is of special importance that the total 
charge will still be, in oases a and dx 

~js„dV = ^j(7r^ — 7 r'*ifr*)dV, (64) 

and in cases b and c: 

IjsgdV = + ( 66 ) 

The terms (fJ3w) describe possibility of the emission and absorption of 
heavy electrons by protons and neutrons, and therefore the heavy electron 
charge alone will of course not be conserved. It can however be shown 

that if one adds the usual Dirac charge of the protons to the 

quantity defined in (64) or (05), their sum is indeed a constant. As, on 
the other hand, js^dV is the same operator as in the case of no inter¬ 
action, the interpretation of the field theory in terms of numbers of charges 
present will still be rigorously possible. 


4. PeRTITKBATXON THEOKV; the KEITTKON-FBOTON INTERACTION 

As is well known, the applications of formalisms of the type sketched 
above are in practice confined to perturbation theory. We will first deal 
with the most important problem of this kind, namely the derivation of the 
neutron-proton interaction from our field theories. Tliis will be given by 
the second order perturbation formula 


yiPpP's I I ^PpPp) i^PpPp I I PnP p) 


t The equations can immediately be generalized to the case when an electro¬ 
magnetic field is present. One has merely to perform the usual substitutions 


dt^ 

h^i 


(- 

\8xt 



The resulting addition to {GStb, o) has already been given as equation ( 27 ). It 
should, however, not be overlooked that these are also additions to the of 
equations (d 3 n). 
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and Ep are the energies corresponding to the momenta pj^ and pp of 
neutron and proton respectively; hk denotes the momentum of the heavy 
electron, e its energy, and the sum in (66) has to be taken over all values of 
this momentum. The first part of (66) takes into account the transitions of 
the proton into a neutron state under emission of a positive heavy electron, 
which is subsequently reabsorbed by the neutron, the latter thereby be¬ 
coming a proton. In the latter case the neutron is the emitting, the proton 
the absorbing particle and the heavy electron is of negative charge. The 
two terms give equal contributions. If one only considers heavy particles 
at distances r^h/Mc (M being the proton mass), the recoil of the heaA^ 
particle in the heavy electron emissions may be neglected and the energy 
difference in the denominators of (66) can be ]mt equal to the heavy electron 
energy e. With this assumption we find the following expressions for the 
effective neutron-jjroton potential F(r):t 


F«(r) = +| 

r-!72AAA>+/„"--g{aA,grad) (a,,grad)J J(r), 

(67 a) 


1 ~ ( cx.ycx.p) + (ajv grad) (a,> grad) 1 



1(o-i>grad) 

- ( y.v grad) (Yp grad)jj J (r), 

(676) 


/c 1 ra-v 7w> - ( (Ta cTp) + (<r,v grad) (cr,, grad) 1 



+ S'?! ( Ja yp)-~t(ys grad) (yp grad) 
-^jNfipitrA grad) (crp grad))J J(r), 

(67 c) 


[-/dV.vApr6Jvysp+S'd;"2(o'.v grad) {<rp grad)J J(r), 

(67 d) 


r. V 2 k^inkrdk 

"irj. - 

(68) 


t For the purposes of this and the following sections the possibility of taking the 
and fn to he complex quantities is inessential. For brevity we will treat thorn as 
real. 


VoiLCLXVI. A. 


10 
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In obtaining equations (67n) certain integrals of the type 


i [krm 

r} 


mxkrdr 


were neglected. For r + 0 they are indeed zero, but to be exact they should 


be represented by However, to these the same considerations 

apply as wore already used in the preceding section; their sole contributions 
are to the self energies of the heavy particles. Therefore their omission is 
obviously justified. 

The value of the integral J(r) in equations (68) can be immediately given, 
we have 


J(r)- 


2 d cos At _ 
nr dr Jo ^ r ‘ 


Having neglected the recoil of the protons and neutrons, it is now not 
very consequent to use the relativistic terms of equations (67). It is more 
sensible to neglect the contributions proportional to the heavy particle 
velocities, that is the terms with a or y, the same is true for the terms with 
75 . Further we should put 

Thus we obtain the final formulae: 


CA' f)—fcr 

Vb(r) = 4 gf, +/6*( ( «T,v (T,.) - ((T.v grad) ( cr,, grad)jj ~ , (696) 

V^r) = grad)(o-p grad)+/*((<rjv(r^) 

- (/r^ grad) (o-p grad) H™, (69c) 

CK p-KT 

F'*(r) » grad) (a-p grad) --- . (69d) 


Taking the most general form of our theory that is possible, namely a 
linear combination of all four cases, we see at once that we get an expression 

V{r) * +5(o-jv(rp) + C(grad) (o-pgrad)]~, (70) 

r 

with completely arbitrary coefficients A, B and C. This result has been 
stated before (Kemmer 1938 ). In this way a form of interaction with C - 0 
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may of course also be chosen* but though the latter assumption has been 
common to most calculations on nuclear binding, there appears to be no 
reason why it should be maintaineti. It is certainly more satisfactory to 
abandon it, if in this way one could succeed in describing all empirical facts 
with one of the four possibilities a to d alone. This is actually possible using 
case 6. The detailed discussion of this fact is the subject of the paper of 
Frdhlich and others. Using the same methods as there described, we will 
here only briefly state the results for all four cases, which justify the pre¬ 
ference for case 6. 

Case a: The potential in the ground state of the deuteron is propor¬ 
tional to and thus repulsive. The potential in the state is of equal 
magnitude, but attractive. Interaction gives no non-relativistic con¬ 
tribution. 

Case h\ The potential in the state is — (9l + ^fb) always 

attractive. The potential in the state is — fi-nd so can be chosen 
to be about half as deep as that of the triplet state, as experiment requires. 

Case c: The potential in the state, -- is repulsive, there is a 

repulsion 3 times as strong in the state. 

Cose d: The potential in the state is attractive (- but there is a 
larger attraction (- gl) in the singlet state. The interactiongives no non- 
relativistic contribution. 

It is obvious that no other case but b agrees with experience. To achieve 
agreement with experiment the inclusion of the interaction is of course 
essential.f We have stressed the symmetry of our theory with respect to the 
<f> and the x sufliciently to make it clear that it cannot be excluded by 
arguments of simplicity. 

Some remarks on perturbation theory in general are of int-erest in this 
connexion. If we consider the interaction expression (636), we note that 

1 0 

there are terms proportional to g^i^^ and other terms '^-g^ combined 

in the same invariant, the former arising from the transversal part, the 
latter from the longitudinal. The transversal part is similar to the electro¬ 
dynamical case. Therefore the evaluation of succeeding approximations 
of an effect by perturbation theory will for this term be in powers of an 
absolute constant, corresponding to {e^/hc)^ in radiation theory. In our 
choice of units this constant is gf,{Kj4nh)^, The contributions due to the 
additional longitudinal term, on the other hand, wiU be a power series in 
that is, we have an expansion in powers of a fundamental 


t The ease/» = 0 has been considered by Bhabha (1938 a). 
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length. Using the present field theory the two contributions will always 
occur together. This is the case even for= 0 , and the same is true for any 
interaction in case c. The state of affairs is different in cases a and d, as there 
the interactions and give terms of the first type only. 

Now Heisenberg { 1936 ) has pointed out that, in a theory involving a 
fundamental length in the sense stated above, the contribution of high 
order approximations will increase when the energies in the effects studied 
increase, and thus multiple f)roce 8 se 8 such as cosmic ray showers should, 
according to such a theory, occur when sufficiently high energies are 
available. This is not the case for formalisms involving expansions in powers 
of a dimensionless constant only. Unpublished calculations by Pauli have 
also shown that in such a theory the well-know n divergency difficulties 
become mathematically far more serious than in radiation theory. It 
seems therefore of importance to note that the data on neutron-proton 
interacstion prove definitely that a theory of the simpler type is not sufficient, 
and that according to the views developed here Heisenberg showers should 
be expected to occur. 

It must be further remarked that quite generally the expansions as per¬ 
formed in perturbation theory can naturally only be valid if the expansion 
parameters are small. As is shown in the paper of Frohlich and others by 
the evaluation of the 4th order proton-proton force, this is here by no 
means the case. How^ever, it is well known that the question of avoiding 
these expansions is the main unsolved difficulty of quantum field theory, 
and therefore the use of any better method does not at present appear 
practicable. It seems fairly certain, that even with better methods the 
result that a general linear combination of our possibilities can be made to 
fit known data would be maintained, but of course the statement that b 
alone is sufficient, is more open to criticism. The study of the cases other 
than h may therefore still prove to be of more than systematic value. 


5. Self-energies 

Hitherto we have avoided the consideration of effects which, calculated 
by our theory, give divergent results. It is well known that all forms of 
quantum field theory formulated up to now give such divergencies, as soon 
as the calculations involve the process of virtual emission and reabsorption 
of a quantum by one and the same particle. The self-energy of a proton or 
a neutron due to the interaction with our heavy electrons is an effect of 
this tyjje. We do not intend to discuss here whether one should attach 
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any physical significance to these calculations in spite of their formal 
divergence, but it is in any case of importance to be informed as to the 
exact type of these divergencies in simple cases. We will therefore give a 
brief summary of the results of such calculations. 

For these questions it is not in general sensible to maintain the assumption 
of the last section that the recoil (energy change) of the heavy particles in 
the processes considered can be neglected; therefore the explicit assumption 
is now necessary that protons and neutrons obey Dirac’s equation including 
the “hole theory” interpretation of negative energy states. The methods 
of evaluating self energies in “hole theory” may be found in the paper by 
Weisakopf ( 1934 a, b), where the case of electromagnetic interaction is 
considered. 

Here we will have two types of self energies to evaluate, namely those due 
to the interactions and those arising from the additions or 
which, of course, can now no more be neglected. The former terms give 
a self energy in second order perturbation, namely 


V (yp I I l^'P) {kj> I H’!1 I ?>o) _ (?>ol b o) ,71^ 

^ ... ... . ^ ^ |JpjxR-X> > \' } 


the notation being the same as in the previous section, and are the 
momentum and energy of the proton (or neutron) in its initial state, p 
and E the corresponding quantities in the internuHliate state, and hk and 
e the same for the heavy electron. The general expression for Iff is found to 
be not very simple. We will confine ourselves to giving the result under two 
alternative special assumptions only: 

( 1 ) We take the proton to be at rest: - 0 . 

Then with the designation M for the mass of the proton and K = Mcjh, 
we have 


+/*[(*=* + /c*).4(fc) + PJS(<;)]}, 

(12a) 

W\ - jdkigl +fS) 1 k*A (k) + (fc* + 3^*) B(k)l 

(726) 

Wi’mjdkial +/»)[(** + 3/c*).4{A') + *W)], 

(72c) 

Wf - + (i»+ K^) B(k)] +/IAr*B(*)}, 

(72rf) 
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A{k)^ 


’4:n^K^[k‘^ + K^)^{k' 




yHk* + K*) + K 
+ K*) + J{k^+K')-K 


^{k» + K‘)-K 
'^{k»+K^) + 4k»-^K*) + K_ 


B(k) = + 


:j(iMC^) LV(P + ^*)+■>/(**+- K 


V(t*+A-*)+V(*® + if *)+^ 

(2) We admit an arbitrary value for but give only the first term 
of the expansion in descending powers of k: 

Wi=^{gl+2fS)C„ 'I 

W^?=(2!7?+/c*)Cx. Wi>^g$C„ 

C_ l_^!±lPtUkk4. 

2nH.K i?o J®**+ ••••' 

Thus the divergence of the result is quadratic in every case, but cases a 
and d do not include such highly divergent terms if we put/^ = 0, or re¬ 
spectively = 0. In these special oases the divergence can be shown to be 
logarithmical only. It should further be noted that the representation (74) 
is only valid for k^K. Thus if one “outs off” the integrals at k^ and, as is 
done by Frohlioh and others, takes k^^^Ky expression (74) cannot be used. 
Taking (73) instead we then find 

W^?=/a*A Wi=^{gl+n)D,s 




dkk* + 


these being the highest terms of an expansion in powers of KIk,,. 

We now determine the contributions of the and JS'^. These are simpler 
to calculate, as one needs only first-order perturbation theory: 




(76) 
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and after a short calculation 

Wt - (gl - SfS) := - 3(gl -/*) ( 7 „ 

Hgl C,. W'i - ( 3 ^ 

1 Jif8 r dkk^ 
n^hK Ej :j{k^^K^y 

Here, too, the degree of divergence is quadratic. The dependence on 
is, however, different in these terms, and it is therefore evident that they 
will in no case compensate the other divergencies, even if we make use of 
the arbitrariness in the choice of the //J. 

The fact that the divergence of self-energy is here greater than in radiation 
theory is noteworthy. Case b might especially have been expected to yield 
results identical with those for electromagnetic interaction, at least for 

= 0. However, the contribution of the longitudinal quanta is sufficient 
to alter the result essentially. This is obviously in direct connexion with 
the facta concerning Heisenberg showers discussed in the foregoing section, 
as is particularly well shown by the fact that just those interactions, which 
do not give showers [ga and /^) also give no quadratically divergent con¬ 
tributions. 

A further quantity that must strictly speaking be classed among the 
divergent effects is the magnetic moment of the proton or neutron caused 
by the possibility of emitting heavy electrons. This has been studied for 
case 6 in the pajier by Frdhlioh and others, but as the derivation there is by 
an abridged method, we would here like to indicate the more rigorous 
method of calculating the effect. In § 2 we gave the expressions for the 
interaction of the heavy electrons with the electromagnetic field. It 
was given there for case 2 only, but it is very similar in all four cases. 
Denoting the operator there named by we can obtain a third 

order perturbation self energy dependent on the electromagnetic potentials 
(recoil being neglected); 

I ■^1 I I I kp) (kp I HI I Po) 

k k 

_ T (yp I I I I I Hn(A) 

I JSii(A) I k+k-po) (k+k-po | | k+p) jk+p \ \p^) 


fo) 
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The first term describes the virtual emission of a positive heavy electron 
by the proton, its subsequent interaction with the electromagnetic field 
and its final reabsorption by the proton. This term is identical with the 
expression used in the other j)aper. I'he second term describes another effect 
of the same order, namely the creation of a pair of heavy electrons by the 
field and their consecutive absorption' by the proton. Term 3 describes the 
process inverse to this one. For the evaluation of the magnetic moment 
we need only take a static magnetic field, which can be described by a time- 
independent vectoi potential A satisfying the condition 

div ^ = 0 . (79) 

The magnetic moment is then defined as 



H « curl A being the magnetic field strength; to obtain the term propor¬ 
tional to H in (78) we must expand in powers of k-k' or k^ -k^\ i.e. the 
Fourier component of the magnetic field, and restricjt ourselves to the linear 
t^rm of this expansion, 

Usftig relation (79) it is easy to prove that 

( 1 ) In the expansion of the denominators one need only use the zero- 
order term. 

( 2 ) Only the terms in the heavy electron interactions proportional to CTp 
or can give a contribution to the moment (for a proton at rest). 

From ( 1 ) it follows that the second and third terms of (78) give just the 
contribution of the first term again, so that the method of calculation used 
in the other paper is reasonable; from ( 2 ) we deduce that the only inter¬ 
actions giving rise to a moment are and g^. 

However doubtful the details of these calculations may be considered in 
view of the divergence of the result, the fact that an interaction has to be 
preferred which indicates the existence of an additional moment must be 
considered as satisfaok>ry. The degree of divergence is here in all cases 
linear (see Frohlich and others 1938 ). 

The writer would like to express his thanks to Professor W, Pauli and to 
Professor G. Wentzel of Ziirich for the interest taken in this work and the 
valuable suggestions given, to Professor Pauli also for the permission to 
refer to unpublished investigations. 
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StTMMAEY 

It is shown that there are four inequivalent but equally simple possi¬ 
bilities of formulating a field theory of Einstem-Bose particles, in which a 
positive expression for the energy density exists. Any of these fonnalisnis 
might tentatively be accepted as a descrij)tion of the “heavy electron 
Considerations of relativistic invariance show that two independent ex¬ 
pressions for the interaction of these particles with protons and neutrons 
can be chosen in each of the four oases. Taking account of the interaction 
terms the general Hamiltonian form of the theories is stated and the quanti¬ 
zation is performed. The resulting proton-neutron potential is determined 
and it is found that its sign and spin-dependence agrees with reality in only 
one of the foiir cases, namely in the case based on the equations of Proca 
(1936). The (divergent) self-energies of the proton or neutron resulting from 
the interactions studied are evaluated. 
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Inteopitctiotst 

It was first suggested by Heisenberg that the forces between a proton 
and a neutron are connected with an exchange of charge between the two 
heavy particles. This exchange nature of the neutron-proton forces is now 
generally accepted. It would follow from this assumption that in suitable 
cirouinstances a proton (neutron) could emit a positively (negatively) 
charged particle transforming itself into a neutron (proton). At first sight it 
seemed that the emission of positive or negative electrons in the /?"deoay 
could in this way be made responsible for the nuclear forces. This was, in 
fact, suggested by Iwanenko (1934) and Tamm (1934). It has also been 
pointed out by Wick (1935) that the virtual emission of/?-electrons might 
explain the values of the magnetic moments of the proton and the neutron. 
These theories, however, were not successful. The nuclear forces, for in- 
statice, turn out to be too small by a factor of more than 10^” and have far 
too small a range; this is due to the fact that the y?-decay constant is 
extremely small. Since the ^-demy is a process which, in nuclear dimensions, 
takes geological ages’’, one might think that the ordinary properties of 
the heavy particles have no direct connexion with this process and that an 
approximate theory of the nuclear forces should be possible without the 
inclusion of the y?-decay. 

A new hope for such an “exchange theory” of the properties of nuclei is 
offered by the probable existence of a hitherto unknown type of particle 
constituting the hard component of cosmic radiation. Since these particles 
do not lose much energy by radiation, it has been suggested by Nedder- 
meyer and Anderson (1937) that they are (positive and negative) “heavy 
electrons” with a mass between that of an electron and a proton. From 
cosmic-ray data the mass of these particles can hardly be determined yet, 

[ 1«4 ] 
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but it can be limited to values between 3 and 300 electron masses. There are, 
however, some arguments favouring a mass nearer to the upper limit of 
100“200 electron masses.f 

The heavy electrons are certainly not stable. They seem to be absorbed 
strongly as soon as they reach an energy of less than 200 x 10* e-volts. It 
is probable that this absorption is due to some sort of nuclear processes. 
It seems, therefore, plausible to assume that a heavy electron can be 
absorbed directly by a proton or neutron. Thus we shall propose the exist¬ 
ence of the following processes 


,1 


( 1 ) 


where Y_ denotes a positive and negative heavy electron. There is no 
need for the introduction of any neutrino. It follows from (1) that the 
heavy electrons have 7.ero (or an integral) spin and satisfy Bose statistics. 

It has already been shown by Yukawa (1935) that processes of the 
type (1) can account for the nuclear forces in a reasonable way. The range 
of the forces 1 /A is directly connected with the mass of the heavy electron: 
1 /A This leads to a value of --100 electron masses. On the other 

hand, it will be shown in this pai)er that the processes (1) can also be made 
responsible for the magnetic moments of the neutron and proton. Inde¬ 
pendently of any detailed theory, it is possible to determine from the 
observed values of the magnetic moments (cf. Frohlioh and Heitler 1938). 
It turns out that Wq is also about 100 electron masses. 

The fact that can be determined in two independent ways both 
leading to the same value seems to us to give strong support for such an 
exchange theory of the nuclear properties based on assumption (1). 

We think, therefore, that it might be a reasonable policy to try to link 
up the nuclear properties (forces and magnetic moments) with the cosmic- 
ray phenomena of the hard component rather than with the yff-decay. As 
a first step in this direction, we shall try in this paper to build up a con¬ 
sistent scheme for the wave field of the heavy electrons and their inter- 

t According to the theory the ionization of a fast charged particle passing through 
a gas has a minimum for energies of the order of the rest energy of the particle and 
increases logarithmically for higher energies. The oo8miC‘ray experiments, however, 
show that the ionixation of particles of the order of 10* e-volts is not appreciably 
higher than that of particles of lO’-lO* o-volts. The particles with energy 
> 8 X 10*^ e-volts are praotically all heavy electrons. If the rest mass of the latter 
were only a few electron masses the ionization should be nearly the same as for 
electrons, which is contrary to the experiments. The above result suggests therefore 
a mass of the order of at least 100 electron masses. 
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action with the nuclear particles. It will be seen that such a scheme is 
possible and that it leads to a consistent theory of the nuclear forces and of 
the magnetic moments. 


1. Thk wave equations for the heavy electron and its 

INTERACTION WITH NTTOLEAH PARTICLES 

Our first task is to find the wave equation for the heavy electron. The 
siniplest relativistic wave equation for particles satisfying Bose statistics 
is the Klein-Gordon equation for a scalar wave function ^ in the quantised 
form of Pauli and Wei88ko|)f (1934). This scheme has been used recently by 
Yukawa and Sakata (1937) to calculate the nuclear properties. It turns 
out, however, that such a theory cannot ac(Joimt for the magnetic moment 
of the proton and neutron and leads to a wrong s])iti dependence of the 
nuclear forces. 

A scalar wave function is not the only possible one for Bose particles. 
Light quanta, for instance, are described by a vector field. It has been shown 
by Proca (1936) that such a vector field can also be used to describe Bose 
particles with a finite rest mass. 

In this paper we shall assume a vector loave fimction for the heavy electron 
satisfyitig the equations given by Proca. Inan accompanying paper Kemmer 
(1938) has studied a number of possible alt^ernatives including both the 
case of a scalar wave function and the vector case. Only for the vector 
formalism the sign and spin dependence of the neutron-proton force is in 
agreement with empirical evidence. The other possibilities can therefore be 
disregarded here. 

The quantization of Proca's field equations can bo carried out by the 
method developed by PauU and Weisskopf for a scalar wave function. The 
only difference is that a heavy electron can exist in three different states of 
polarization. For a particle with given momentum there are two waves 
with transverse polarization and—in contrast to the Maxwell case—one 
wave with longitudinal polarization. 

An interesting feature of Proca's equations is their similarity to Maxwell’s 
equations. Owing to this analogy the quantization may be performed iu 
dose correspondence to the welhknown procedure in radiation theory. In 
the following we use a notation similar to that of Heitler's (1936a) book on 
radiation theory (cf. Chapter i, §6). One slight formal difference must, 
however, be accepted from the start, due to the fact that the wave functions 
for the heavy electron are essentially complex quantities, whereas flie 
radiation theory deals with real field variables. This results in a doubling 
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of the number of variables; to each quantity there exists the complex 
conjugate. 

Let be the wave function of the heavy electron; corresponds to 
the 4 -vector potential in radiation theory. We use Greek suffices (from 
1 to 4 ) to denote a 4 -vector and Latin suffices (from 1 tb 3 ) for a 3 -veotor. 
Instead of ^4 we also introduce ^0 = 0 o corresponds to the scalar 

potential. 

We now define an antisymmetrical tensor corresponding to the field 
strengths of electrodynamics: 


“ ax; "dx^ • 


( 2 ) 


For the complex conjugate quantities we have 


Xtn 


dx^ dx^ ' 


The wave equations in the absence of an external field are then the fol¬ 
lowing; 






m.c 


(3) 


A similar equation holds for xlp , < 5 *. is the rest mass of the heavy 
electron. For A = 0 the equations (2) and ( 3 ) are identical with Maxwell’s 
equations. 

From (2) and ( 3 ) it follows that 


a 3*2 




(4) 


and also 



( 6 ) 


Thus, each wave function satisfies the Klein-Gordon equation (4). 
Equation (6) oorresponds to the “Lorentz condition” in Maxwell’s theory. 
It is here a conaequenee of the field equations (2), (3). This is not the case in 
Maxwell’s theory where (5) has to be assumed as an additional condition 
(it plays there only the role of a convenient normalization of the vector 
potential). 

It can easily be shown that an adequate expression for the energy density 
of our system is given by 


w - i i?i<Vi)). («) 

\ t ***** 1 ft \ ^ 1- / / 
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The space part of the wave function can be divided into a transverse (I) 
and a longitudinal (II) part: 

( 7 ) 


with div^J ~ 0 

curl^P 0. 

We treat the two parts separately. 

The transverse part is exactly analogous to the transverse waves in the 
radiation theory. We expand (j)} in a series of plane waves; let A^(r) be a 
complete set of orthogonal eigenfunctions with the condition of periodicity 
in a cube of volume 1: 

( 8 ) 


the being either of the two independent unit vectors perpendicular to 
the wave vector Putting now 


<i>\ 


l9'p(0A,,(r), 

!??(<) A*(r), 


(») 


the and q* satisfy the equations 

+ = 0,1 

= A-J + A*. 


( 10 ) 

( 11 ) 


The three components of the wave vector can assume all values which 
are integral multiples of in. Using the definitions 

ip “ P*, i* * Pp, (12) 

equations (10) can obviously be regarded os the canonical equations of the 
Hamiltonian 

JEfJ * = KP*pPp + *^p9Up)- 

p p 

This expression can also be seen to be identical with the transverse part 
of the space integral of the energy density W given by equation (6). 
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The longitudinal wave functions and (pQ may similarly be expanded in 
the form 


cr 

(curl B„ = 0) 


(13) 


The are a complete set of scalar wave functions and =» (1 jk^) grad <}>^ 
(of. Heitler 1936a, pp. 47-55). The quantities and their complex 

conjugates satisfy the same differential equations ( 10 ) as the . If we put, 
therefore, 

€==Pcr> d* = -b„, (14) 

we may describe the system by means of the Hamiltonian 

= l\ip:P. + <<lU.)-{f>:b„ + vla*a„)] (16) 

<r 

(the minus sign of the second term is explained below). The quantities 
a^,q^,h^, are not independent of each other. From ( 5 ) it follows that 

= “(>?. ( 16 ) 

and therefore ck„p^ - —b„ — ~pla* . (16') 


Inserting these equations into the Hamiltonian (16), 7 /^* can be expressed 
by the only: 

= + (17) 

n- Pff 

(16) or (17) is again identical with the space integral of the longitudinal part 
of the energy density defined by ( 6 ). For this purpose it was essential to 
choose the b„ part of the Hamiltonian (16) with the minus sign (of. also 
Heitler 1936 a, p, 55 ), 

The fact that the longitudinal part does not vanish is a characteristic 
feature of our theory. In Maxwell’s case (A = 0 ) vanishes except if 
charged particles are present and can then be reduced to a static Coulomb 
energy only. In our theory there are longitvdinal vxtves even in vac-no. 

The expression (17) has not exactly the form of an energy of an oscillator. 
But we can easily introduce new variables so as to re-establish this fonn. 
We consider the longitudinal part of the quantity Xat define a wave 
function 




( 18 ) 
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Using the same as above, we can expand 



If 

( 19 ) 

and putting 

q„^p:, q*^ p„ 

(20) 

we find 


( 21 ) 


IT ^ 


Hence 


(22) 


fT 


Thus the longitudinal fiart of the field is equivalent to one set of 

oscillators with the Hamiltonian (22). Tlius the total Hamiltonian of our 
system is the sum for the transverse and longitudinal oscillators 

iKl>, + Kq*q„) +1 (n IVv liQt Q.). ( 23 ) 

P <r 

The qvuntizaiion of the field equations is now straightforward. We put 

pt€ - 3 ?pt = p(>%- 9i‘Pp == -- 

p: q: - Qt p* - p,rQ,-Q„p, = - if,, 

and assume all other pairs of quantities to commute. 

Following the procedure of Pauli and Weisskopf ( 1934 ) we further put 



Pp 






P<T 7 (^ I ^ „a)’ 




where » hv^ is the energy of the oscillator p. 
Then the total energy becomes 


H 


2e>(ajl (‘p + f>*bf, + l) + '^e^(A*A„+ 

P ^ 

a*a^~a^a* « h*b^-b^b* = _ i,-> 
AtA„-A^* - B*B,-B„B* = -i.) 


( 26 ) 


( 26 ) 

( 27 ) 


and 



On the nnclecLT forces and the magnetic moments of the neiutron Iftl 

From ( 27 ) it follows that the quantities 

all have the eigenvalues 0,1, 2, .... 

We can therefore interpret as the number of “transverse heavy 
electrons” with charge ± e in the state p and the number of “longi¬ 
tudinal heavy electrons” with charge ± c in the state cr. 

The operators a^, a*, 6*, etc., have only matrix elements for tran¬ 

sitions in which the number of positive (negative) electrons increases or 
decreases by one 

a*{N+ -> iV+ +1) = + 1 ); 

b^(N;^N;-l) = ^{N-). 

Corresponding equations hold for the and . All other matrix 

elements vanish. 

Our next task is to find an interactipn between the heavy electrons and the 
nuclear particles proton and neutron leading to processes of the tyi>e (1). 
These processes are analogous to the emission of light by an electron or the 
emission of an electron and neutrino in the y6f-decay. To find the inter¬ 
action in question we let ourselves be guide<l by the theory of light and 
Fermi^s theory of the /?-decay. In this paper we shall deal only with protons 
and neutrons moving very slowly compared with the velocity of light. 
We can therefoi'e assume that the heavy particles are at rest at a given 
position tp, say. 

We then assume: 

(1) The interaction energy W shall depend only on the wave function of 
the heavy electron (and its derivative) at the position of the heavy particle. 

(2) It shall not depend on any variables of the heavy particles other than 
the spin vector a. 

( 3 ) It shall not contain higher order derivatives of the wave function of 
the heavy electron. 

From relativistic arguments Kemmer (1938) has already deduced all 
possible interactions H' satisfying the above conditions (cf. equation 
( 636 ) of his paper).! S'or our purjjose we have simply to take the non- 
relativistic parts of this interaction. 

t The field equations (2)-(5) and the interaction ( 306 ) have also been obtained 
by Bhabha ( 1938 ). 


VoLCLXVI. A. 


It 
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There are two independent interactions for the transverse and longi¬ 
tudinal waves: 

^[/7(o ourl^j) -I- /7*(o curl^^)*^^), (30a) 

H'li = I [77 div + 77* div (306) 

H' (30c) 

Here 77 is the operator transforming a neutron into a proton and is zero 
when applied to a proton. 77* is the operator transforming a proton into 
a neutron and is zero when applied to a neutron, are the wave functions 

of the heavy electron for the transverse and longitudinal waves respectively 
(of. equations (9) and (18)). g and/ are two Constanta both with dimensions 
of a cha/rge. We shall determine them later from experimental data. The 
index “0” in (30) indicates that the expressions in brackets have to be 
taken at the position of the heavy particle, o is the Pauli spin vector: 



(31) 


The interaction (30) leads obviou^y to processes of the type (1). If we 
expand and in the form (9) (19) we see from (26) and (29) that or 
gives rise to an emission of a negative heavy electron or to an absorption 
of a positive heavy electron and this is, acoortling to (30), connected with 
the transmutation of a neutron into a proton. The parts proportional to 
n* give rise to the inverse processes. 

•Por later purposes, we finally give the matrix-elements of the interaction 
H' for the emission or absorption of a heavy electron represented by a 
plane wave j exp i(kr) by a nuclear particle at the position r#. Taking into 
account equations (8), (9), (19), (26), (29), we find for 


Emission of a longitudinal 7+ by proton: -11*^ ® j j 

Emission of a longitudinal Y~ by neutron: U j . k, 

Emission of a transverse 7+by proton: 77*~^^?^ ~.je-^'»>(«.fjk]), 
Emissioil of a transverse 7~byneutron:-77 ^^^^^®-jc<*'»>(o.[jk]). j 


The matrix elements for absorption are the complex conjugates to (32). 


( 82 ) 
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In the following sections we apply this theory to the physical properties 
of the proton and neutron. 


2. The neutron-proton force 

We first calculate the interaction energy of a proton and a neutron. 
The two particles are coupled with each other by the mutual emission and 
reabsorption of a heavy electron. This is accompanied by an exchange of 
charge between the proton and neutron and the force will, therefore, be 
an ‘‘exchange force’'. It follows from the perturbation theory that the 
operator of the interaction energy is given by 




NP 


-1 


HAnffnK 


Here A is the state where a proton is found at the position and a neutron 
at the position tg. jP is the state where the proton is at Fg and the neutron 
at . n are all ]>ossil>lc intermediate states in which a positive or negative 
heavy electron is emitted by one of the nuclear particles. etc., are 

the matrix elements of H' given by ecjuation ( 30 ). If we take for the inter¬ 
mediate states of the heavy electron plane waves with wave number k, 
the matrix elements are given by ( 32 ). includes contributions from 
longitudinal and from transverse positive heavy electrons emitted by the 
proton (and absorbed by the neutron) and also from negative heavy elec^trons 
emitted by the neutron. The latter contribution is the same as that of the 
positive heavy electrons and results in a factor two. 

The energy diiference — is just equal to the energy of the heavy 
electron 

e ^ hc^(k^ ^ ( 33 ) 


Denoting the operator / 7 *’‘(J)/ 7 ( 2 ) which represents an exchange of 
charge between the two heavy particles by P, we obtain for the longitxidinal 
contribution of 




( 34 ) 


where the sum has to be extendefi over all values of k. r is the distance 
of the two heavy particles r = r, — r, . The sum can be replaced by an 
integral taking into account that the number of states with the direction 


11-2 
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of k lying in the element of the solid angle dSi and k in the element dk is 
dQk‘^dkl{27TY. Replacing k^ by (P + A*) —A* we obtain, besides an integral 


I' 


exp i(kr) dk = 0 , 
Hi 


+ 2 


i2nf 




e^<^*hlQk^dk 


+g^P- 


(j-Ar 


( 35 ) 


For the contrilmtioTi of the traimverse waves we obtain in a similar way 


2^^,27tH^c^PE 




( 36 ) 


where o, p are the spin vectors of the particles 1 and 2 lespectively. The E 
lias also to be extended over all directions of polarization j. Carrying out 
the latt/cr summation we obtain 


H = 


p p n^pik iUi 
^A2(2n’)“J k^ + A^ 


^/'(kr) 



_ • 


Working ont the integral in the same way as above, w’e obtain finally 


ii - - 




( 37 ) 


The total interaction operator is the sum of the two contributions 

K==F, + F„. ( 38 ) 

In order to apply our result to the actual problem of the proion'Tieuiron 
interaclion we should have to insert V in the Scliriidinger equation for the 
motion of these two iiarticles. Equation ( 37 ) shows that there is a strong 
<jouf)liiig between the orbital motion and the spins a, p. This makes an exact 
solution of the Schrddinger equation very difficult. The operator leads 
only to a coupling between S and D-terms but not between S and P-terms. 
Since the range of the forces is so small that the D-term can be neglected 
it will be sufficient, for a rough physical discussion, to separate the orbital 
motion and the spin and to take the average value of the spin operators 
occurring in ( 37 ). 

For the wave function of the deutcron we assume then a jwoduct of three 
functions 

?P=f,(1.2)5r(l,2)f/(l,2). (39) 

Here ^,( 1 ,2) dejiends only on the space coordinates of the two particles 1 , 2 . 
T(l, 2) is the spin function. f 7 (l, 2) is the wave function describing which 
of the two particles, one and two, is a proton and which a neutron. Each 
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of these three functions can be syrntnetrical or antisymmetrical in 1 and 2, 
but must be antisymmetrical. Thus there are four possibilities: 

Triplet: (1) Tsym., ^^sym., {7 antis. 

(2) 7 ^ 8 yin., ^^antis., U nym. 

Singlet: ( 3 ) 7 ’antis., ^isym., (/sym. 

( 4 ) 7 ’antis., antis., (/antis. 



We confine ourselves to the consideration of S terms. Then is sym¬ 
metrical in the two ])arti<5les, and we have only to consider the wave functions 
( 1 ) and ( 3 ) of ( 40 ). 

The operator P of equations ( 35 ) and ( 37 ) acts only on the wave function U 
and is 


antis. ] 


( 41 ) 


The operators (op) and (or) (pr)/r2 act on T. T has the following form: 


Singlet: a(l)/?( 2 )-a{ 2 )y 7 (l), ( 42 a) 


Triplet: a(l)a(2). | 

y?(l)/?( 2 ), ( 426 ) 

a(l)/ 7 ( 2 ) + a(2)/?(!), | 


a, P are the two spin functions for each particle. Since the S-tcrni is 
spherically symmetrical the average of the spin operators over all directions 
results, for the ®8-term, in taking the average over all three spin functions 
( 426 ). We then obtain 

Singlet: (op)7* = — 3 T> \ 

(or) {pr)lr^T = - T, | 

Triplet: (op) 7 ’ = + ?’, 

(w)(gt)lr^T^\T. , 


Inserting now ( 41 ) and ( 43 ) into the expression for ( 35 ) and ( 37 ) taking 
into account the symmetry properties of the wave functions ( 40 ) we obtain 
for the mean value of Fyp* 



r 
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Thus we find that the potential for the ^S-term is alivays attractive. For the 
term V is attractive if 2/^ > g^. The experiments suggest that the proton- 
neutron potential in the lowest state can be represented by a hole of 
width 3 X 10-13 cm. ^nd a depth of 25 x 10« e-volts. For the ^S-state the 
potential is approximately half of that of the ^S-state, Hence we obtain 
at once 

f^g, ( 45 ) 

The range of the nuclear forces is 1/A = The mass of the heavy 

electron will therefore be 


tUq ^ iOO electron masses. 


( 46 ) 


As depth'' of the potential hole we can define the quantity (g® + |p)A. 
Taking into account equation ( 45 ) we find for g and / (or for the dimension¬ 
less quantity g^fhc) 


g ^ electron charges, 


f. 

he 


I 


( 47 ) 


All these figures are of (jourse only very rough. 

We have found that our scheme makes it possible to account in a reason¬ 
able way for the nuclear forces, including their right spin dependence. 
Although in our theory three (Constants are available, this success is by no 
means trivial. In the scalar theory (Yukawa and Sakata 1937) it turns out, 
for instance, that the ^S-state is always repulsive and the ^S-state attractive 
with the same absolute value, which is contrary to the experiments. Further 
the scalar theory does not allow for the magnetic moments of the proton 
and neutron. Only the vector scheme leads to a qualitative agreement with 
the experiments. 


3. The pbotoh-pboton interaction 

From scattering experiments (Tuve, Heydenburg and Hafstadt 1936; 
Breit, Condon and Present 1936) it is known that there are also short 
range forces between two protons which seem to be of the same order of 
magnitude as the neutron-proton forces. Although the experiments do 
not allow any conclusions as to the exact form and magnitude of these 
forces it has been suggested by Breit, Condon and Present that the forces 
between all nuclear particles are exactly identical. 

In our theory we have so far only assumed an interaction by which 
charged particles are emitted by a proton or neutron with the corresponding 
change of charge of the latter particles. It is obvious that this interaction 
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leads to a proton-proton force only in the fourth order of approximation* 
Although we shall see that the latter is not at all small, it is, of course, not 
to be expected that it is exactly the same as the neutron-proton force. It 
would, however, be possible to obtain the same forces irrespective of 
the charge of the nuclear particles if we would introduce a neutral particle 
of the same mass as that of the heavy electron, with a similar interactioi\ 
with the nuclear particles to that given by equations ( 30 ), 

It is quite possible that those particles exist. The cosmic-ray experi¬ 
ments, however, do not give any information yet about the existence of 
these particles, neither in the affirmative nor in the negative sense. Since 
the exact equality of the nuclear forces is by no means established experi¬ 
mentally, it seems in any case desirable to work out the consequences of our 
theory for the proton-proton forces in the fourth order of approximation 
without introducing neutral j)articles. 

In the preceding section we have seen that the constant responsible for 
the nuclear forces, (or/^) is of the order of 25 e‘^. The second, fourth ... etc. , 
orders of approximation represent an expansion in a power series of 
g^jhc =1/6 which is by no means small comy)ared with unity. Thus tlie 
j)roton-proton forces will at least be comparable with the proton-neutron 
forces. 

The perturbation energy is in the fourth approximation given by the 
formula 


¥pp 


ElEyyEiyy 


( 48 ) 


Here I, II, III are intermediate states in which one or two heavy electrons 
are emitted and H' is the corresponding matrix element of (30). The inter¬ 
mediate states are, for instance, the following: 

(i) Proton 1 has emitted a positive heavy electron with wave number k,. 
£:f = e» = «8c*(fcf + A*). 

(ii) Proton 2 has emitted a positive heavy electron with wave number k,. 

•®n = = h^c^(k\ + A*). 

(iii) The positive electron ki is absorbed by proton 2. 

Em - e,. 

The order of emission and absorption can be permuted for each k^, k,, 
and we obtain in this way four different sets of intermediate states. The 
matrix elements do not depend on this order. 
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There is another set of intermediate states in which a proton emits 
subsequently a positive and a negative heavy electron which are then 
absorbed by the second proton. The denominator in (48) is for this inter¬ 
mediate state 

This intennediate state occurs twice since the roles of the two protons 
can be interchanged. The matrix elements are the same as for the first 
group of intermediate states. Writing ej, (or e,) instead of e. we 
obtain for the sum over all these intermediate states 






_ ^^1^2 /J_ l\ 


eKe^+e^) eKe^+e^) 4 ( 6 ^+ 6 .. 

Since the expression (48) is symmetrical in we obtain for Vpp 




{4-4)4 


(49) 


where the sum has now to be extended over all directions and values of the 
two wave vectors kj and k^, and all directions of polarizations. The matrix 
elements etc., have to be inserted from equation (32), For HjiHimj 
and for we obtain very similar expressions as those obtained for 

the neutron-proton force in the preceding section. After carrying out the 
summation over all directions of polarization we obtain 




Here r = - fj is the radius vector of the distance between the two protons, 

is obtained by replacing kj by k, and r by — r. 

In all physical problems it is sufficient to consider the interaction of two 
protons only in the S-state because the range of the forces is very small. 
Our further calculations will be very much simplified if we confine ourselves 
to the evaluation of Vpp for the ‘S-state. In this case the spin operators 
occurring in (50) are 

(op) = - 3, (okj) (pki) = -kf. 

For Vpp WO thus obtain 


Vpp 


^27)^y 


(e!-^K • 
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Replacing the sum by an integral and carrying out the integration over tte 
angles the sum becomes 

0 J 0 {A1TW““ ^ 


If \ve })ut kiT = X, k^r = y tlie integration over x can easily be performed 
and yields for Vpp\ 


2 (g^ — 2/2)2 yS qJjj ^ y 


(51) 


The integral in (51) leads to Hankel functions. It can be reduced to the 
integral 


'^xdnocxdx 

0 




and its derivatives. Using 2 sin y cos y = sin 2iy and the well known relations 
between Hankel-functions we obtain finally 


Vpp — 




We com|mro this formula with the neutron-proton force (equation (44)) in 
the ^S-state and find, since f g 

fj2 

(63) 


Vpp = ^ [Hankel functions]. 


g^jhc is of the order 1 /6. To discuss the factor containing the Hankel functions 
we give the values of this factor for a few values of Ar:t 


I e-^*" X [Hankel ^ 
Ar I functions] 


01 

0-2 

0*5 

1 


-900 

- 70 

- 2-5 

- 0-2 


Since is attractive we find that the proUm-proton force, is ahvaya 
repnlaive. For very small distances the absolute value of the force is very 
much larger than that of the proton-neutron force and decreases very 
rapidly with r. Thus the protons behave nearly like two rigid spheres with 
a diameter d of about 

d =» 1/2A. (54) 

The fact that the fourth order of aiiproximation is greater than the 
second order for small distances means, of course, that the whole theory 
t Cf. Jalmke-Emde (1933, pp. a86, 287). 
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diverges for small distances and onr results can therefore only have a very 
qualitative significance. As a main result of our theory we can only say that 
the nuclear particles will have a finite radius of the order of equation (54). 
In this connexion we want to emphasize that the fourth order of the 
neutron-proton forces does not lead to any exchange force. The only way 
of exchanging two heavy electrons between a proton and a neutron is the 
successive emission of a positive and negative heavy electron by the proton 
or neutron and re-absorption by the other particle. It does obviously not 
lead to any exchange of charge. It would lead to a repulsion at very small 
distances of about half of the proton-proton repulsion. 

The proton-proton force, as calculated in tliis section, leads to a strong 
scattering of protons by protons. It is not possible to say without detailed 
calculations whether the scattering due to these forces is of the order of 
magnitude observed experimentally. The authors mentioned above, how¬ 
ever, concluded from the experimental data that the proton-proton force 
is mainly attractive. If this result is established it would inevitably lead to 
the conclusion, that we have also to introdxiee neutral particles {*' Neutretto^s^^) 
of the same moss as and similar pro])erties to those of the heavy elecJtrons. 
The theory of these particles can be develo])ed on the same lines as for the 
charged particles. We shall not, however, discuss this question in detail 
here. We want to emphasize that the forces calculated in this section will 
exist in any case. The proton-proton force can therefore only be attractive 
for distances larger than 1/2A and will in any case be repulsive for smaller 
distances. 

We may also mention that for a nucleus composed of three or more 
particles, forces also exis^t corresponding to a “triple exchange” of a heavy 
electron between three of the nuclear particles. These forces are of the same 
order as the fourth order proton-proton forces considered above. 

4 . Thk magnetic moment 

In this section we show that the virtual emission of a heavy electron 
leads to an additional magnetic moment of the proton and the neutron. 
To calculate this additional moment we proceed in the following way: We 
consider a proton placed in a weak homogeneous magnetic field H with 
spin momentum -f ^ in the direction of the magnetic field. The virtual 
emission and reabsorption of the heavy electron gives rise to a certain self- 
energy W depending on the magnetic field H. Expanding IT in a power 
series of H 




( 55 ) 
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the factor of B gives the additional moment of the proton. Besides this 
surplus moment we shall assume the ordinary moment of one Bohr nuclear 
magneton for the proton. 

It follows immediately from the interaction (30) that only the term 
can give a contribution to the magnetic moment. does not contain the 
spin o and cannot, therefore, give rise to a magnetic moment connected 
with the direction of the spin. In fact it would turn out that the term pro¬ 
portional to in (55) is precisely equal to zero. 

The magnetic moment, therefore, is due to the emission and reabsorption 
of transverse unties. 

Since we are interested in the magnetic energy of the omitted heavy 
electron, it will be convenient to introduce polar co-ordinates r, d, <p, and 
to expand the transverse waves into spherical waves Mnth tlie polar axis 
in the direction of the field (^-axis). These waves can be classified according 
to their angular momentum rn about the s-axis. Only waves with m 4 = 0 will 
have a magnetic energy and therefore contribute to the magnetic moment. 
This expansion problem is almost identical with the expansion of electro¬ 
magnetic waves into spherical waves in Maxwell’s theory. The only differ¬ 
ence is the fact that the frequency is now connected with the wave number 
by equation ( 11 ) whereas in Maxwell’s theory p =: kc. The latter problem 
has been treated already (Heitler 19366 ). Our corresponds to the vector 
potential A and curl$i^ to the magnetic field strength curl A. For our 
interaction //j wo need curl^ at the position of the proton (r = 0 ) which 
therefore corresponds to the magnetic field strength for r = 0 . 

The spherical electromagnetic waves can be divided into two groups 
representing an electrical and magnetic multipole radiation. Each of them 
is characterized by two integral “quantum numbers” I and m, where 

— / = 0 , 1 , 2 , ... 

m is proportional to the angular momentum about the s-axis. The ex¬ 
pressions for tjie magnetic field strength for all these cases are explicitly 
given in the paper mentioned above. It turns out, however, that for m 4 * 0 
the magnetic field strength of the electrical multipole waves vanishes for 
r =» 0 . For the magnetic multipole wave the magnetic field strength is 
given by the formulae (28) and (29) of the paper quoted above: 




r (i+i)(iT»-ii(iT«n i 

L i(2J+l)(2i-l) J 


( 66 ) 
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where 7^ are the normalized spherical harmonics, and 


fr-C 


^(kr) 


are Bessel functions, (7 is a constant which has to be taken in such a 
way that/i is a normalized wave function. If this function is normalized for 
a sphere with radius l,t then 

C =: k^{H7TC^). 


In formula (5G) q is the quantized amplitude of the oscillator representing 
the heavy electron (cf. equation (25)). We have written down only the a:- 
and y-oomponents. The z-components consist of terms proportional to 
^ 1 +i//+i will be seen to give no (jontribution to the magnetic 

moment. 

For r — 0 all/ 2 ( 0 ) vanish except/^(O). Thus it follows from ( 66 ) that only 
the wave with / ~ 1 , |m| = 1 gives a contribution. We then obtain for 
r = 0: 


m = + 1 : curl^^ + i ctirlj^^ — 0 , 
curl^0-tcurl„^ = 

m = - 1: curl^fi + tc\u“I^^ = -i^^kqY^UO), 
ourlj.^ —* nurl^^i = 0. 


(67) 


The interaotion H[ can be written in the following form; 


(e curl 9 i) = cr^ curlj^ +1 (o’, + (curl^ - i curl^) ^ 

+ iio'x - ^ 1 /) (curl* + i ourl„) 


According to (31) we have 


^((r* + t<r^) 



( 68 ) 


Thus it follows, together with (26), (29), (67), that a proton with spin 4 -^ 
can emit only a positive electron with angular momentum + 1 , transforming 
itself into a neutron with spin - ^ and vice versa. There are, of course, also 
transitions in which a heavy electron with angular momentum »»«= 0 is 
emitted but, as mentioned above, we are not interested in them here. 


t As in equation (8) we normalize Y^f^ to iTrc*. 
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The self energy is given by the well-known formula 

(69) 

where is the energy of the emitted heavy electron in the magnetic field 
and Eq is the energy in the initial state, i.e. the energy of the Dirac proton 
in the magnetic field. For the present we are interested in the contribution 
of the heavy electron to the magnetic energy and shall neglect We shall 
consider the effect of the Bohr magneton of the proton below. 

The energy is given byf 

El = + AS) - , w = 1 (60) 


neglecting terms in We insert in (59) from equations (30a) and (57) 
and q from (25). In //^o matrices + etc., have to be replaced by 
their heimiitian conjugates. Furthermore the number of states in the 
interval dk of the wave number k is dk/n. Replacing the sum by an integral 
and inserting FJ == {/^(^n) and /^(O) k^iSrrc^) we obtain for the self¬ 
energy 


Itt A2 j - eMihc ^ ^ Stt A 2 fo J 0 (F 4* A® f 


(61) 


The factor of H represtmts the surplus moment of the proton. The sign is 
the same as for a positive charge with positive angular momentum. The 
integral diverges for large values of the wave number k. This shows that our 
theory cannot be valid for all wave-lengths. We have to introduce an upper 
limit k^ for the wave number k marking the limit of validity of our theory. 
I/Ato can hardly be other than of nuclear dimensions. We have already seen 


t It may be considered doubtful whether the magnetic energy is really given by 
mjx^H (fi = relativistic magneton) as it is the case for the relativistic particle with no 
spin, described, for instance, by the scalar Klein-Oordon equation. Strictly speaking, 
in order to oalcutate the magnetic energy, we should require the field equations of 
the heavy electron in an external field. Our field eqtiations can easily be generalized 
for this case. 

A oonaistent canonical scheme has been proposed by Proca (1936). We have 
calculated the magnetic moment also by a consequent application of the Proca 
equations witli Bom's approximation, and Imve obtained the same result as in the 
text, apart from a factor 2 which arises from heavy electron pairs created by the 
magnetic field (cf. Kemmer 1938). This factor 2 does not play any role since the 
absolute value of the m8^motio moment depends in any case on the quantity 
(see equation (68)) of which only the order of magnitude is defined. We liavo pre¬ 
ferred to deduce the nuignetic moment by the method used in the text because it is 
far naore simple than the rigorous application of the Proca equations. 



174 


H. Frohlich, W, Haitler and N. Kemmer 


in our cjalculations of the nuclear forcea (§3) that the higher orders of 
approximation diverge for distances > 1/(2A), We had to conclude that our 
theory, with the form (30) for the Hamiltonian, is restricted to distances 
> 1/(2A). Thus we think it reasonable to assume that the limit of validity of 
the theory for the magnetic moment is the same as for the nuclear forces and 
we shall therefore put 

A’o of the ordeu' A. (62) 

It will be seen tliat our theory leads then to the right order of magnitude 
of the surplus magnetic moment of the proton. 

Writing for the integral simply we obtain for the surplus moment 
(dividing by the Bohr nuclear moment) 

fiQ Stt a® Sn he niQ A * 

If we insert for/ the value obtained front the nuclear foreen (§ 2)Pjhe — 1 /6 and 
for 150 electron masses we obtain //'//^o ^ '^kJX, This is of the right order 
of magnitude if as we have suggested above. 

The total magnetic moment of the proton will be 

For the neutron the calculation is entirely analogous. The sign is the 
opposite because a negative electron is emitted. Therefore 

It would follow from these considerations that /ij. - (v j = /Iq. This is 
approximately the case since the magnetic moment of the deuteron is 
I I = 0-85/to. The departure of this figure from 1 x /to can be 
explained by taking into account the magnetic energy of the Dirac proton 
Eq =: in equation (59) which we have so far neglected. For the neutron 

a similar term has to be taken into account since we have in the intermediate 
state a proton with spin direction - J leading to a magnetic energy 

Similar terms would even occur in transitions to electronic states with 
m 0 since also in this casof the proton with magnetic energy 
is transformed into a neutron with no magnetic energy (correspondingly a 

t Transitions of this kind will also be caused by the interaction with longitudinal 
waves, equation ( 306 ). 
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momentum. The interaction with the nuclear particles is found by re¬ 
lativistic arguments and contains—apart from the mass —^two arbitrary 
constants gr-aud /, both with dimensions of an electric charge. 

With this scheme we have calculated: 

(1) The neutron-proton force. It is an exchange force and has a range 
1 /A = hlniQC. In the ®S-8tate the force is always attractive. (This would 
not be the case for a scalar wave function.) g and/can be chosen so that the 

and ^H-states have the right position. The experiments suggest gr 5 
electron charges. 

(2) The magnetic moments /ip and proton and neutron. They 

are found to be of nuclear dimensions and have the right sign, 

(3) The mass niQ can be determined indei)endently from the range of 
the neutron-proton force and from the magnetic moments. In both ways 
we find 100 electron masses. 

(4) The proton-proton force is obtained only in the fourth order of 
approximation and leads to a strong repulsion for distances less than 1 /(2A). 
Attraction and equality with the neutron-proton force could be attained 
by introducing also neutral particles with mass 

(5) The theory leads to a diverging self-energy of the X)roton and neutron. 


Rkfkrencbs 

Bhabha 1938 Nature^ LotuL, 141 , 117 . 

Breit, Condon and Present 1936 Phys. Eev, 50 , 826 . 

Frdhlich and Heitler 1938 Nature, Land,, 141 , 37 . 

Heitler 1936a “Quantum Theory of Radiation.” Oxford. 

— 19366 Proc. Cam6. Phil. Soc. 32 , 112 . 

Iwanenko 1934 Nature, Loud., 133 , 981 . 

Jalinke-Ernde 1933 “Tables of Functions.” Leipzig. 

Kemmer 1938 Proc. Roy. Soc. A, 166 , 127 . 

Neddermeyer and Anderson 1937 Phye. Rev. 51 , 884 . 

Pauli and Woisekopf 1934 Helv. phys. Acta, 1, 700 . 

Proca 1936 J. Phys. Radium, 7 , 347 . 

Tamm 1934 Nature, Lond., 133 , 981 . 

Tuve, Heydenburg and Hafstadt 1936 Phys. Rev, 51 , 1023 . 

Wick 1935 E.C. Accad. Lined, 21, 170 . 

Yukawa 1935 Proc. Phys. Math. Soc. Japan, 17 , 48 . 

Yukawa and Bokuta 1937 Proc. Phys. Math. Soc. Japan, 19 , 1084 . 


Vol, CLXVT. A. (19 May 1938) 


12 



The lift and moment on a flat plate in a stream 
of finite width 

By T. H. Havelock, F.R.S. 

{Received 8 February 1938) 

1 . The problem of the lift on a flat plate in a stream between parallel rigid 
walls has been solved in an exact form, by using a suitable conformal trans¬ 
formation, by Tomotika { 1934 ), who also gives an expansion for the lift 
in the particular case when the mid-point of the plate is midway between the 
walls; a similar solution for the moment on the plate does not seem to have 
been given* The method used in the following paper is quite different and 
is, perhaps, of sufficient interest to justify further examination of the 
problem. The flat plate is treated as the limiting case of an elliptic cylinder, 
and the method of solution leads directly to expansions for the lift and for the 
moment suitable for any position of the plate subject to the parameters 
being within the range necessary for convergence. Moreover, by a simple 
modification, expansions for lift and moment arcj obtained when the stream 
is bounded by parallel free surfaces, taking the boundary condition in an 
approximate form; and a further modification gives the corresponding 
results when one surface is rigid and the other free. A brief examination is 
also made of the moment for an elliptic cylinder. 


Gbnekal exprbssioks 


2. Consider the two-dimensional motion due to a cylinder placed in a 
uniform stream bounded by plane parallel walls, including circulation 
round the cylinder. Let C be the contour of the cross-section of the cylinder, 
and take the origin 0 so that the parallel walls are given by y = a, and 
y = “ 6 , respectively. To simplify the argument, we assume that a position 
can be found for 0 such that a circle can be drawn, with centre (?, entirely 
in the liquid and enclosing the contour C. 

With w for the complex potential function, we take 


dw dto. 


( 1 ) 


In ( 1 ), c is the velocity of the stream, in the negative direction of Ox, 
the series is a suitable expansion for the singularities of the potential 
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function within the contour (7, and the last term is to be determined so as 
to satisfy the boiuadary conditions on the walls. These conditions are 


^dw 

dz 


0 ; z ^ x-^ia, z x — ib. 


( 2 ) 


where I denotes the imaginary part. 

To satisfy these conditions we replace the series in ( 1 ) by 


C ® 

J ^’(a:) e^^^dKy for « = a: + m, 


—J i^( — /c) e~^^^dKy for z^x — iby 


where 


F(k) ^ 

0 


(3) 


We may build up an expression for dwjdz by successive images. Taking the 
expressions in ( 3 ), a single reflexion at a plane wall changes F{fc) into the 
conjugate complex F^(k); if the reflexion is at the upper wall (y = a) the 
contribution to dwjdz valid in the liquid is 


/: 




(4) 


while if the reflexion is at the lower wall (y = - 6 ), the corresponding form is 

_ ('“/*( (5) 

Jo 

Taking successive reflexions at the two walls, the contributions of the 
infinite sets of image systems may be summed, and we obtain finally 

dw 


—w-f 1 




> F*(k) ~F*(~k) e'**-*** 

>F{-k) e-**-**** - F(k) e'«“**‘* 


(fl) 


where d «■ a + 6, and i’(x) *= 

It may easily be verified directly, by using (4) and (5), that ( 6 ) satisfies 
the boundary conditions (2). 
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3. We now calculate the forces on the cylinder from the expression 

X-iY ■ (7) 


Wo write (6) in the form 


whore B. 


=r 

" j« 


du) „ 

> ( _ i)n ^ 

l-e-2''* nr'^ 

f * {(- i)" F{ -k)- J^(/c)} e-2*'' K» 


(8) 


■j: 


l-e-**" 


From (7) and (8), we obtain 

X— i¥ = - 2np(icA„ + Xi"+^n! 


, dK. (9) 


( 10 ) 


If r is the circulation round the cylinder, we have F — ^ttAq; further, 
using (9), we easily obtain X — 0, and 


Y = pr.r+ 2nf)j 


• F{k) F*{k) e-**" -F(- K) F*( - K) «-**«> 


10 1 — e~ 

For the moment about the origin we have 




= 27TpRi{cAi + Xi”(n + 1 )! A^^^B,,), 

where R denotes the real part. 

Using (9), this may be expressed in the form 

M - + J; ^ 


dK. (11) 

( 12 ) 

(13) 


■/, 


* F{-k)-F '( - K) F{k)} r»«» 


l_e-w 


dxj. 


(14) 


To complete the solution of the problem in any given case we have to 
determine the function F{k) so that the boundary condition of zero normal 
velocity is satisfied over the contour C. 
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4. We-take the contour C to be an ellipse, of semi-axes o/ and b\ with its 
major axis making an acute angle 6 with the positive direction of Ox, and 
we take the origin at the centre of the ellipse. 

In terms of a complex variable ^ ^ we take 

2 =« cosh (15) 

and the contour C is given by 

cosh go a'; p sinh go =- b\ (16) 

We now write 

“ — cpe^^ sinh g + -f sinli g (17) 

Cfg CLZ 

the second and third terms being in a suitable form in the elliptic co¬ 
ordinates; to obtain F(k) in terms of the new coefficients we have to 
compare these two terms with the series in (6), noting that 

dz/d^ as ppio ginh g. 

For this purpose we put the series in (6) into the form in (3) valid for the 
upper surface; under the same condition it can be shown that 

“ — 6“*"^ = pe^^ sinh gj ♦/o(^pc/^) + i2Jb„ ^ ^) 

Hence, by comparison, we obtain 

■f’('f) = ^ + iSb„J„(Kpe*»), (19) 


and 


~ = c2)e*®8inh^+“ — 


+iJe**8inh^ 


/*« V 
inh^Jo - 




l_e-2*r<J 
..- - - dK. 

We now express this in the form 


d/c 


( 20 ) 


^-r(C„e«C + Ae-«C), 


( 21 ) 
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by substituting in (20) the expansions 

^jge<flg±toginh f == 2]^ (+ t)“-*?fc/„(/f2)e*®)sinhnf, 
1 

We obtain, for n > 1, 


( 22 ) 


. dK 
K 


" "Jo -^-^- 

-1^ .—, (23) 

A = -1« 6„ - J ^ ^ -^ -^- - -7 

(24) 






while for »i = 1, has the additional term \cpe^^ and the additional term 
*- \c'pe^^. 

The boundary condition on the contour G is that the real part of dtvjd^ 
should be zero for ^ =» gives 

/)♦ = ~e2«ioC;. (25) 

Using this in (23) and (24) we obtain an infinite set of equations for the 
coefficients 6^; these are, for n > 1, 

H{k) dK 


Hi 

-j. 


K ' 

H{k) = {ng'‘i*’(#c)J„(Afpe“^®) + (—l)"nF*(/f)J„(/fpe<®)}c~**“ 

+ ((-!)“ nq''F{ — k) Jn{Kp^~*^) + nF*{ - k) Jnixp^*^)} c"^** 

— n[{g’‘jF'*( — k) + (— 1)" q”^F*{K)} J„{Kpe~*^) 

+ {(-1 )«* F{-k) + F(k)} J„(tcpe^)] e-**<*, (26) 

with a similar expression for ibi including an additional term 

- icpe*® + \cpqe~*^, 

and with q — e*^. 

By using (19), these results may be combined into an integral equation 
for the function F(k)‘, it is 

F(k) = ■~Jo{Kpe^^)-lcp(e*^-qe-*«)Ji(Kpe*^) 


» {F{v) Oi + F*(v) O',} «-*»“ + {F*( ~ 0) (7,+i’( - v) (?,} e-*** dv 
0 l~e-*^ V 

« {F*( ~v)Gi + F(^v)Gi+F(v) G, + F*(v) (?,} c-*«» dv 

0 t) ’ 


( 27 ) 
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with Oi — Inq^^Jn(vpe-^)Jn{Kpe'‘^), 

^ - \)'^nJjvpe^)Jj^K'pe^), 

G <3 = ZnJj^vpe^»)J^(Kpe^% 

0^ — £{- l)”^nq”'J„{vpe~^)J„{Kpe*^). 

Flat plate between paballel walls 

5. We consider the limiting case obtained by making ^ zero, that is, 
by putting 3 = 1 in the previous results. The cylinder reduces to a flat plate 
of width 2p, at an angle 0 to the direction of the stream, and with its mid¬ 
point at distances a, b from the upper and lower boundaries, respectively. 

We write F — 2nkcp siad; F(k) = cpein 6 y(A). (29) 

The equation for f(K) is 

/( a ) = kJg{Kpe^^) — iJi{Kpe*^) 

" +f*{v)Gi}e- *^+ { /*{- v)0;,+n-v)Qt}e-*^ ^ 

j -- - - y 

“ {/♦( - V) 0, +/(- V) 0, ^f{v) G, ^f*{v) 0,} dv 

Gxf Gg, (? 3 , 64 being given by (28) with q — 1. 

We approximate to /(k) by Hucoessive substitution of approximations 
for/(#c) in the integrals of (30), repeating the process as far as may be desired. 
Our object is to obtain the various quantities ultimately in power series in 
pjd, or alternatively in p/a or p/ 6 , assuming these ratios to be less than unity. 
The expansion for /(k) is most readily obtained by replacing the Bessel- 
funotions in (30) by their power series as far as necessary so as to give all 
terms up to a required order in the final results. We shall develop these 
expansions up to terms of order (p/d)*; except for the length of the expres¬ 
sions, the expansions could readily be taken to a higher order. It is sufficient, 
for the present purpose, to take as the first approximation 

/(v) = t - livpe^^ — 4- (31) 

Further, to this order, it is sufficient to replace Ox by 
Ox «= Jxpc^^(Jvpc”<'’“^®p®e“’*^^) 

-f “ ||^x*p*€*^( Jvpe”*^), (32) 

and Oj, <? 3 , ©4 by similar expressions. 
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We now obtain the result of putting in the integrals of (30) a typical term 
^npn^ino qj, instead of/(?^); we then apply these results to each of 

the terms in (31) and repeat the process until we have obtained all the terms 
of the required order. For the integrations with respect to v which occur 
in the process we use the notation 

/* 00 />—2(’a_/_1 \ w 

= L —rbi— (33) 


(•oog-a,’ 

- 

r® er 

^n=Jo rr 




n not being zero in the second case; these integrals may be evaluated in 
finite form. 

We now give the result of this process; we obtain 
f{K) » k — \iKpB^e^^ — (35) 

with i?! = 1 -f kpr^ sin 0 4* i/>®(ri — cos 2^) 

+ |^p^{r2(4 sin® (9 — sin 0) 4- 4ro{f j — 2r[ cos 2d) sin 0} 

— 3 cos 20 — 2r3 cos 40 — 2(ri — 2ri cos 26)^} 4*..., 

JSg ^ — 2rJ) cos 20 -f sin 0 4- 

Bg » l4‘A^pro8in/94’..., 

=» fc4- •••• 

6. We consider in particular the case in which the circulation is such that 
the fluid velocity remains finite at the rear edge of the plate; the condition 
for this in an infinite stream is 

r = 2frcpBin0, or Ar = 1, 

Returning to the expression (21) for the elliptic cylinder, the condition 
requires that the imaginary part of dwjd^ should be zero for ^ 

This gives, after putting ^o = ^ for fk® fla-t plate, 




From (23) we obtain 


rr ^ (-1)«-^ F*{-k) dK 

-- tur^(Kpe*0)~. ( 
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!:} 


m 


Hence, writing 

dt = Jo{Kpe*»)-%Ji{Kpe^^), 

this gives ' 

- - icy.*- ipe«j’i. 

Hence the equation for k, to give the required circulation 2nkcp sin is 


= 1 + [pe^'^j 








dK 


./pei4"i^^'^^!f)h-^dK, (41) 

Jo 1 — e •*“ 


with Ai, A^ given by (39). 

We substitute (36) in (41) and also use the power series for A^ and A^- 
carrying out the integrations and using the same notation as befoi’e, we find 

k = l + %3rosin0 +Jp*ri(4’co8 2^+£i)—2>VJ(1; +j5j)co82<l 

— 1 p^r^ik sin 30 + sin 6— sin 0) 

— ^p^iik cos 40 + 2jBj cos 20 + 2B^ + B^ cos 20) 

+ \p^%{k 4* 2*4 2.^2 "b -^s) ^0 4* • • • * (^^) 


Finally we substitute from (36) and solve the equation for k\ we obtain 


l+aii> + 02P* + 0323*4-a42J* + ..., 

Oj =■ rg sin 0, 

Og = ^0 sin* 0 + J"! 008 ® 0 - 2ri cos 20, 

Oj = rg sin® 0 + 2ror2 sin 0 cos* 0 — Jr, sin 30—4rorJ sin 0 cos 20, 

»4 * sin* 0 + 3rJ sin* 0 cos® 0 — Jrgrj sin 0 sin 30 

+ if?(3 — 6 sin* 0+4 sin* 0) — iV'8(2 + 3 cos 20+cos 40) 

— 6r§ r'l sin* 0 cos 20 - 3ri r'l cos* 0 cos 20 + 3ri* cos* 20 + cos 40., 


(43) 


7. We may now obtain the lift from (11) and we eicpress it in terms of 
the corresponding lift in an infinite stream; that is, we write 

Y ^ L; =» Xig = 2npc^em&. 
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Using (35) in ( 11 ) we obtain 

LjL q — k + sind+kph-^B^mi^d —cos 2d—Bl) sin 6 

— \p*r 3 {kB^ sin 28 — 2 JBj sin d) sin 0 +.... (44) 

Substituting from (36) and (43) and collecting the terms we obtain 
LjLf^ ~ 1 -\-b^p + b^p'^ + b^p^ + b^p*-\- 

61 = 2ro8in0, 

62 = 3rg sin® O + r^ — 2r'^ cos 28, 

6 j = 4r3 sin® ^ + 2 rg rj (2 sin ^ — sin* 8) — sin 0 cos 20 — Sr^rj sin 0 cos 20, 
64 = 5rJ sin* 0 + 3 fi|r 4(3 sin* 0-2 sin* ^) + f rf - |rg cos 20 

— sin* (9— 128in*(9) — IHrJrJ 8in*0co8 2^ —3r4riCO8 20 

+ COS* 20 + frg cos 4B. 

(46) 

The integrals given in (33) and (34) give for the coefficients, 



with a = n(b-a)l2d. 

We may derive limiting cases from (46). If we make 6 and d infinite, we 
have a semi-infinite stream bounded by an upper plane wall; the limiting 
values of the coefficients are then 



_1 J _ _1 

4a»’ '■**40*’ '■»“8o«’ 



0 . 


(47) 
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With these values we obtain 

LIL, = ] +-^(|) 8 in 0 +l(|)V + 38in*0) 

+ 0 + Z sin* 0) - - (“)*{3 - 13 sin* (? - 22 sin* (?) +... . 

(48) 

This agrees with the expansion which may be found by the same method 
applied directly to this case. If we make a and d infinite* the stream is 
bounded by a lower plane wall. In this case the coefficients have the same 
numerical values, but and are now negative, and we see that the result 
is the same as (48) but with the terms in the odd powers of 2p/a negative. 

Another special case is when the mid-point of the plate is midway be¬ 
tween the walls, or a = 6 = \d. In this case 

ro == 0 ; 7*1 = 7T^lid^\ = 0 ; Tr^/sd^; 

r' = n^l24d^; » 7r*/240d*, (49) 

and we obtain 

L/Z*o = (ll-®38in»0-228in*(9) + .... 

( 60 ) 

This agrees with the expansion given by Tomotika ( 1934 ) for this parti¬ 
cular case. 

In general, calculations may be made from (46) and (46), and the variation 
in lift examined as the plate is moved across the channel. The following 
values illustrate this for one particular case: 

0 = 10 ®; 2pld = 0-2 

a/d 0-3 04 0-6 0-6 0-7 

LfLa 1 071 1 037 1 017 1002 0-989 

8. We now obtain a similar expansion for the moment of the forces 
about the origin. If ilfo is the moment in an infinite stream, 

Jlfo = jrpc*p* sin 6 cos d. (51) 

Using (36) in (14), we obtain, after some reduction, 

M/Mq Bi + kpVf, sin <1 -f 5, sin* (? 

— 4p*rj(fcBj - |J5J) sin* 6 — ^jflr^{'ikBg{ein 6—4 sin* 6) — 25,5, sin 6} 

— \p^^{4kB^ cos 2fl — 25,5,) sin* 6 

+p*ri(kB^ - 25,5,+2^^) sin* 6oob26+ .... (62) 
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Substituting from (36) and (43), and collecting the various terms, we 
obtain 

M/Mq- l+C,^4*C2P^ + C3^®4-C4jt}*+..M 
Cj 2rQ sin 0, 

^ 3rJ sin® ^ 1 + 4 sin® d) — r[, 

Cg ™ 4rg sin^ 0 + r 0 ri (3 sin <9 + 2 sin® 0) 

— Jr 2 (sin <? — 8 sin® <9) — 2rori(3 sin 0 — 4 sin® 

C 4 ™ 6 rJ sin* 6 + sin® <9 - 2 ror 2 (sin® 0-3 sin* 0) 

+ M( ^ + 14 sin® 0-12 sin* 0) - Ir^i 1-8 sin* 0) 

— 3rgri(5 sin® 0—8 sin* 0 ) - ri ri( 1 + 1 0 sin® 0 - 20 sin* 0 ) I 
+ ri®( 1 + 6 sin® 0 - 16 sin* 0 ) + 1 - 4 sin® 0 ). J 

When b and d are made infinite, this reduces to the expression for a semi¬ 
infinite stieam with an upper plane boundary, namely 

+ (sin& + 4sin^^)- ~(^) (1 — 148in*0-4O8in*0) + .... (65) 

128 \ a / 512 \ (t / 

There is also a similar reduction for a lower plane boundary. 

With a = 6 = Jd, the mid-point of the plate being midway between tlie 
walls, we have, from (40), 

+ (56) 

For the general case, we have (64) with the coefficients given by (46). 
As a numerical example, we obtain the following values: 

0 = 10°: 2p/d a 0-2 

a/d 0-3 0-4 0-5 0-6 0-7 

M/Mo 1-069 1-030 1-010 0-994 0-977 

Fiat plate between free suRPAorih 

9. These results may easily be modified to give approximate expressions 
when the stream is bounded by parallel free surfaces. At a free surface the 


(53) 


(54) 
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resultant velocity is constant; we shall take the usual approximate form of 
this condition which amounts to assuming the deformation of the free 
surface to be small and making the tangential component of the fluid 
velocity constant. 

Thus, instead of (2), we have the boundary conditions 

=== c; z^x^ia; z^x — ib. (57) 

az 


Following out the same process as in § 2, the appropriate form is now 


dw 

dz 




n\A„ F*(/c)- F*(- k) 




-j. 




dK 


' F{ ~ k) - F{k) 


-Ud 


dK, 


(58) 


and it may be verified directly that this form satisfies the boundary con¬ 
ditions (57). 

It follows that the expressions for the lift and moment are now 


Y 

M 


pcF- 2npj 


’ F{k) F*(k) e- F{ - K) F*( - K) c-**o 


dK, 


* «■***’ 
0 


(6ft) 




1 - e-**** 

® {F’{k) F[-k)- F'( - k) F{k)) e-*”^ 


d/c 


dxj. 


( 60 ) 


It is clear that we may write down the expansions from those in the 
previous sections by replacing each coefficient by —r„, and leaving the 
coefficients unaltered in sign. 

Hence, instead of (45) we have, 


LILq= l + b■^p + b^p*+b^p^ + b^p* +.... (61) 


6 j o* - 2ro sin 0, 

bg *= 3/-§ sin® B — Ti — 2r[ cos 26, 

ftj = - 4rg sin® 0 + 2rorj(2 sin 0 - sin® 6) 

■f sin 6 cob 26 -h 8rQ sin 6 cos 26, 

64 = 6rjsin*<?-3rjri(3sin®(?—2sin<d) + |rf-t-|r 8 C 08 2d 
- irQr,(7 sin® -12 sin* 0) -18r§ri ^ ®08 26 
+ Sr^ri 008 26 + SrJ* cos* 2d + Jr^ oos 4d. 


( 62 ) 
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With 6 and d infinite, this gives, for a semi-infinite stream with an upper 
free surface, 


+ ^ sin - 5 sin® <?) + 5 I 2 - 41 sin* 0 + 46 sin* 0) +.... (03) 


With a 6 = Jd, we obtain 


TT* 

L/7.o=1-2^ 

73^ 

76^ 


^^y(2-8m*e) 

/--J’j*(64 - 97 sin® (9 + 66 sin* (9) +.... 


(64) 


For numerical comparison, we take the same case as before, and obtain 
the foUowitig: 


6 = lO®; 2p/<i = 0-2 


aid 0-3 0'4 0-6 0-6 0-7 

£/L, 0-924 0-961 0-969 0-983 0-994 


Similarly, for the moment, we have 

ilf/ilfo= l + Cip-fc,p*+Cjp® + C4p*-f..., (66) 

Cj = — 2roSin79, 

Cj = 3rg sin* d — {1 + 4 sin® <9) — rj, 

Cj w —4r38in®(9+rori(38in(9-f 28in®d) 

+ Jr2(8in - 8 sin® d) -f 2rori(3 sin d - 4 sin* 0), 

( 66 ) 

c^ = 5r^8in*^-^^§risin*5-2rQrg(8in®^>-38in*^) 

■f Jrf(l + I4siu*d- i2Bin*(9) +Jrg(I —Ssin*©) 

- 3»*Jri(6 sin* (9 ~ 8 sin* 0) + rirj( I +10 sin* d - 20 sin* 0) 

,+ 1 + 6 sin® — 16 sin* 0) -f |ri( 1 — 4 sin® 0). 

With b and d infinite, we obtain 

l-~(^)8in(9-~(^) (l-28in*d)-f~g(:|j*(78in6»-128in»<?) 


( 67 ) 
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and with a = Jd, we have 
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MjM^ - (l + 3sin*6») 


For numerical comparison with previous sections, we take the same 
numerical case: 

^ = 10°; 2p/rf = 0*2 

ajd 0-3 0-4 0*5 0*6 0*7 

MjM^ 0*938 0*965 0-982 0*998 1-011 


Plane boundary and free surface 


10 , Although the problem is not, perhaps, of practical interest, we may 
note that the same method can be extended to the case when one boundary, 
say the lower, is a rigid plane w^hile the other, upper, boundary is a free 
surface; we note, again, that for a free surface the boundary condition is 
taken here in an approximate form. 

Considering, as in § 2, the image systems formed by successive reflexions 
in the two surfaces, we see that these infinite series of images now consist 
of terms of alternate signs; summing these series we obtain 

dz ^ 2 t»+l J Q ' 14 . ^ 

It may be verified directly that (69) satisfies the boundary conditions 



z = ar + ia. 

^ dz 

z =! x-- ib. 


(70) 


The expressions for the lift and the moment are 


Y. 

M 


pcF- 2npj 
: 27rpIli^cAi—j 


“ F{k) F*(k) e-»»“ + F{-k) F*{ - K) c-**** 


1 + «-**<* 

» F'(k) F*{k) e~*»“ + F'(k) F*{ - k) e-*»* 
l + e-»^ 

(k) F{ — x) — F’{ - k) ^'(x)} 6“**** 


dK 




l+e- 


■iKd 


dxj. 


(71) 


(72) 



192 


T. H. Havelock 


We use the notation 



g-2t>u^ (_ l)ng-a»6 




g-2r<l 


vHv, 


( 73 ) 


By comparison with the expressions for the flat plate between two rigid 
boundaries, it is easily seen that we may write down the corresponding 
results by replacing the coefficients by — and r' by — 

Thus we obtain, making these changes in (45), 


LjL^^ + + 

sin 

6 jj 3 = sin^ d^Si + 28[ cos 2<9, 

=3 — giin^ 0 + ^ + «2 ^ ““ ^0^1 ^ 

64 =s 5^fj| sin* d — sin^ 6 — 2 sin* 6) -f* + §^3 cos 26 

- ^*"* 12 sin* 6) + sin^ 6 cos 26 — cos 26 

+ 008 ® 26 — f #3 cos 46, j 

(74) 

Similarly, for the moment, 


M/Mq^ + 

Cj =» — 2 «osin 6 ^, 

Ca = sin® 0 - ^^?i( 1 + 4 sin® 6) -f , 

C 3 ™ “ 4^3 sin® 6 -f sin ^ + 2 sin® 6) 

+ ^ ^ ““ 2«o«J( 3 sin 0 - 4 sin® 6 ), 

C 4 = 5^gsin*6^-^gi?isin®i?-2«(jtf2(8in®/9-3Bin*0) 

•f J^f(l + 14sin®I2sin*6^)4-i«3(l -- 8 sin*^) 

+ 3fig«i(5 sin® 6 sin* /?)'- 1 4* 10 sin® 6 ? - 20 sin* 6) 

+ aj*( 1 + 6 sin® -16 sin* <?) - (1 - 4 sin® 0). 


( 75 ) 
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From (73), the coefficients are given by 

«o = secatana, | 

«a ” I 0^1 seca(sec®a + tan®a), 

^3 = sec a tan a(5 sec® a *f tan® a), 

s[ = 7r®/48rf®; «= 7n^jld20d^, 


(76) 


with a — n{b--a)l2d. 

It may be verified that if we make 6 and d infinite, or a and d infinite, 
tiiese expressions reduce to the former results for a semi-infinite stream 
bounded, respectively, by an upper free surface or by a lower rigid plane. 
For the particular case, a = 6 = we obtain 


- (!)'('' + 832sin*6;- 3712sin*0) +.... (77) 

and Ml Mo ^ ^ “ F (t) ^ B2 (t) ^ ^ 

_.^^.(^?)%i„6^H.32sin3(9) 

“3^ko(¥y^“ 128008in<^)+ .... (78) 

The following numerical values may be compared with those in the 
previous sections: 

e = 10“; 2p/d = 0-2 


a Id 

0-3 

0-4 

0-5 

0-6 

0*7 

LIL, 

0-924 

0-942 

0-963 

0-966 

0-900 

MjMo 

0-928 

0-943 

0-949 

0-961 

0-948 


In this case the relative variation near the middle of the channel is much 
less than when the boundaries are of the same kind. 


1.1 
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Elliptic cylindbb 

11. The expressions for a flat plate have been obtained as limiting oases 
of those for an elliptic cylinder. We shall consider now the general ease 
when the cylinder is in a stream between plane parallel walls, and we shall 
examine the moment of the forces; further, in order to simplify the calcu¬ 
lations, we assume in this case that there is no circulation. 

Referring to § 4, we have to determine F(k) from (27) and (28) with 

0 . 

The process of approximation is carried out as before, and we record the 
result up to terms necessary to give the moment to the required approxi¬ 
mation. We obtain 

F(/c) = — — 

- +...), (79) 

iij = + ip‘ri(2qe*^ — — er*<') 

— Jp 

- - (1 + g*) (e"' + 

+ 1 c^® - g(9+q^) fi-'®) 

+ ipVirl{4ge®’'® - (1 + 3g*) (e*® + e-®‘®) + 23(1 + q^) e"’®} 

+ VJ*{g'e '®*® — +q(] +q^)er *'®— 2qH*^ + — c**®} 

+ ^ p*r^(qe ~®*® + '®— qe*^ + e®‘®) -|-.... 

R3 = e«-y«-^» + ..., 

* e'‘^-qe~*^ + .... 

Bt and are of order p® and do not contribute to the value of the moment 
up to terms in p*. 

Using (79) and (80) in (14), we obtain, after some reduction, 

M jnpc^p* sin 9 cos <? = 1 -t-p*{|9ri -i- r[(q — 2 cos 29)} 

+P*H( 1 + 3g*) + rsl 1 -f- g® - 4 cos 29) -h 4ri r;( 1 -t- 3^® - 8 cos 29) 

+ 4ri®(3 + 3g* - Sgi cos 20 + 6 cos 40) + 2rJ(3 + g® - 8g cos 20 + 6 cos 40)} +.... 

( 81 ) 

In this expression, 0 is the angle the major axis makes with the direction 
of the stream, a, b are the distances of the centre of the ellipse from the two 
walls, and the coefficients r are given in (46); further, if a', b' are the semi¬ 
axes of the ellipse, we have p* 6'* and g = (o'+ b')l(a' -b'). 
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The lift and moment on a flat plate 

The moment for a fiat plate in a stream between plane walls, and without 
circulation, has been obtained, by conformal transformation, by Tomotika 
(1933)5 gives an expansion for the case a b ^ ^d; it is 

If in the genera) result (81) we put g — I and use the values of the coeffi¬ 
cients given in (46) and (49) we obtain again this particular result. 

We shall use (81) to illustrate one point, namely the change in the moment 
when a flat plate is replaced by an elliptic cylinder whose major axis is of 
length equal to the width of the plate; thus we examine the effect of rounding 
the edges of the plate and giving it a finite thickness. 

To simplify the calculation, we take the cylinder in the position given by 
a = 6 — Then (81) gives 

Mjrrpc^a'^mnOcoBd = a|^ 1 j (2gf'-oos2^) 

+ (5)^9 + 168g2 ~ (300 + 44g) cos 20 + 33 cos 4(?} + ... J , (83) 

where A == l — b'^ja'^, q - (a'-f 6')/(a' —6'). 

We begin with a flat plate of width 2a', and then keeping a' constant we 
increase 6'; to simplify the calculations we have taken the position given 
by ^ 45'' and the following table shows the result of the calculation for 

various values of the ratio a'/d. 


\a'/d 

0 

0*1 

0*2 

0*3 

0*4 

b^ja' \ 

0 

1*0 

1*0165 

1*0673 

1*1661 

1*2885 

0-05 

0*9977 

1*0159 

1*0714 

M690 

1*3149 

0*09 

0*9917 

1*0113 

1*0717 

M734 

]*3301 

0*13 

0*9830 

1*0038 

1*0679 

M799 

1*3484 

0'2 

0*9800 

0*9829 

1*0535 

M773 

1*3640 

0*5 

0*7500 

0*7780 

0*8656 

1*0227 

1*2664 


For an infinite stream (a'/d = 0), this process of increasing the ratio 
b*la' with tt' constant gives a moment which steadily decreases to zero when 
b' » a\ An interesting point which arises from these calculations is that in 
a stream of finite width, with plane walls, the moment rises to a maximum 
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before decreasing to zero; with decreasing width of the channel, this maxi** 
mum increases in amount and occurs at a higher value of the ratio b*la\ 


Summary 

The paper gives a new treatment of the problem of a flat plate in a stream 
bounded by plane parallel walls, including circulation round the plate. The 
plate is considered as the limiting case of the elliptic cylinder; an integral 
equation is obtained, whose solution by continued approximation leads to 
expansions for the lift and moment on the plate. The solution is modified 
to give similar results when the stream is bounded by parallel free surfaces, 
taking the condition at a free surface in an approximate form; and a further 
modification gives the case when one boundary of the stream is a plane wall 
and the other is a free surface. The problem of the elliptic cylinder in general 
is also considered with reference to the moment of the forces when the 
stream is bounded by plane walls and when there is no circulation. 
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Some experimental observations for longitude made by 
theodolite fitted with a shutter eyepiece 

By J. de Gbaapf Hunter, C.I.E., Sc.D., F.R.S. 

Leverhulme Research Fellow 

{Received 14 Febritary 1938) 

1 . The shutter eyepiece has been evolved to enable accurate observations 
to be made for longitude with a field instrument. A main source of inaccuracy 
in time observations, on which longitude determination depends, has always 
been the estimation of the time at which a star crosses a line in the eyepiece 
of the instrument. There are considerable personal differences, as between 
various observers, in this estimate, in addition to variations of an individual 
observer; and, further, star motion is somewhat irregular owing to erratic 
refraction. These difficulties have been overcome to a large extent by the 
use of the moving-wire micrometer, with which the observer endeavours 
to keep the star intersected for a considerable time, during which the instants 
at wliich the wire crosses certain points is recorded on a chronograph by 
electrical means. The moving-wire micrometer has been fitted to transit 
instruments and employed only for meridian transit observations; and it 
requires a good chronograph. It has not been available for use with a 
theodolite and is altogether too bulky in its ordinary form for such a 
purpose. 

2 . The shutter principle. The principle of the shutter eyepiece is quite 
different. In this a small central portion of the telescope field is obscured 
by an opaque body or shutter {vide fig. 1), located between the object 
glass and its focal plane, and as close as practicable to the latter. Its object 
is to expose a star for observation for an instant at a time controlled by 
clock or chronometer. The shutter is carried on a rooking arm which allows 
the shutter a lateral movement of amount slightly greater than its width. 
Movement of the rocking arm is caused by an electromagnet, controlled by 
a break-circuit chronometer or clock. Thus the exposures are in constant 
relationship with the time-keei>er. For this purpose a system of relays lias 
been contrived, whose functions are: 

(1) to allow adjustment of the duration of shutter operation, 

{2) to cause shutter operation at choice, either at each chronometer 
second, or at every third chronometer second. 

[ 197 ] 
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Function (1) is obtained by means of a relay with double winding, the 
second winding being closed by a variable resistance up to 20 ohms; whereby 
the duration of shutter operation can have any value between 50 and 
130 msec. Function (2) is secured by five multiple contact relays. 

Suppose now that a star image is formed by the theodolite at the position 
ordinarily covered by the shutter, i.e. when not ojxsrated. For star obser* 
vation the relay system is set to give star exposures of such an interval as 
70 msec, every third second. During this interval the star does not appear to 
move'*' and its position may, for the present explanation, be considered 
to be that corresponding to the middle of the shutter operation time. The 
star position at any appearance is read in terms of a suitable scale; which 
is a set of horizontal lines on glass, at intervals of 0*001 in., rendered 
luminous by light admitted at the edge of the glass plate (see also § 7). 

3. Time comparisons. As the shutter operation is in constant relation¬ 
ship with the chronometer action it is convenient to regard the middle of 
the shutter operation as the chronometer time; and for longitude work it 
is necessary to compare this with the rhythmic time signals of Rugby, 
Bordeaux, etc. For this the shutter arm is provided with an insulated 
contact (vide fig. 1), which is broken by the first movement of the arm 
and 80 for the duration of the shutter operation. This contact is inserted in 
the telephone circuit of the radio set; and causes the extinction of any 
signals during the time of shutter operation. To extinguish a signal com¬ 
pletely it is obviously necessary that the duration of shutter operation 
should exceed that of the signal. The duration of the Rugby rhythmic 
signals is 100 msec.; so for the comparison of the chronometer time (re¬ 
garded as middle time of shutter operation) the relay set is arranged (1) to 
make shutter operation each second, (2) to make duration of shutter ojjera- 
tion somewhat greater than 100 msec., say 110 msec., by means of the 
appropriate setting of the variable resistance. In this way a very perfect 
extinction of one incoming rhythmic signal can be obtained and a very 
precise coincidence measure secured. The variation of shutter operation 
time from say 70 msec, for star work to 110 msec, for radio comparison 
involves a correction of J(ll0-70)«20 msec., say; and there is the 
further correction of 50 msec, of opposite sign to allow for the use of the 
middle of the rhythmic signal. So after making allowance for sidereal 
time, chronometer error, error of emission of rhythmics, time of propa- 

♦ The power of the eye to integrate the light impulsee received over a short period 
is involved in this. In this connexion see Proc. Boy. Soc. A, 122, 1929, 318, “Home 
experiments concerning the counting of scintillations produced by alpha particles”, 
Charlton and Lea, 
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gation of signals, the G.S*T. of any star appearance in the theodolite 
becomes known; while the L.S,T. of this event can be calculated in terms tji 
the observed zenith distance of the star. Thus the longitude becomes known. 

4. Star observations. In practice the scale readings of a series of some 
twenty star appearances are taken. It has been found that such measure¬ 
ments can be made conveniently at intervals of 3 sec. After the star has 
been picked up it is suitably positioned in the field, and its successive 
appearances at progressively different positions of the scale are observed 
at intervals of 3 sec. and recorded. Thence a mean position, corresponding 
to the mean time of the appearances, is derived. This is ejc pressed in scale 
units and reduced to seconds of arc by a suitable factor; and combined with 
collimation, refraction, vertical circle reading and bubble correction, gives 
the corresponding zenith distance. Then, if the latitude is known, the hour 
angle of the star can be computed. 

It is advantageous to select stars for observation in pairs, east and west, 
chosen so that they can be observed at approximately the same Z.D. at a 
convenient time interval. Observations to such a pair are made with the 
vertical setting of the theodolite unchanged. If the refraction depends 
only on Z.D. then it is the same for both stars, as also is the collimation 
and vertical circle reading; and the mean Z.D.’s of the stars at their re¬ 
spective mean times of observation differ only by the observed scale and 
bubble readings. 

6. Paired observation. To deal with such observations on a pair of stars, 
use is made of approximate values of the latitude and longitude 

(positive when east), obtained as may be most convenient; the true values 
being denoted by + 00, + 0A. The local times TjT' of the observations 

on the E/W stars can then be approximately expressed in terms of the 
rhythmic time signals, and the corresponding approximate hour angles 
H jH\ being the difference of time and R.A., expressed in arc. Suppose that 
^ is the common Z.D. of the two stars, neglecting bubble and scale cor- 
reotions, and that A, A, are the declination, azimuth, sum of bubble and 
scale corrections of the east star, with corresponding dashed letters for the 
west star; then it is easily shown, by equating two alternative expressions 
for cos that 

(fiinA'"SinA'')cos0a0A-'(oo8A —oo8A')00 = Z, (1) 

where Z « (C-0')oosec^ + ^r-<JC» G - sin^^sind + cos0^oosA oosff, 
(?'w sm0^sinA' + ooe0^cosd'oo8if', and the* longitude, A, is reckoned 
positive when easterly. If x, y are the angular components of the error in 
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assumed position, so that a: = 9A and y = 9^; and if is the mean 
azimuth of the two stars, then 

r COB 4^-1/sillily = |Zooseo^(i4-4'). (2) 

It is clear that from two pairs of stars, for which differ considerably, two 
equations of form (2) serve to determine r, y. It is advantageous that 
^(A — A') should approximate to 90°, minimizing the effect of error in Z, 
which depends on observation. So stars of a pair should differ in azimuth 
by 180° or thereabout. To find l>oth latitude and longitude it is most favour¬ 
able that the two values of A^^ for two pairs, should differ by 90°. There 
are observational advantages in having two stars of a pair changing Z.D. 
at the same rate—a condition satisfied by a pair of prime vertical stars, or 
by a pair of meridian stars; in which case equation (2) determines x and y 
independently. However, considerable deviations from these ideal azimuths 
of stars can be admitted without serious effect on precision; and so the choice 
of stars is not seriously restricted. Indeed a good programme of stars can 
ordinarily be found without going furtlier than the fourth magnitude. 

fi. Choice of stars. The value of the right hand side of (2) is seen to depend 
on a computed portion, which may be regarded as errorless, together with 
(S^—$^*)cosec^(A-A*); in which depends on measurements of 

eyepiece scale and bubble. The bubble should be of such sensitivity as to 
allow of anjple observational accuracy and this is practically possible. 
The scale readings, which indeed are differential as between the two stars 
of a pair, are subject to errors of observation and also of graduation. 
Ordinarily the readings are spread over a considerable portion of the 
scale; and it can be arranged that the same region is employed for both 
stars of a pair, in which case scale irregularities will cancel in the main. If 
however the star speeds in Z.D. are seriously different, this will lead to the 
use of more observations on one star than on the other; and the mean 
scale readings will have different precision. Probably the scale errors are of 
minor importance and then it is better to ignore matching the scale on each 
star while observing the same number of appearances of both. But for the 
optimum case of stars symmetrical to the meridian the question does not 
arise. The optimum observation for longitude is on a pair of stars, both in 
the prime vertical, for which the factor coseo ^(A -A') is equal to unity. 

The same reasoning woidd make the optimum observation for latitude 
on a pair of meridian stars, north and south of the zenith; but here there is 
a practical reservation. For in this case the motion in Z.D. is practically 
zero and successive appearances of a star would have sensibly the same 



201 


Some experimental observations for l<mgitude 


scale reading. There will then be no opportunity of cancelling errors of 
scale—which perhaps is not important—and, apart from irregularities due 
to refraction, the unchanged scale reading would be subject to the well 
known individual error of scale estimation. So it is better to have some 
movement across the scale. It is believed that the irregularities due to 
refraction will be better smoothed out by the }>eriodic scale readings than 
can be done by intersection with a micrometer wire; and that the mean of 
a number—20 or more—of visual estimations will lead to a more precise 
mean position than can be obtained by a micrometer intersection, as in the 
ordinary Taicott observation. 

I 



Fig. 1 . Shutter eyepiece diagrams (on scale I/l). Sh. shutter; ShJi.A . shutter rocking 
arm; E,M* electromagnet; A, armaturo; F. armature and shutt(;r rocking arm pivots; 

insulated contact; H.S. armature return spring; L.F. lamp filament; ScM.A. scale 
rotating arm; scale rotating tube; C\P. covering piece; B.S. breach socket, 

for attachment to telescope; F.P. focal plane; O.P. glass plate with scale; Sc, scale 
on eyepiece side of 6?.P.; S,E,T, standard eyepiece thread; M, mirror for illumination 
of G.P, through edge; X, F, radial directions of the section drawing. 


7, The eyepiece scale. In general the stars cross the scale obliquely to the 
vertical, so it is necessary for the lines of the scale to have considerable 
length. They must also be adjusted to hori^ontality. Some method of 
recognition of the lines is required and it is not practically feasible to 
number them on account of the small interval. The method adopted has 
been to omit every fifth line; except in the case of the central zero line, which 
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is shown by prolongations on either side. In addition there is a vertical 
line and the general appearance of the scale is as in fig. 2. In this are 
added a few letters and also a hypothetical star track SS. If the two star- 
tracks of a pair cross the centre line AA near the same point, which most 
conveniently is C, where the vertical line BB cuts AAy and if further the 
observations on the scale are equally distributed on both sides of AA, 


B 



Fki. 2 . Eyepiew Koale (on scale 40/1). 


then a small error of horizontality of the lines is unimportant. This can be 
arranged if the star azimuth is computed in advance and the instrument is 
carefully set accordingly. For observation it is most convenient to con¬ 
sider the scale value as increasing in the sense of the star’s motion, applying 
later a corrective sign to one or other of a pair of stars. Readings are taken 
with the nearest preceding gap as zero line and so fall in groups, each of 
^hich require a gross correction to reduce to the centre zero line. An 
example is given in the table of § 10. If a reading of a star appearance is 
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missed, a cross is inserted in the record so as to maintain the proper sequence. 
When the star track crosses the centre line AA the observer calls out 
‘‘line”; and this suffices to keep all the readings in terms of the centre line. 
In this way the observer is spared the effort of assigning full values to each 
line of the scale. It is also good to record “ F ” at the stage when the star 
track crosses the vertical line BB\ for then the star track is completely 
located, and any necessary correction for lack of borizontality can be 
applied. This was not actually done in the observations referred to below; 
in which however the horizontal adjustment was good and the star tracks 
all close to C. The observation is easy, for the observer soon finds his place 
on the scale (which remains visible all the time) and knows approxi*- 
mately where to expect the next appearance. It is necessary to have the 
appearances in terms of the chronometer time. They occur every 3 sec. 
As the observation time approaches the observer takes up the count of 
seconds and switches on the shutter action just after a second wliich is a 
multiple of 3. This results in the appearances also being at seconds which 
are a multiple of 3, which provides a convenient check. The seconds of the 
appearance preceding that which begins the sequence of scale readings is 
recorded and the count is then dropped. 

8. The b'uhbh. After the theodolite has been set for the first star of a pair 
and the star has appeared at the edge of the field, the bubble is looked at 
and a small adjustment made if needed. The bubble is read just before the 
chronometer time is booked. It is also read immediately after the com¬ 
pletion of scale readings. Without touching the vertical setting, the in¬ 
strument is then swung to the appropriate azimuth for the second star of 
the pair. In this case no further adjustment of bubble is made, as the 
method requires an unchanged limb sotting; but otherwise the same pro¬ 
cedure is followed for the second star. In both cases it is only the bubble 
reading following the scale readings which is used for computation, the 
earlier reading being only used as a check on the later one and on the 
reasonable steadiness of the theodolite. The early reading may not have 
allowed the bubble sufficient time to settle down to its equilibrium position. 
Although not required for the reduction of paired observations, it is useful 
to record also the constant vertical limb reading; for this can be applied in 
the event of the second star being missed as a pair. 

The bubble reading is of great importance, entering directly into the 
quantity on which the right-hand side of (1) and (2) depend. It should be 
of at least as high precision as that of the mean of the eyepiece scale readings. 
Theodolites do not ordinarily have a vertical circle bubble of so high a 
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precision as is desirable for this. It is to be noted that in the paired stars 
observation the quantity to be determined is the change of level, and so 
reversal of level is not called for. A bubble rigidly fixed to the instrument 
is accordingly suitable and better than a reversible striding level, which is 
open to error due to error of cross levelling as well as error due to the possi¬ 
bility of dust particles on the seating of the inverted V’s of the striding 
bubble. But a great deal is demanded of the single bubble reading for one 
star; and so a truly sensitive bubble is needed and the bubble reading must 
be most carefully made. It is essential that its conditions of illumination 
should be good and invariable as also the relative position of the observer’s 
eye at the moment of reading. In the observations whose results are de¬ 
scribed below, the bubble circumstances were not of the optimum character 
just set out; and indeed for other purposes of geodetic triangulation a bubble 
of less sensitivity is adequate and convenient. The precise determination of 
either latitude or longitude however make more severe demands on the 
bubble than does measurement of vertical angles for ordinary height deter¬ 
mination. In further reference to the present observations it is also to be 
mentioned that no special observing pillar, insulated from the observer, 
was available; and the theodolite was set up on a low stand resting on hard 
ground. The change of bubble between observations of two stars of a pair 
was sometimes unduly large, and would have been unmanageable had the 
bubble sensitivity (1 mm. ~ 4''6) been as high (1 mm. ~ I’') as is desirable 
for the precision which could otherwise be reached. 

9. The. obaermtional equipment. My first experiments with the shutter 
principle were made in 1932 with a transit instrument in India, where it 
has remained in use. Short references to results have been published from 
time to time in the Geodetic Reports of the Survey of India from 1932 
onwards; and the impersonality of the method is fairly established. But the 
primary object has been to apply the principle to a theodolite, so as to 
provide the geodetic triangulator with the means of obtaining precise 
deviations of the vertical, without serious addition to his ordinary equip¬ 
ment. At the meeting of the International Union of Geodesy and Geo¬ 
physics at Edinburgh in 1936 I exhibited the first shutter eyepiece fitted 
to a small theodolite by Messrs E. R. Watts and Son. The first opportunity 
of making trial observations occurred in November 1937, when I obtained 
some results at my house in Cottenfaam, Cambs. The following equipment 
was used: 

(1) Tavistock theodolite, by Cooke, Troughton and Simms; kindly lent 
by the Director-General of the Ordnance Survey; 
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(2) Break-circuit chronometer;, kindly lent by Mr Frank Mercer, St 
Albans; 

(3) Wireless receiving set; kindly lent by the Department of Geodesy, 
Cambridge University; 

and the following special shutter equipment: 

(4) Shutter eyepiece, fitted to item (1) in place of the ordinary eyepiece; 

(5) Relay box, for controlling the shutter operation; 

(6) Six-volt battery, being a small car starting battery. 

Of the latter three items (4) is hardly larger than the ordinary eyepiece, 
while (5) is a compact box weighing only a few pounds. Item (6) is accor¬ 
dingly the most serious increase to the impedimenta of the observer of 
geodetic triangulation. The precise functioning of the relays and shutter, 
such as will maintain the shutter lag invariable, demands a good battery of 
low internal resistance. Dry cells could be used but at the cost of introduction 
of some uncertainty in time which can hardly be estimated precisely. 

A practical difficulty, which delayed the commencement of observations, 
arose with the method of comparing the time of shutter operation with the 
rhythmic time signals. The contact on the shutter arm {vide § 3) was intro¬ 
duced into the telephone circuit of the receiving set and duly interrupted 
the incoming signals, as had been planned. Observations however were 
impossible because the actual break of circuit and the relay operation 
introduced loud noises in the telephone. This technical difficulty was over¬ 
come by Mr B. C. Browne of the Department of Geodesy, Cambridge Univer¬ 
sity. By judicious introduction of an electrolytic condenser at the relay 
break; insulation of both sides of the shutter contact; earthing of relay set, 
instrument and observer; and a transformer between radio output and 
telephone; Mr Browne obtained complete silence in the telephones when 
no signal was coming in, and only a slight scratchy sound if the break 
occurred during the course of a signal. For the reception of radio signals, 
it was arranged that the duration of shutter operation should slightly 
exceed the duration of the rhythmic signal. As the coincidence approaches— 
and indeed whenever the rhythmic signal overlaps the shutter operation— 
a small noise is heard. When, however, the shutter operation overlaps the 
rhythmic signal at both ends, then there is complete silence; and so a 
perfect Extinction is obtained. The number of audible “scratches'* enables 
the duration of both shutter operation and rhythmic signal to be evaluated 
approximately, and also gives a convenient warning of the approach of a- 
ooincidenoe which can easily be assessed correct to 10 msec, As the shutter 
movement itself is directly compared with the rhythmic signals, there is 
no necessity to measure the lag of the shutter in relation to the chronometer 
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break; accordingly no chronograph ia required. It is however necessary to 
reduce the result by corrections for the difference of duration of shutter 
operation as for radio reception and as for star work, and also from the 
middle to the beginning of each radio signal; with fixed rheostat settings 
and radio signals lasting 100 msec, these corrections combined are constant. 
They amount to ^ (rhythmic duration less increase of shutter duration)— 
approximately 30 msec, in the present case—subtractive from east longitude. 
The evaluation of this quantity from the counts of extinctions and audible 
scratches has a maximum uncertainty of the difference of the rhythmic 
period from the chronometer second, i.e. 1/01 mean second or 1/73 sidereal 
second according to the rating of the chronometer to mean or sidereal time. 
The best course will be to calibrate the shutter duration in terms *of the 
rheostat settings at the outset; by such means as the displacement of a 
rotating neon lamp, made luminous by the shutter current. There is also a 
small further correction, due to the fact that the star is actually exposed only 
when the shutter is open to a definite extent, differing slightly from one star 
to another, combined with the fact that the shutter motion is not linear in 
time. This correction is very small if the shutter action is suitably prompt. 
Some improvement in this direction in the actual shutter used is desirable, 
and will be made in subsequent shutters. In the present case the error 
can hardly reach 10 msec. 

10. The observations. The apparatus was assembled at Cottenham on 
2 November 1937. At that time weather was not good and clear skies were 
only occasional. I was restricted as regards time available, as it was 
necessary for me to leave England on 21 November. The earlier days were 
spent in trials as opportunity offered; and from these it was possible to 
plan the most convenient lay-out of the apparatus and to decide the precise 
sequence of the observation. My cousin, Miss Pierrepont, kindly acted as 
recorder and became familiar with the work in these early days, while I 
became familiar with the routine of the observation. Rough values of 
latitude and longitude were obtained. The uncertain weather made it 
difficult to plan a complete programme and to adhere to it; and for this 
reason the observations are less numerous than could be desired. 

The most important matter was to obtain some estimate of the precision 
of the method with so small a telescope (focal length 10 in.); and this accounts 
for the concentration chiefly on one pair of stars, reobserved on several 
evenings. A second pair, observed on one evening only, served to determine 
the latitude; not with full precision, but suflScient to reduce the longitude 
work. The first pair was observed satisfactorily on 13,14 and 15 November. 
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It has already been remarked that it is advantageous to observe paired 
stars—that is two stars of opposite aspect with unchanged vertical setting 
of the instrument—whereby reading and graduation errors of the vertical 
limb are eliminated. But it is also possible to observe these same stars 
before/after they reach the common zenith distance. By this process, when 
readings of the vertical limb are also included, it is possible to form what I 
call **combinations”—as opposed to “pairs”—in which the stars have 
nearly equal zenith distances, given by the limb readings. These can be 
combined to eliminate collimation error and constant errors of graduation 
and refraction. The results show' that, in this particular set of observations, 
four combinations have about the same weight as one pair. The obser¬ 
vations are distributed almost uniformly over a longer period and this may 
be useful in eliminating slow variations of refraction; in any case, the 
accordance of results of the several days observations is found to be much 
improved when both combinations and pairs are used. 

The original plan did not contemplate the observation of combinations, 
and no provision had been made to observe temperature and pressure for 
the computation of refraction. The collimation of the centre line of the 
eyepiece had been measured on a target placed about 50 yd. away, for which 
a change of focus of the telescope was necessary. It was impossible to 
arrange a more distant target owing to the nature of the surroundings. 
Accordingly collimation and refraction had to be taken provisionally in the 
computations and subsequently determined from the combinations them¬ 
selves. There is no objection to this course, which indeed is inherent in the 
method of combining two stars of nearly equal zenith distance. Those 
combinations which were also pairs were computed in accordancje with 
equation (1). For the combinations each star was computed separately; 
but instead of computing the hour angle for each observed zenith distance, 
a table was constructed from which the hour angle could be interpolated. 

An example of the observations is now^ given, to show the detail of the 
observations. In this group of 201 scale readings two were missed. Inter¬ 
polated values, enclosed in round brackets, were used to complete the set— 
the most convenient practical method. None of the observed scale values 
were rejected with a view to “scale-matching”; so the precision of scale 
graduations is relied on more than need have been done. The mean value 
of a scale interval had been determined from a considerable numl>er of the 
observations themselves to be 20-004, rounded off to 20''. 

11. Reduction and reaulta qf observediom. The reduction of paired obser¬ 
vations has been made according to equation (1), for which the reduced 
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observational data are and T^. In this way the following equations were 
formed from observations on 13 November: 

a Cephei and e Persei dA^ = -}-0*73l3^”ll*5 

^ Draoonis and y Cassiopeiae 0A" = —0*232 d(j> — 13^0 

from which it follows that 9^ = — I "5 

and (j) = 52^7'25^5. 

The actual reduction of the combinations has been carried out as follows. 
First, each set on each star has been computed to give the hour angle and 
thence the longitude, corrections for being included; and then a mean 
for the day for each star taken out. From the discrepancies of these means, 
attributable to error in zenith distance, a correction for the daily colli- 
mation and refraction has been found and applied to the results of each 
set. In this way the mean longitude for the group of combinations has been 
found for each day and also the deviations of each set therefrom. It may 
be mentioned that chronometer time was corrected by means of Bugby and 
Bordeaux rhythmic signals and the sidereal time corresponding to the 
approximate longitude, 32 sec. east, so derived. The corrections to the 
emission times of the rhythmics was received when the computations 
were nearly completed, and introduced at the final stage. 

The mean longitude determined from all the combinations of a Cephei 
and e Persei on the three evenings is 31*34 sec. east. The variations of the 
daily results from this mean are 

13 Nov. +0*09 sec. 

14 Nov. —0*10 sec. 

15 Nov. 0*00 sec. 

from which the M.S.E. for one day ± 0*078 sec. 

The variations of the results of individual sets on each star from the mean 
of the day are, in units of 0*01 sec,, 



a 

Cephei 




€ Persei 


13 Nov. +29 

- 8 

+ 26 

-38 

-10 

-19 

+ 20 -12 

+ 6 

U Nov. 

-22 

+ 46 

+ 19 

+ 60 

+ 4 

- 20 +22 

-7 

15 Nov. 

0 

-17 

- 6 

+ 23 

-21 

- 8 +24 

+ 6 


These relatively large errors are no doubt due mainly to error of reading 
and graduation of the vertical limb; and they are chiefly of an accidental 
type. They are however considerably smaller than could be obtained 
without the use of the shutter eyepiece. 



211 


Some experimental observations for longitude 

The mean longitude determined from the paired observations on a Cephei 
and e Persei from three evenings is 31*39 sec. east, and the daily variations 
from this mean are 

13 Nov. —0*05 sec. 

14 Nov. +0*11 sec, 

15 Nov. —0*05 sec, 

from which the M.S.E. of a pair on one day is ± 0*076 sec. 

So it apjjears that the precision of one pair is much the same as that of 
four combinations. It is interesting to combine the results of pairs and 
combinations; and for this purpose I have ignored the fact that the obser¬ 
vations forming pairs also enter as combinations, and also treated the 
combinations of any day as of the same weight as the pair of that day. 
The mean longitude determined from all pairs and combinations is 31 *366 sec. 
east. The residual, v, of the combinations or pairs, as well as the residuals, F, 
of the daily means of combinations and pairs are, in seconds, 



CorabiiiationH 

Pairs 

Mean of day 


V 

V 

V 

13 Nov, 

+ 0*006 

-0*025 

+ 0020 

14 Nov. 

-0*126 

+ 0*136 

+ 0006 

16 Nov. 

-0*026 

-0*026 

- 0025 


from which 

M.S.E. of one value (pair or group of combinations) = ± 0*101 sec. 

M.S.E, of six values — ± 0*041 sec. 

M.S.E. of one day (pair and group of combinations) = ± 0*026 sec. 

M.S.E. of three days — ± 0*016 sec. 

It is to be noticed that the combining of a pair with the group of com¬ 
binations for one day decreases the M.S.E. considerably. The results of all 
the observations, which contain six values spread over three days, are 
reduced by the factor 16/41 == 0*37 when the results are grouped by days. 
This might be explained by supposing that there is an oscillation of the tilt 
of the isopyonic surfaces (surfaces of equal density of the atmosphere) 
embraced in the period over which the observations extend, which ranged 
between 28 and 36 min. on the several days. The number of observations 
however is too small for basing any definite conclusion of this kind. 

As there is full reason to admit that the shutter method is impersonal— 
for this is proved by the observations in India—the values of M.S.E. found 
above may be considered to be free from effects of systematic error; and, in 
spite of the small number of observational results on which they are based. 


14-2 
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to give a fair measure of the precision of the method. They show then that, 
with a programme extending over less than 2 hr. and comx)ri8ing say 
six paired stars, a M.S.E. of 0*04 sec. in longitude should be ordinarily 
obtainable with a theodolite of 10 in. focus having a good object glass and 
bubble; and better results with a longer programme. This could not be done 
without the shutter eyepiece, in which case errors of personality alone 
might amount to 0*3 sec. 

The precision of longitude results naturally decreases with increase of 
latitude. The proper criterion is the direction of the vertical, which depends 
for its prime vertical component on the longitude multiplied by the cosine 
of the latitude. This factor is 0*61 in the present case; and this should be 
applied to the M.S.E.’s found above to make them comparable with 
equatorial observations or to express them in relation to deviations of the 
vertical in the prime vertical. 

12. Other applications. Little attention has been paid to latitude deter¬ 
mination in the above account and the observations were not planned to 
make a full determination of this. Manifestly the latitude can be obtained 
with as much precision at least as the longitude; but for that purpose star 
])airs close to the meridian must be observed. 

Observations for azimuth should also be successful with the shutter 
method; and with this in view the design allows the eyepiece scale to be 
rotated to bring the lines vertical. The plan is to observe low altitude stars 
at their transit of the vertical through a convenient station of triangulation. 
By using low altitude stars it may be hoped that errors due to irregularities 
of the horizontal axis trunnions will be minimized; and in addition errors 
due to cross levelling will be much reduced. Further readings of the hori¬ 
zontal limb are in this way avoided. No observations on this plan have been 
made as yet. 

In conclusion it may be mentioned that the shutter eyepiece can be fitted 
quite conveniently to a prismatic astrolabe. In this case it will be easy to 
distribute the observations between the two images of the star in a well 
balanced way. The instant at which the two images attain the same altitude 
would then be deducible with high precision. 

13. Acknowledgements, I record my most grateful thanks to Mr E. S. 
Ritter of the G.P.O. Telephones to whom is due the entire design of the relay 
box which actuates the eyepiece shutter. Mr Ritter spent much time and 
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Department of Geodesy, University of Cambridge, at my disposal, and 
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The cascade theory of electronic showers 

By Dr L. Landatt, Institute for Physical ProbUms, Academy of 

Scienms, US.S.ll., 

AND Dr G. Rtjmkr, Physical Institute, Academy of Sciences, U.S,S,B. 

(Communicated by P. Kapitza, F.R,S,—Received 18 November 1937) 

1 . Bhabha and Heitler ( 1937 ) and also Carlson and Oppenheimer ( 1937 ) 
have recently proposed a very ingenious theory of showers which explains 
nearly all the observed phenomena; both these treatments, however, contain 
approximations the validity of which cannot always be justified. The 
calculations of the first two authors make use of the method of successive 
approximations whose exactness is difficult to estimate, while the second 
authors replace one of the fundamental equations by a different one, and 
it is impossible to see how this replacement may distort the final result. 
(Jonsequently, we have thought it useful to make the calculation in a more 
rigorous way; the fundamental physical ideas, however, are exactly the 
same as those of the authors mentioned above. 
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2 . Consider a fast electron penetrating into a layer of matter; as long as 
its energy is below a certain order of magnitude, the loss of energy of the 
electron will be determined mainly by ionization; for higher energies, 
however, loss of energy by radiation (Bremsstrahluug) becomes more 
important. This critical energy lies in the region of about e == l^OjE million 
volts, where Z denotes a certain average nuclear charge (there may be 
several nuclei of different kinds present). Since the collision radiation, 
which is determined by the interaction between the electron and the 
nuclear field, increases as while the ionization is approximately pro¬ 
portional to the number of electrons in the material, the most suitable 
definition of Z is 

E^l\n,Z,(Zi+l)IN, ( 1 ) 

where is the number per c.c. of nuclei having the charge Z^, and N is the 
total number of electrons per c.c. In the numerator we have put Z{(Zf +1 ) 
instead of Zf, since in the case of collision radiation we have to consider 
not only interactions with the nuclei but also with the electrons; it is im¬ 
portant to remember this in the case of hydrogen. This same critical energy 
e is also that for which the absorption of photons by pair production rather 
than by the Compton effect begins to become important. 

3. Consider a particle (electron, positron) or photon moving normally 
to the boundary of a sufficiently thick layer of matter. If the energy of the 
particle inside this layer is high enough, both photons (produced by collision 
radiation) and new “material particles ’’ (produced by pair production) will 
appear—in other words a shower will be generated. Let us consider how 
the number of particles n(E) dE and the number of photons I\E)dE, with 
energies in the range dE and at distance x from the surface of the layer, 
will change in consequence of pair production and collision radiation (we 
assume the energy E to be so high that the Compton effect and ionization 
can be neglected). 

Let y{E, E')dE' be the probability per um't path length of the production 
of an electron of energy between E' and E' 4- dE' by a photon of energy E, 
and let n{E, E’)dE' be the probability of the radiation of a photon of 
energy between E' and E'+dE’ by an electron of energy E. The rate of 
change of n{E) caused by pair production will consequently be 

The factor 2 occurs because there are always two particles (electron and 
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positron) created with equal probabilities. Similarly the rate of change of 
n{Sl) caused by radiation will be 

- ■®) HE, E- u) du. (3) 

The first term gives the number of particles of energy greater than E, 
which have lost energy by radiating a photon, thus bringing them into the 
energy range between E and E-^dE; the second term gives the number 
of particles which leaves this interval by radiatijig a photon. For the rate 
of change of the number of photons E{E) w e have in a similar way 

<‘1 

X)du. ( 6 ) 

Thus for the total value of the change of the numbers of material particles 
and photons, we shall have: 

= 2j*r(tt)y(w. E)du 

+ f ri{u) n{u, u — E) du - f //( E) n(E, E~v )du, (6) 
J ic Jo 

= J“ 77 (M) 7 r(w, E)du-j^^r{E)y(E, u)du. ( 7 ) 

This is the basis of the cascade theory of showers. 


4. The expressions for y(E, E') and n(E, E') have been given by Bethe 
and Heitler ( 1934 ). For the region of energies which concern us here, the 
screening can be considered as complete and we have 



y(E,E')^A^''-^S?-^T-^mE-E')^ 

(8) 



(9) 

where 

A = xty(®*/WM5*)*-^'Zlogl83iJ"*Cm.~^ 

(10) 
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Putting in numerical values we find 

A = M9 X -0-067 log ^). (10') 

It is convenient to follow Carlson and Opiienheimer (1937) and measure 
lengths X in terms of the dimensionless unit, so that the length is defined 
by 

X = t/A. (11) 

We obtain the lengths in cm. which correspond to unit value of t for various 
materials, shown in Table I, together with the values of 2 and e. 

Table I 





Equivalent thickness 
oorresj)onding to ^ = 1 


Z 

€ (volts) 

cm. 

Al 

u 

60 X 10« 

9*2 

Pb 

83 

9 X 10« 

0-62 

.H,0 

7-6 

100 X 10« 

380 

Air 

8-3 

90 X 10® 

39*0 (height of water 


barometer) 


The height of the atmosphere is < = 26 . When this is done, all the material 
constants disappear from the fundamental equations, which then aam imB 
the form 


dn{E) 

dt 



u^ + E^-juE 
w*(m - E) 



E\E-n) 


du 



M* 


( 6 *) 


dr(E) M^-^E + E * 

dt^'iK u^E 



^^-^uE + E^ 

E3 


du. 


( 7 *) 


For the discussion of these equations we introduce a new independent 
variable « in the place of E, in the following way: if f(E) is any function 
of E, and/, is defined by 

1^== j^f(i!!)E»dE, (O^SKoo), ( 12 ) 


then/, is defined uniquely in terms of/(F) and the converse may also be 
proved. Thus to any equation valid in a complete range of E there oorro- 
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sponds an equation in and vice versa. We now transform each term of 
equation (G***) and (7*) to the new variables a, and also write i = Eju 

= f"r(«)w,«r£«(|P-M+2)cig, 

Jo J E ^ Jo Jo 

du = jV(^;) E-dEjyii^-^li+ 1)d(l/£). 

The definite integrals with resi)ect to ^ occurring in these expressions* 
we shall denote by A{8)^ 5(5), 0(«) and 5, i.e. 

B(s)=jy{2-U + U^)di = 2/(l+«)-|/{2 + «) + f/(3 + 8), (14) 

0(8) = + = |/8-|/(8+ 1)+ 1/(8 + 2), (16) 

i>=J\tg'-|^+l)d(l/l) = 7/9, (16) 

d 

where ^{a) is defined by ^Iria) = ^c-log^I, and y is Euler’s constant. 

da 

Thus in terms of the new variable s, the system of fundamental equations 
assumes the simple form 

^ = -^( 8 ) 77 .+ B ( 8)/;.1 


-*=0(8)/7,-i>r.. 


6. As is well known, the solutions of (17) are given by 
77,(0 - o,exp(-A.O+^>.exp(-/i,0.| 
r,(0 - c,exp(-A,0+<^.exp(-/M,0j 


( 18 ) 
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where and /t, are the roots of the secular equations 

-A(8)^X B(s) 

C(a) 


0 , 


( 19 ) 


so that A(«) - A, - i{A(s) + 2>) - y[{A{s) - Dy^ + 4B{8) C(8)] 

m - - l{A{8)i-D}^y[{A{8)^DY^iB{s)C{s)l 

and a^, bg, dg are constants determined by the initial conditions (<== 0 ). 
The case which interests us is when the rate of change of the number of 
particles is large, i.e. when the exponents are large, and consequently we 
consider all quantities which do not vary exponentially as being of order 
of magnitude unity.f With this approximation wo can neglect the solutions 
corresponding to and approximately satisfy the initial conditions by 
using only the A^-solutions. 

An examination of the secular equation (19) shows that for change of a 
in the interval 0 ^ ^ oo, the function A(«) increases from — oo to the limiting 
value 


6 . If only a single i>hoton passes through the layer with energy the 
initial conditions are 

n(E)^0, r{E)^d{E^E,); 

thus to our approximation we have 

JJ {n(E) + r{E)} E*dE * jS?Sexp( - (20) 

Following Bhabha and Heitler ( 1937 ) we measure the energy by means of 
the dimensionless quantity y, so that 

y » log(EolE) and y = logiEJe), (21) 

and 1 ) will then be the quantity corresponding to the critical energy. Let 
P{y, t) — exp< 6 (y, t) be the distribution function with respect to y so that:( 

{r{E) + n{E)} dE Pdy. ( 22 ) 

t The aesurnption that the exponentials are respectively large or small implies 
that the total number of secondary particles is large. This assumption, absolutely 
necessary, if radiation and creation of pairs are treated separately from ionization 
and Compton effect, is of course made (together with other assumptions which we 
have avoided) by Bhabha and Heitler and by Carlson and Oppenheimer, 

X When ill the following we refer to the number of particles we mean both charged 
particles and light quanta. 
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The expression (20) then becomes 


/: 


^x\>[<l)(y,t)-8y}dy = exp(-A^<)- 


( 23 ) 


The integrand has a sharp maximum for a certain value of y^ say y\ then y 
will be the root of the equation 


dy 

Neglecting the non-exponential terms, we obtain from (23) 


(24) 


(25) 


From equations (24) and (25), knowing the function ^(y, <), we could deter¬ 
mine the function A{^); since, however, it is A(i?) ujiich is given, and we wish 
to find the function <j>{y, t) ~ log P(y, t), we differentiate equation (25) with 
resjiect to «, which gives 


dip dy 
dy* da 




On account of ( 24 ) this simplifies to 


2/ = A'(s)<. 


( 26 ) 


We substitute this value y in equation ( 26 ), and write simply y instead of y 
Jn what follows. 

The equations y ~ /A'(«), 

^ - t{«A'(«)-A(8)}, 

give a parametric representation of as a function of y and t, and in fig. 1 
we show the dependence of ^ on y for the particular values t = 10 and 
Ef^je » 100 (for other values the scale of fig. 1 must be correspondingly 
altered). Since it follows from ( 24 ) that 



fiy 


ss 


«> 0 , 


we see then that the function increases monotonically, or in other words, 
the number of created particles observed in a given thickness t of the layer 
increases with y, i.e. with diminishing energy of these created particles. 

The expression for ^ ceases to be valid as soon as the energy of the created 
particles falls to the order of magnitude of the critical energy, since the 
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ionization and Compton effect which we could neglect for higher energies, 
then become increasingly important. As can be seen from equations (8) 
and (9) photons of small energy are formed in much larger quantities, by 
collision radiation, than are material particles of small energy by pair 
production. The number of created photons with energies in the range 
E\ E' -^dE' is proportional to \jE\ If E'<^€ then the absorption of these 
photons is determined mainly by the Compton effect and not by pair 
production: consequently in this energy region the absorption coefficient 
is nearly proportional to IjE' (as follows from the theory of the Compton 
effect), i.e. the numbers of photons r(E) for E <e is independent of the 
energy. 



As can be shown by a more detailed analysis, the same is true of the 
number of particles n{E) for E < e'. If we go over from E to the logarithmic 
measure y we find in consequence of (21) that the distribution function 
P{y, t) foTy>i^ has the form 

P{y,t) = exp{constant ~i/|. 

We see then that the number of particles for given penetration depth t 
moreases with diminution of energy until the critical region is reached, 
when further diminution of the energy diminishes the number of particles. 
This means that for given penetration depth the majority of particles in a 
shower will have the energy e. 

The distribution of particles along the path of penetration into the layer 
of matter is given by the function which is shown graphically in fig. 2 for 



221 


The cascade theory of electronic showers 

7f «log 100. For other values of rf the scale has to be correspondingly 
changed. We give in Table II the corresponding values of «, <l>ly and A. 
The curve has a maximum at the point i = for which the derivative 
vanishes. From (25) we have 


d^ — Tjda — sdy “ -Ad^“^a!A, 



Since di; == 0 and, on account of (26), r^ds = td\, we obtain 

^ = -A(«). (28) 

From the law of conservation of energy it follows that 

+ . 0 ; 

hence A(l) =* 0; this can of course also be proved by a direct calculation. 

7. Equation (26) gives for the position of the maximum 
fm “ Vl^ (^)» ^ma* ~ V> 
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i.e. the maximum number of particles will be observed at a depth 

t„, = l-011og(jS;/e), 

and will be equal to E^je particles. The length of the showers track will be, 
expressed in «-units, 

<0 = 3-8log(i&/e), 

which gives for air 1'48 log EJ 100 m. of w ater barometer. 


Table II 


tfy 


A 

(f 

0-04 

0*25 

- 3*76 

0*1 

ou 

0‘44 

- 2*26 

0*2 

019 

0*59 

- 1*56 

0*3 

0*28 

0*71 

- M 2 

0*4 

0*37 

0*80 

- 1*80 

0*6 

0-48 

0*88 

- 0*67 

0*6 

0*60 

0*93 

- 0*38 

0*7 

0-72 

0-97 

- 0*23 

0*8 

0 ‘ 8 fl 

0*99 

-on 

0*9 

101 

1*00 

0*00 

1*0 

M 8 

0*99 

0*09 

1*1 

1-37 

0-97 

0*17 

1*2 

1-58 

0*92 

0*24 

1*8 

1-81 

0*80 

0*30 

1*4 

2-07 

0*78 

0*36 

1*6 

2‘36 

0*67 

0*39 

1*6 

2 m 

0*53 

0*44 

2*7 

307 

0*36 

0*47 

1*8 

3-49 

016 

0*60 

1*9 

3*96 

- 0-08 

0*63 

2*0 

4*49 

- 0*37 

0*65 

2*1 

5*08 

- 0*70 

0*67 

2*2 

6*73 

- 1*08 

0*59 

2*3 

6*46 

- 1*52 

0 * 6 ) 

2*4 

7-29 

- 2*03 

0*62 

2*6 

817 

- 2*67 

0*63 

2*6 

00 

— 00 

0*78 

00 


Let us calculate the fraction of the number of particles w'hich, having 
penetrated the atmosphere with an initial energy of 10“ V, can be observed 
at sea-level; we have rf *= log 100 = 4’6 and t/iy = 26 / 4'6 = 6 * 66 , and from 
Table II we find the corresponding value of ^i/j; = -1-03 so that ^ - 4-74. 
Consequently the required fraction is exp( - 4 - 74 ), or slightly less than 1 %. 
As regards the particles penetrating the atmosphere with energies of 
3 X 10* V, only I in 1000 can reach sea-level. 
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In the third column of Table II we have written down the values of A. 
Now equation (28) shows that A is the coefficient of absorption and we see 
that the limiting value of A (for large t) is 7/9, which gives 2 per metre of 
water barometer in the case of air. If we estimate the energy of the particles 
entering the atmosphere as of order of magnitude 3xl0*“10^^V, we 
obtain 0-6 as the order of magnitude of A, and consequently an absorption 
coefficient 1 • 5 per metre of water barometer, l^his then is the size of absorption 
coefficient we should expect to find for light particles at sea-level. 

The total energy of the shower is given by 


/*00 

^(0 = {r(E) + n{E)} EdE = EJ e:XTp{^{y,t)-y}dy. (29) 

Jo J -00 


The integrand has a sharp maximum at the point y — y, where the de¬ 
rivative of the exponent vanishes, i.e. 


dy 


"I*-;- 


(30) 


As can be seen from Table \ly Ht; if y<y, ^(y, t) ^y and the integral 
becomes of order unity, and we find that the total energy of the show^er is 
of order JEq. For y>y the maximum of tlie integrand corresponds to the 
point y = ^ and we have 


E{t) = ^0, l<i) 

E{t) = Eq exp(^(7, t) - 7/}, t > Tj. 
The graph of this function is shown in fig. 3, 



8. In principle it is possible to deduce the spectral distribution of the 
particles entering the atmosphere and producing showers along their path 
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from the experimentally observable numbOT of particles per unit 
length of path. Let exp ^( 7 ) be the number of particles entering the atmo¬ 
sphere with energy E^ ; each of these will produce a shower, so that the total 
number of particles N(t) per unit length observed at depth t is 


N{t) = Jexp{g(i/)+^(7,0)rf7- 


(31) 


The integrand has a maximum at the point // — //, where the derivative 

0 




dr/ 


vanishes, and of course depends on t. The majority of 


particles observed at different heights are formed by particles of different 
energies. In our approximation we can write 

N{t) = exp{g(^)+^S(^,<)}, 


and we have 


_1 dN 
N’ di " 


30 

~dt 


+\m+ 


^(7f,t )\d'fi 

dtj \dt 


'(!)■ 


(32) 


The left-hand side of this equation can be obtained from experiment, and 
thus knowing A(f/^) we can determine for given depth t the oorresponding 
value of the energy of the shower-producing particles. In the same column 
of Table II we find the corresponding value of ^{tlrj)y and finally obtain the 
required function as 

exp^(^) = iV(<)exp(-0(^,<)). (33) 

t = <(^). 


9. We shall now consider the behaviour of cosmic particles in passing 
from air to a medium with a different atomic number, and first of all deter¬ 
mine the distribution of particles with respect to energy at given height t. 
Let ri = logiEje), where E is the energy of a particle at height t, and let 
Vo •= log(^o/®)> where E^ is the energy of a particle at the boundaiy of the 
atmosphere. 

The number of particles with a given value ofwill then be given by 

N(t, ij) = Jexp{g(^o)+?>(¥o “ V, t)}d%, (34) 

or to our approximation 

exp{|(%)+ 0(^0 - <)}, (34*) 

where i;o is the root of the equation 




^(Vo~V,t) 

^Vo 


0 . 


(36) 




If we are not oonoemed with particles with very high enei^es, we can 
assume that ^ is small compared with ifg, and rettun only the linear term in 
the expansion of the expression in the exponent in powers of we then 
have 

or, log N{t, rj) - const. - s(ij7j^) (36) 

where the constant of course depends on i but not on 7 . The quantity # in 
this formula is connected directly with the ab 8 orj)tion coefficient A at the 
given height, and can be calculated from it by means of the table. We 
obtain finally 

N(t,if) = N^exi»{-8ii}, (37) 

and going over to the ordinary scale of energy, we have evidently 

= const. (38) 

(this formula applies of course only for For example, for t = 10 , 

= 10 ^® e-volts, we obtain from the table a 1*5, for t = 20 , = 10 ^® e- 

volts we find 9 - 2 * 0 . 

We now determine the number of showers produced by a particle passing 
from air through a not too thin layer of some material; let 

log(e/e 7 = log(Z'IZ) = C 


where e and E refer to air and e' and E' to the layer, then we can write 
7 ' === ^ H- As was shown in § 7, the showers will emerge from the layer only 
if 17 '>e/3'8 ori7>73‘8--f. 

Since the number of particles diminishes with energy, for negative values 
of ^ (i.e. E' < E) we can simply write 

^7 </3*8+I f 1 and A - iVJ,exp{“«(73‘8+| ^|)}. (39) 


We see from this that with increase of the layer thickness the number of 
showers falls off with an absorption coefficient «/ 3 ’S. For positive f we 
have to distinguish between two cases: (1) i < 3*8f and (2) i> 3*8f; in the 
first case the lower limit given by the formula for if\ is negative, and we 
have simply to put ri « 0, from which N = in the second case we obtain 


as before 




m 


To calculate the number of particles emerging from the given layer, we 
have 

N « Jexp{ - + <f>(v + C 0} *) 


voi. cucvn A. 


X5 
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For negative £ the integrand always has a maximum for a value of ^ different 
from zero, and in our approximation we can write 


iVy - + + 

where ^ is the root of the equation 


3 = 


dfj 


-4+i:)' 


(42) 


(43) 


Now we have (see equation (25)) 

hence iV — —/A(^)}. (44) 

III other words the number of particles continues to diminish in the material 
with the same absorption coefficient A as in air. For / ~ 0, 

N iVoexp{sf}, (45) 


i.e. since ^ is negative for a transition from air to a medium of smaller 
atomic number, the number of particles falls discontinuously (actually in 
a thin layer < 1) by a factor exp s j S ]. For a transition from air to lithium 

we have -2' = 4, g —0*70, which for « --1*5 gives a diminution of the 
number of particles by a factor 3. 

Passing to a medium with larger Z, we have two cases according as to 
whether equation (43) has or has not a positive solution for If, In the former 
case wo evidently obtain the same result as for negative but in the latter 
which occurs when s(tlQ < s we must write 

N ^ (46) 

This expression has a maximum for « ^ as was shown, this maximum 
being 

iV = iVpexpg « N^(Z'IZ). (47) 

We see therefore that for passage through a medium with Z larger than in 
air the number of particles at first increases, 10 times for lead, for instance, 
and then falls, reaching after a certain point the absorption coefficient for 
air. 


10. The showers observed at great heights should evidently be ascribed 
to the so-called soft component of the penetrating radiation, i.e. particles 
produced by penetration of photons or electrons. Correspondingly the 
number of showers leaving a lead plate has, as we know, a mAYiTnimn for a 
certain thickness of lead, falling off with further increase of the thinknflMi 
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corresponding to the finite length of path of the showers. The number of 
showers at and below the earth’s surface tends to a certain limit with in¬ 
crease of the thickness of the lead plate. As has already been pointed out, such 
showers can be related to secondary particles created during the passage 
of the hard component through matter and such particles may evidently 
be either electrons or photons. From the reJativistic scattermg formula, 
we can obtain for the number of fast electrons produced per unit path of 
the “semi-heavy “ particle the following expression (we assume the velocity 
of the particle to be close to that of light) 


dl = 

m cr 


(48) 


Since the number of particles i ncreases rapidly with decrease of their energies, 
the number of observed showers should be very sensitive to the minimum 
energy of the shower which the apparatus can detect. In order to obtain a 
very rough estimate of the order of magnitude, we assume arbitrarily that 
this lower limit is F e and the length of path of the shower is < - 1 . It is 
seen from the calculation that the atomic number of the medium drops out 
of the final expression, so that the number of showers is independent of the 
nature of the medium, and we obtain 3 or 4 as the order of magnitude of 
the number of showers per J OG semi-heavy particles. Thus if the particle 
producing the shower is an electron we should expect that the number of 
showers should be independent of the mass and energy of the penetrating 
particle, and independent of the properties of the medium in which the 
shower is created, but that it should be strongly dependent on the particular 
experimental arrangement used for detecting the showers. 

On the other hand, if it is a proton which produces the shower, calculation 
shows that the number of showers should depend cliiefly on the mass of 
the penetrating particle, and also to some extent on its energy and the 
atomic number of the medium, but much less on the particular experi¬ 
mental arrangement. 

The relative importance of these two possibilities depends very much 
on what we assume about the mass of the initial particle. Since experi¬ 
mentally it is found that the number of showers is indejjendent of the 
medium, we may conclude that it is the first possibility which is correct. 

Summary 

1. Starting from the physical idea proposed by Bhabha and Heitler, and 
Carlson and Oppenheimer, on the cascade production of showers, a more 
rigorous treatment of the problem is given (§§ 1-6). 


ij-i 
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2 . A numerical table permits the calculation of the number of shower 
particles as a function of depth of penetration for any given initial energy 
of the creating particle, and also the energy distribution for shower particles 
at a given depth (§ 6 ). 

3. The showers possess a definite range (§ 7). 

4. The behaviour of a shower passing from air to a medium with a 
diflfei^nt atomic number is studied (§ 9). 

5 . The con 8 e(]|uences arising from the hypothesis of the new '‘semi¬ 
heavy** particles are discussed. 
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Polish on metals 

By W. Cochrans 

{Communicated by 0. P. Thomson, F.R.S.—Received 20 January 1938) 

[Plates 12, 13] 

Introdvction 

In the first year of this century, Beilby ( 1901 ) made microscopic and 
visual observations on the polished surfaces of metals. He stated that such 
surfaces were covered with a glass-like layer and finally reached the 
conclusion (Beilby 1921 ) that this polished layer was similar to a super¬ 
cooled liquid, the metallic atoms being in the iwsitions which they would 
occupy, at a given instant, in the liquid state. His ideas did not gain 
general acceptance, however, amongst metallographers and other workers— 
thus, while Desch ( 1922 ) supports the Beilby theory, yet Tammann ( 1925 ) 
is definitely opposed to it. This question as to the structure of the polish 
layer on metals can only be decided definitely by X-rays or electron 
diffraction, although an experiment described by Pinch, Quatrell and 
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Roebuck (1934) is of interest. They found that zinc atoms, evaporated on 
to a polished copper surface, dissolved or sank into the jjolish layer, 
showing that the latter possesses one of the properties of a liquid. There 
will be considerable difficulty in directing a beam of X-rays so as to be 
incident only on the polish layer of a specimen since this layer is so thin 
and since the X-rays have such a great penetrating power; one would 
expect that the pattern of the underlying metal would always be obtained. 
Cathode rays, on the other hand, will not penetrate more than a distance 
of about 600 A into a solid before being inelastically scattered and may 
therefore be used for the study of polish, when incident so as to make a 
small angle with the surface. 

Using G. P. Thomson’s electron diffraction method (Thomson 1930), 
French (1933) investigated several specimens of polished metals. Beginning 
with a rectangular block of metal, he ground one of the surfaces plane and 
etched it slightly. A fine pencil of cathode rays was then allowed to 
impinge on this surface at almost grazing incidence and the diffracted 
beams were recorded on a photographic plate. This gave a so-called 
reflexion pattern of concentric sharp rings surrounding the undiffracted 
central spot. Thomson (1934) has shown that this effect is completely 
explained by supposing that etching results in the forination, on the 
surface of the block, of projecting lumps through which the electrons pass. 
Most of the coherent scattering is due only to atoms in these projections 
and the dimensions of the lumps are of the order of 100 A. French then 
commenced to polish the surface and, on repeating the electron diffraction 
examination, found that the rings became less sharp until, when a good 
polish had been achieved, he obtained a pattern consisting of only two 
diffuse haloes. Subsequent researches by other workers have consistently 
confirmed French’s result. Later, Hopkins (1935) showed that, in the case 
of gold, the pattern of two haloes persisted as the polish layer was removed 
to a depth of about 20 A and, on the gradual removal of more material, 
further diffuse rings of larger diameter appeared and these were all finally 
resolved into the sharp rings characteristic of the original non-polished 
polycrystalline gold. At the same time Lees (1935) obtained very similar 
results using copper. The halo pattern was inteq)reted by French as 
proving that the polished surface was “almost amorphous” and Hopkins 
deduced that this amorphous layer was approximately 20-30 A thick. 

French's view was not accepted, however, by Kirchner (1932a, 6), who 
discovered another halo effect from non-amorphous metal which has been 
further investigated by Papsdorf (1937). The Kirchner effect was obtained 
by evaporating gold (or other metals) on to thin celluloid or mica sheets so 
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as to form metallic films 100 A thick. Using fast electrons at almost 
grazing incidence, these specimens yielded patterns consisting of two 
diffuse rings similar to those of French but, when examined by transmission, 
the electrons being then incident normal to the plane of the films, they 
gave the sharp ring patterns characteristic of polycrystalline metal of 
normal grain size. Kirchner showed that his results may be explained by 
supposing that there are on the surface of these metallic films some 
projecting lumps only a few atoms high. Most of the scattering at grazing 
incidence is caused by the atoms in these lumps and, since the number of 
scattering centres in each projection is very small, the pattern is diffuse, 
this being somewhat analogous to an optical grating consisting of only a 
few lines. But in transmission the sharpness of the pattern is determined 
by the extent of the groups of crystallographically associated atoms lying 
in the plane of the film, which extent is controlled solely by the size of the 
crystal grains themselves and the projections on the surface have no effect. 
Thus, on Kirchner’s view, French’s results might be held to indicate that 
the surface of the block of metal was covered, after etching, with projections 
of the type envisaged by Thomson. By the polishing action, these are 
reduced in size until they are of the dimensions of a few atoms and it is 
not supposed that there has been any alteration in crystal structure or 
crystal size, 

Barbyshire and Dixit (1933) have discussed the super-cooled liquid or 
amorphous view and have contrasted it with Kirchner’s idea that the 
haloes are produced merely by broadening of the sharp rings. Recently, 
however, Dobinski (1937) showed that previous workers had in some cases 
been dealing with oxidized surfaces, which are readily produced by 
polishing in air, thus obtaining misleading results. He was able to eliminate 
this defect and obtained data for clean metals. There is good agreement 
between his results and the theoretical values for the radii of the haloes 
found by postulating a liquid consisting of atoms whose closest distance 
of approach is the same as in the crystalline state. On the other hand, 
when the rings characteristic of the polycrystalline metal are considered 
to be broadened, taking into account their relative intensities, one also 
obtains haloes of the diameters yielded by the polished metal except in 
the case of bismuth.* This exception might be considered as deciding the 

* Darbyshirc and Dixit also state that Kirchner's view will not hold for body* 
centred cubic metals such as iron and chromium. In this they appear to be mistaken. 
If oxie takes into account the interisilieH of the various rings of the polycrystalline 
pattern from these metals, one finds that, on causing the rings to be broadened, the 
resulting pattern is in fair agreement with Darbyshir*^ and Dixit’s results for 
chromium and in good agreement with Dobinski’s results for iron. 
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point at iasue* The matter is more complicated, however, since Kirohner 
(1937) has further suggested that possibly diffuseness may be caused by 
deformation of the crystal lattice and also by the refractive index or inner 
potential of the metal coming into play. This latter view was originally 
put forward by Germer (1933). Not only can the inner potential cause 
diffuseness but it will also reduce the diameters of the rings and so odd 
to the complexities of any argument based on measurements of these 
diameters. With fast electrons, however, it can only effect the results when 
the electrons pass through a surface at a small glancing angle (Thomson 

If one were to obtain the polished metal in the form of a very thin sheet 
which could be examined by transmitted electrons at normal incidence, 
the effect of the surface projections and inner potential would then be 
eliminated.* Thus one would be able to decide with some certainty on 
the structure of the polish on a metal. The object of the present experiments 
was to attempt to carry out such a transmission experiment. 

ArrARATlTS AND PKOCEDURE 

A piece of copper in the shape of a cylinder 0-6 cm. long and 1 cm. in 
diameter was obtained. One of the flat ends was ground plane on various 
grades of emery paper and etched for 5 min. in a 10 % solution of ammonium 
persulphate in water. The copper was then covered with a layer of nickel 
by electrolysis in a bath containing 100 g. of nickel sulphate crystals in 
300 e.c. of water. The plane face of the specimen was rubbed lightly for a 
few strokes on grade 0000 emery paper. This gave a fairly smooth nickel 
surface with some light scratches. The specimen was then covered with 
a thin layer of gold by eIe(;trolysis. The plating bath contained 1 g. of 
24 carat gold in 200 e.c. of solution. The pure gold was dissolved in aqw 
regia, the salt evaporated to dryness and then converted to the fulminate 
with ammonia. After washing, the fulminate was dissolved in a solution 
containing 4*6 g. of potassium cyanide and the whole mode up to 200 c.c. 
with water. The anode in the plating bath was a spiral of 24 carat gold wire. 
The current density was found to vary considerably during the plating 
but was generally about 1 mA. The time of plating was 5 sec, approximately 
and was determined solely by judgement, the specimen being carefully 
watched and removed from the bath when a visible layer of gold was 
deposited. The specimen was then washed in water and allowed to dry in 
a current of air. Gold on the curved surface and bottom face of the 
• The effect of distortion is disoiissed later in this paper. 



2B2 W. 

specimen was next removed, the layer on the top surface remamir^. This 
was examined in the electron diffraction apparatus which was of the 
Thomson-Fraaer type (Thomson and Fraser 1930). The pattern obtained 
by reflexion showed sharp rings characteristic of polycrystalline gold. The 
specimen was removed from the apparatus and the gold surface polished 
for one hour on dry chamois leather. On again examining by electron 
diffraction, French’s polish pattern of two diffuse haloes was obtained 
(fig. 1, Plate 12). The polished gold layer was thou removed. This was done 
by placing the specimen, gold surface uppermost, in a photographic 
developing dish containing water, the specimen being just submerged. 
A few o.c. of a solution containing 50% nitric acid in water were added 
and, in a short time, the film of gold began to be freed from the nickel. 
It was found that the gold broke into small pieces. The films of gold were 
lifted out, using fine-meshed nickel gauze, and washed by immersion in 
another dish containing water. The specimens were finally removed on 
nickel gauze and allowed to dry. They were then examined by electron 
diffraction using transmitted electrons. 

Nickel was used as the under layer, being a metal unlikely to alloy with 
gold. The condition of the nickel surface was of some importance. The 
surface at the end of the nickel plating process was comparatively rough 
and, if it was not ground slightly on 0000 emery paper, a polish could not 
be obtained on the gold layer. On the other hand, if the nickel was highly 
polished previous to gold plating, the gold deposit adhered badly and was 
easily rubbed off. 

Experiments were also performed with chromium. A copper specimen 
was used of the same dimensions as above. After etching, this was plated 
with chromium using a bath containing 400 g. of chromic acid and 2 0.0. 
of sulphuric acid per litre. A fairly thick layer of chromium was obtained 
and, after examination in the electron difiraction apparatus, the specimen 
was polished on 0000 emery paper. It was verified that the polished 
chromium gave the correct diffuse ring pattern. The copper was dissolved 
away by immersing in a 60 % solution of nitric acid in water. The chromium 
sheet remaining was always distorted and cracked. It was washed in 
water and allowed to dry. The sheet was next floated on the surface of 
dilute hydrochloric acid, the polished side being uppermost. This caused 
tiie chromium to be thinned and the film was removed and washed, using 
nickel gauze as before. Only in one case was this procedure successful. 
The chromium appeared to be rather porous and the upper surface and 
edges of the film were always attacked by the hydrochloric acid so that 
usually the whole film was dissolved away. 
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Rksttms 

The poliehed gold films, when examined by transmission, yielded patterns 
of three disuse rings (fig. 2, Plate 12), two being the usual polish rings 
and the third fainter and of larger diameter.* The Bragg spacings oorre- 
sponding to these diffuse rings were 2*10, 1*30 and 0*96 Dobinski {1937) 
obtained by reflexion 2*23 and 1*27 A. There is also sign of a faint sharp 
ring of small diameter giving a Bragg spacing of 3* 1 A. This is not a gold 
spacing and is attributed to the fact that the films could not be washed 
thoroughly owing to their being so fragile, so that some foreign substance 
may have been retained. On leaving the gold film in the electron diffraction 
apparatus overnight (15 hr.) and again examining, the pattern was com¬ 
pletely changed and showed shar]) rings characteristic of polycrystalline 
gold of normal grain size (fig. 3, Platte 13 ). The stripping of the polished 
gold was successfully carried out twice and this effect occurred each time. 

The chromium film gave a pattern of five rings agreeing with the known 
structure of chromium (body-centred cubic type) and the rings appeared 
to be broadened compared with the ‘"reflexion” pattern taken before 
polishing. The broadening was, however, slight. 


Transmission through gold films 

Most transmission electron diffraction patterns obtained by various 
investigators have been from very thin films. It was considered necessary 
to test the effect of the thickness of the film on the pattern, as increasing 
the thickness might possibly alter the usual sharp ring pattern. Gold films 
of various thicknesses were prepared by spluttering on to celluloid bases, 
the celluloid being subsequently dissolved away in acetone and the gold 
moxmted on nickel gauze. The thickness of these films was determined by 
finding the fraction of light of wave-length 4900 A transmitted and using 
the experimental data given by Schulze (1933). It was found that the ring 
patterns were still obtained with thick films until, with a film 500 A thick, 
no pattern was obtained. The pattern from a film 300 A is shown in fig, 4 
(Plate 13 )*t With such thick films the rings are not so distinct, however, 
and the breadth of the ring due to the (200) interferences cannot be easily 

• The first diffuse ring cannot bo seen well on the reproduction owing to the 
intensity near the central spot. There is also a faint shadow of the supporting gauze 
in fig. 2, Plate 12 and fig. 4, Plate 13. 

t Printed, using an enlarger, on ultra-hard paper so that the contrast between 
the rings and the background has been enhanced. 
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judged. The (220) ring remains quite noticeably sharp. The patterns from 
thimier films are not reproduced. They are similar to fig. 3 . In these and 
other experiments described here, the accelerating potential difference for 
the electron l>eam was generally about 32,000 V and was measured by 
means of a spark-gap. ''Fhe distance between the specimen and the photo¬ 
graphic plate was 28 cm. The polished gold films were not photometered 
but their thickness was estimated visually to be of the order of 200-250 A. 


Discussion 

The results indicate that the polished gold layer of thickness 200™260 A 
yields a pattern of diffuse rings when examined by transmitted electrons 
incident normally on the surface. It is now proposed to attempt to 
inteqiret this result. 

The experiments of the previous section show that these diffuse rings 
cannot be caused by the thickness of the gold films used. The effect of 
comparatively large thickness is principally to add to the general back¬ 
ground of the pattern until, finally, with increasing thickness the rings 
disappear, being, as it were, submerged in the general diffuse scattering. 

Secondly, the diffuse rings might be considered as due to distortion of 
the gold lattice. Up to the present, such an effect due to distortion has not 
been observed. Thus although many investigators have, from time to time, 
used beaten or rolleil foils of gold and other metals for electron diffraction 
j)urpo8es, yet the circular rings or arcs in the resulting patterns have always 
been tolerably sharp. The fact that the (220) and ( 311 ) interferences are 
not resolved and combine to form the second diffuse ring of the polish 
pattern leads to the necessity of postulating a lattice distortion of at 
least 8%. This would involve the presence of a large amount of latent 
energy in the lattice. To calculate approximately the value of this energy, 
it may be assumed that the ordinary elastic constants of the metal can 
be used, which means that the energy is taken to be a quadratic function 
of the atomic displacement. The curve of Fuchs (1935), giving the energy 
as a function of interatomic distance, shows that there is some deviation 
from the square law for such distortions in the case of copper. However, 
the order of magnitude of the result will be correct. Assuming that the 
compressibility of gold has the value 0*54 x 10 “^^ dyne/cm.®, we find, for a 
uniform dilatation of 10%, an increase of energy of 8*3 x 10^^ erg/c.o. For 
shear distortion, we obtain about half this value and, for simultaneous 
contraction and expansion in different directions, about one-third. These 
amounts are very large, being indeed comparable with the sublimation 
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energy of gold which is 4-2 x ergs/c.c. and thus such a distortion 
appears improbable. Using X-rays, Wood (1932) examined many metals 
which were subject to rolling. By measuring the breadth of the X-ray 
lines, he found that a maximum distortion was reached after which there 
was no further change. This maximum was generally small and always less 
than 1 %; in the case of some metals no broadening was detectable in the 
X-ray pattern. The idea that there is a saturation value for the distortion 
is confirmed by Taylor and Quinney (1934), who made observations of the 
mechanical work done on a metal specimen and the heat produced. X-ray 
investigations on deformed gold have been made by Boas {1^270^ b). The 
broadening of the lines is very small. He finds a change of only 0 - 05 % in 
the Bragg spacing corresponding to the breadth of the ( 422 ) line. On the 
other hand, the intensities of the lines are altered. These X-ray results are 
interpreted as showing that in deformed metal all the atoms suffer a small 
change of a fraction of 1 % in atomic spacing. In addition, small groups 
of the atoms undergo larger displacements—groups situated, possibly, at 
the boundaries of the crystal grains or around places where a ‘‘hole” has 
apjKsared. This type of distortion also gives rise to an energy change in 
agreement with the saturation value found by Taylor and Quinney (1934). 
It appears, therefore, that when electron waves are diffracted in gold which 
has suffered the maximum possible distortion, the interference rings will 
not be noticeably broadened and the diffuse rings obtained by electron 
diffraction from polished gold cannot be attributed to lattice distortion. 

The only hypothesis remaining is that, the diffuse rings are due to the 
smallness of the crystal grains or to some type of “amorphous” structure. 
The transmission photograph (fig. 2, Plate 12) shows three diffuse rings, 
while, by reflexion (fig. 1, Plate 12), only two are obtained. This is, however, 
in agreement with Hopkins's results (Hopkins 1935) as he found that, on 
removing a layer of depth 30 A from a polished surface, he obtained by 
reflexion more than two diffuse rings and, in the transmission experiment, 
we are certainly dealing with a layer of much greater thickness than 30 A. 
If we adopt the interpretation of small grain size, the fact that the (220^ 
and ( 311 ) interferences are merged to give the second diffuse ring shows 
that the dimensions of the crystal grains must be, on the average, from 
2 a to 3a (where a is the side of the elementary face-centred cube). It is 
therefore clear that the diffuse rings found by Hopkins (1935) in his various 
reflexion patterns were at least partly due to small grain size and his 
deduction from his observations, that there is an increase in grain size as 
the polished material is removed, apjiears to be reasonable. The present 
transmission experiments will give only an average value of the grain size 
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over a thickneHi^ of about 200 A and the polished layer in the immediate 
neighbourhood of the surface must therefore consist of very small crystal 
grains. It is necessary also to take account of the cases of antimony and 
bismuth discussed by Derbyshire and Dixit (1933) and Dobinski (1937)- 
These metals do not have a close-packed structure in the crystaUin© state 
and although, as was explained in the introduction, the interpretation of 
the reflexion patterns is open to some doubt, there is indication that the 
atoms are closely packed in the polish layer of these metals. It will thus 
be best to regard the polish layer on a metal as in Beilby’s picture (BeUby 
1921)—the atoms being in the positions they would occupy, at a given 
instant, in a monatomic liquid and the closest distance of approach of the 
atoms being assumed to be the same as in the crystalline state. Since ther^ 
are interatomic forces, a completely random distribution will not be 
probable in a liquid, and X-ray investigations have shown the presence of 
some quasi-crystalline structure in liquids. Thus Prins (1931) assumes a 
close-packed arrangement of the atoms in a monatomic liquid and Stewart 
(1930) considers that the atoms congregate into small groups, each group 
being similar to a small crystal grain. The groups, however, are not per¬ 
manent, dispersing and re-forming at different places as time proceeds. At 
any given time, such a liquid will not differ essentially from a conglomerate 
of small crystal grains, provided that there is the same type of packing in 
both cases. 

The fact that the polished layer, when freed from the base, shows a 
normal poly crystalline pattern after 15 hr. recalls a similar result obtained 
by Kirchner (1932c), He found that a film of cadmium iodide, which gave 
a diffuse ring pattern by transmission, underwent spontaneous crystal 
growth when left in the electron diffraction apparatus under fore-vacuum 
pressure overnight. It is, however, possible that this effect may be at least 
partly due in our case to the action of the electron beam on the specimen. 
In the case of a polished gold film on nickel (not stripped off) it was found 
that there was no change in the diffuse ring pattern after the specimen 
had been in the apparatus for four days under vacuum. Bruce (1937) has 
studied the crystal growth in the polish layer on a gold block and finds 
that, after heating in a vacuum furnace for 1 hr. at C., the polished 
surface consists of crystal grains of normal size. His observations were 
made by electron diffraction and also visually. 

The results of the experiments on polished chromium appear to be 
indecisive. The edges and top surface of the film were attacked during the 
thinning process and the pattern obtained can only be taken as confirmmg 
slightly the more definite evidence given by gold. 
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The author is very much indebted to Professor G. P. Thomson for 
suggesting this work and for invaluable help and encouragement; also to 
Mr R. Bruce for advice regarding the polishing of gold, 

Bummabv 

When electron diffraction patterns consisting of diffuse rings are 
obtained by Thomson’s reflexion method, their inter|>retation is uncertain 
since such diffuseness may be caused by the geometrical configuration of 
the surface of the specimen. The pattern of two haloes obtained by previous 
workers from polished metal surfaces cannot, therefore, be held to prove 
the existence of an amorphous layer of metal although there is some 
evidence in favour of this view. In order to eliminate this difficulty, a thin 
layer of gold was formed on a nickel base. The gold film was polished, then 
stripped off and examined by transmitted electrons incident normal to 
the film. In this case the pattern does not depend on the form of the surface 
of the film. The resulting pattern consisted of three diffuse rings. It was 
deduced that the film consisted of very small crystal grains and that the 
atoms in the polish layer of a metal are arranged similarly to the atoms in 
a monatomic close-packed liquid at a given instaiit. After a period of 
15 hr. the polished gold film yielded a pattern of sharp rings characteristic 
of polycrystalline gold, showing that crystal growth had taken place with 
a return to the normal crystal size. 


References 

Beilby, G. T. igoi Rep. /inf. Ass. p. 604. 

— igai Aggregation and Flow of Solids.” I-ondon; Macmillan. 

Boas, W. 1937 a. Z. Kristxillogr. A, 96, 214-24. 

— 19376 , Z. KrietaUogr. A, 97, 364-69. 

Bruce, R. 1937 Unpublished observations; to appear in his Thesis (London Uni¬ 
versity). 

Darbyshire, J. A. and Dixit, K. R. 1933 (V. 16, 961 74, 

Desch, C. H, 1922 “Metallography.” London; Longmans. 

Dobinski, S. 1937 PhU. Mag. (7), 23, 397-408. 

Finch, G. I., Quatrell, A. G. and Roebuck, J. S. 1934 Proc. Rag. So<.‘. A, 146, 676-81. 
French, R. C, 1933 Proc. Roy. Soe. A, 140, 637-52. 

Fuchs, K. 1935 Proc. Roy. Soc. A, 151, 686-602. 

Germer, L. H. 1933 Phye. Rev. 43, 724-6. 

Hopkins, H. G. 1935 Trans. Faraday 80 c. 31, 1096-UOl. 

Kirclmer, F. 19320 Nalurct Lond.^ 129, 646. 

— 1^9326 Ergehn. exakt. Naifurw. 11, 64“ ! 33. 

— 1932 Phys. 76, 676-96. 

1937 Ann. Phys.^ Lpz. ( 6 ), 28, 21-7. 



238 


W. Cochrane 


Leos, C. S. 1935 Trans. Faro^y Soc. 31, 1102-6. 

Hapsdorf, W. 1937 Ann. Phys.^ Lpz. ( 6 ), 28, 655-68. 

Prins, J. A. 1931 Naturwissenschqften^ 19, 435-42. 

Schulze, K. 1933 Phys. Z. 34, 24-38. 

Stewart, G. W. 1930 R*iv. Mod. Phy». 2 , 116-22. 

Tammann, G. H. J. A. 1925 Metallography.*’ Now York.* Chemical Catalog Co. 
Taylor, O. I. and Quiiiney, H. 1934 Proc. li&y. Soc. A, 143, 307- 26. 

Thotnaon, O. P. 1930 Proc. Hoy. Soc. A, 128. 649 61. 

— 1934 Phil. Mag. (7), 18, 640-56. 

Thoin«on, G. P. and Fraser, C. G. 1930 Proc. Roy. Soc. A. 128, 641--8. 

Wood. W. A. 1932 Phil. Mag. (7). 14, 666 - 66 . 


The spectrum of thallium chloride 
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[Plate 14J 

Introduction 

The results of a study of the spectrum of thallium fluoride (TIF) which 
have already been published (Howell 1937) contained so many points of 
unusual interest that it was considered desirable to extend the investigation 
to the other halides of thallium. 

In particular it was hoped to acquire suflicient information concerning 
the electronic transitions in TlCl to enable a comparison to be made of the 
electronic levels of this molecule with those of TIF. Furthermore, certain 
of the vibrational constants of TlCl, as listed in such reference works as 
Jevons’ “ Report on Band Spectra” (1932) and Sponer's ^‘Molektilspektren ” 
(1936) seemed so abnormal as to justify a re-examination of this spectrum. 

It has been studied in absorption by Butkow (1929) and by Neujmin (1934), 
but no work appears to have been done on the emission spectrum. Butkow 
found that bands appeared at about 3200 A when the temperature of the 
absorbing vapour was 280 ° C., and by raising the temperature to 530 ° C. 
he was able to develop the system to 3400 A. He also reported a continuum 
on the short wave edge of the system at 3106 A and another which stretched 
from 2476 to 2546 . He measured in all 49 bands and ascribed them to the 
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molecules TlCl^j and TlClj 7 . The analysis of the TICI 35 system proposed by 
him is represented by the formula 

V ^ 31036*0+ 4* 

Four of the bands could not be fitted into his scheme, and he suggested that 
they might belong to a weaker and overlying syst/em. At first sight this 
seems a reasonable possibility, os TIF and the halides of Ga and In all give 
8 |)ectra containing a doublet system of bands the members of which overlap. 
However, in none of these cases is there such a marked difference in intensity 
between the two systems as for TlCl. The large anharraonic factor would 
indicate a rapid convergence of the vibrational levels of the upper state of 
the band system and he assumed that the 3106 continuum was due to this 
dissociation process. In the present paper which describes both the emission 
and the absorption spectra it will be shown that Butkow’s analysis is in¬ 
correct and that there is no need to assume such a large value of 

Neujmin rej>orted that diffuse bands accompanied botli the band system 
and the 2610 continuum, the number of bands incireasing with temperature. 
He measured 13 on the red edge of the continuum and 4 on the violet edge of 
the band system and interpreted them as being due to transitions from 
successive v** levels to two unstable electronic levels. 

EXFJfiBlMENTAL 

The experimental method for developing both the emission and absorp¬ 
tion spectra of such a molecule as TlCl has already been described (Howell 
^ 937 )* The spectrum was surveyed from 1900 to 9000 A and the bands were 
photographed on a Hilger E J spectrograph having a dispersion of 6 A/mm. 
at 3200 A as compared with that of 17 A/mm. used by Butkow. The oontinua 
and diffuse bands were studied with a Hilger small quartz spectrograph. 
Iron arc lines served as wave length standards for the E1 plates whilst A1 
arc lines were used to measure the diffuse bands. Excluding isotopic heads 
and diffuse bands, 58 bands were measured. 

DlfiSOEIPTION OF THE SPEOTBUM 

The general appearance of the absorption spectrum may be seen from the 
accompanying plate. At a temperature of 180"’ C. a continuum apjjears 
having a maximum at 2520 and a red edge at 2630. At 200“ C. bands appear 
at 3220 together with a narrow continuum at 3110, both these continua 
being recorded by Butkow, Absorption also begins to take place in the 1900 
region and extends to higher wave lengths as the temi>erature rises. Between 
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360 and 400° C. diffuae bands develop on the low-frequenoy side of both 
oontinua, these being the bands studied by Neujmin. At about 450° C. 
another narrow continuum, hitherto unrecorded, appears at 2890 and at 
600° C. the band system has extended to 3470 and the extreme ultra-violet 
continuum has merged into that at 2630 which has itself joined on to that 
at 2890. 

The plate also shows higher dispersion spectrograms of both emission 
and absorption spectra between 3160 and 3500. As was the case with 
TIF the absorption is to a great extent a reversal of the emission. The bands 
are all degraded to the red and nearly all show a doubling at the head, the 
constant intensity ratio of the doublets suggesting an isotope effect. The 
emission spectrum consists only of the main band system, there being no 
sign of oontinua or diffuse bands even on over-exposed plates. 

Another feature common to this spectrum and that of TIF is the occur¬ 
rence of **transmission” lines in the absorption bands and “absorption** 
lines in the emission spectrum. 


Vibrational analysis 

Intensity considerations point to the group of heads at 3200 A as being the 
= 0 sequence. Each member of this sequence has an accompanying head 
which is considered to be a ^ head. On this basis the quantum scheme given 
in Table I has been built up. Although it is only in this first sequence that 
Q heads are visible, yet the bands in the other sequences show gaps in the 
band structure similar to those observed in TIF (the “transmission” and 
“absorption ” lines already referred to), and the same interpretation is given 
to them here, viz. that they mark the position of the band origins. Actually 
it is doubtful if the bands of the first sequence have true Q heads. They 
certainly have R heads and Q or (and) P branches and a distinct region of 
missing lines at the origin, and it is this dividing region that gives the 
structure a head-like appearance. 

Measurements made on both origins and R heads are included in Table I, 
and as was found to be the case with TIF, AO values based upon origins are 
more consistent than those calculated from R head data. All the T1C185 
» bands measured have been fitted into this scheme. The following quantum 
formula represents the wave numbers of the band origins: 

V « 31064*2 - 287*47(1^" -h i) + 1 ‘24(1/ -h|)* + 216*91(t;' + i)- 6*80(v' + J)*. 

The 0-C values which are given in Table IV range from - 2*3 to M a«id 
their algebraic sum is -0-6. 
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Fig. 3. The TICI spectrum, (a) Absorption at various temperatures; (b) absorption band spectrum; 

(c) emi.‘^on band spectrum. 
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The frequency 287-47, which is that of the ground state, since the system 
can be obtained in absorption, is not sensibly different from that given by 
Butkow, viz. 284-8, if it be remembered that his value refers to R heads, 
but is very different, being 216-91 as against 671-6, The value proposed 
here is more reasonable eus it is smaUer than c>" as is the case with TIF. The 
actual values of the ratio for TIF are M8, 1-32 and 1*3, whilst that 
proposed for TlCl is 1*32, Further, there is no need to postulate abnormal 
anharinonicity in the upper state as x' is quite of the usual order of magni¬ 
tude, Another feature which supports the present analysis is the variation 
of the separation of R head and origin with v shown in Table II. This 
increases as increases and decreases as t/ increases, which is to be expected 
for red-degraded bands. 

The reason for the marked difference between this and Butkow^s analysis 
is that Butkow assumed the R and Q heads of the 0, () band to be the R 
heads of the 0, 0 and 1, 1 bands, i.e. he considered the R-Q branch separation 
to be a sequence difference. 


ISOTOPK KFFKOT 

The abundance ratios of the Cl and T 1 isotopes are CI 35 /CI 37 « 100/31-4 
and Tlg^jj/Tl^Qj « 100/41-6, and the molecules TI 205 CI 35 , TI 205 CI 37 , TI 203 CI 35 
and TI 203 CI 37 will therefore be of relative abundance 100 : 31-4 : 41-6 : 13-0. 
The factor p representing the ratio of the reduced masses in terms of the 
most abundant molecule TI 206 CJ 35 has the following values: 0*9769, 1*0007 
and 0-9776 respectively. 

For a given band the isotope separation is proportional to p — I, and the 
general isotopic pattern is shown in fig. 1 for a band on the long-wave side 
of the system origin. 





Fig, 1. Isotopic pattern for TlCl. 
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The separation of the T1 isotopes is only 1/33 that of the Cl isotopes and is 
too small in the present work for them to be resolved. The smallest Cl isotope 
separation measured is 2 * 6 cm.“^ and a T1 isotope separation of the same 
size would correspond to a 01 separation of 86 cin.“^, whereas the largest 
actually measured is only 69*0 cm.^ 

The Cl isotope effect has been calculated from the exact relation 

{io'y - o)iu^) - (p" -1) (4 *“ < 

where u — + J. 

As the measurements have been made upon H heads the following B head 
formula has been derived for the TI 205 CI 35 heads and the appropriate con¬ 
stants used in the above expression: 

= 31079*6+5-15^/2--.284 + 

The agreement of the separations so cakmlated with those measured for 
38 bands is such that the average 0-C value is less than 1 and is 

strong support for the proposed analysis, as a change of ± 1 in either v' or 
v'" would change the theoretical separation by a much larger quantity. 

Usually the separation - p increases almost linearly with the distance 
from the system origin. However, those bands marked with a cross on the 
plate and which only appear in absorption provide an exception to this 
''rule’\ for their isotope effects are visibly larger than those of the 3, 3 or 
1,2 bands which are in between them. These bands fit into the 4,4 and 5, 4 
positions in the quantum scheme, and their calculated and observed isotope 
effects are in such excellent agreement as to justify this allocation of 
quantum numbers. That the effect for the 5, 4 band apiKjars to be too large 
is due to the fact that the squared term in the isotope separation expression, 
normally small in value, here contributes more than the first power factor, 
thus making the approximate linear relation inapplicable. 

The eleotronio states ok TlCl 

The close resemblance of the spectrum to that of TIF suggests that the 
electronic transitions are similar in the two eases, and it is therefore very 
probable that certain, if not all, of the electronic states of TlCl may be 
identified by analogy. For this reason the energy diagram of TIF is repro¬ 
duced in fig. 2 . A comparison of the two spectra shows that: 

( 1 ) Both have an extreme ultra-violet continuum. 

( 2 ) Whereas TIF has a band system and a continuum around 2200 A, 
TlCl has a continuum and diffuse bands around 2600 A. 
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(3) Both have a weak continuum near the main bands. 

(4) TlCl has only a singlet band system, whilst the corresponding TIF 
system is doublet. 

(6) A eontinuum and diffuse bands accompany the band system in 
TlCl. 



Fia» 2. Energ\’ levols of TIF and TlCl. (The r values are quite arbitrary.) 

Examination of Table I shows that no bands associated with v' levels 
higher than 6 are observed, suggesting that predissociation takes place above 
this level. The existence of an unstable level cutting the upper state of the 
band system is borne out by the fact that difiuse bands and continuum 
appear on the short-wave side of the bands. The long-wave edge of the 
continuum is at 3122 A, and consequently a transition from v' = 0 in 
absorption to this unstable level involves an approximate energy change of 
32000 cm.A transition from v* = 0 to v' = 5 (the highest vibrational 
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level) corresponds to an energy change of 31900cm.^^, thus making it 
almost certain that it is this unstable level which cuts the upper level at 
v' = 5. 

The doublet TIF system was considered to be due to transitions, 

the upper states being members of a triplet electronic state having an 
extreme case coupling. The predissociating state A (see fig. 2 ) is possibly a 

It is possible that the TlCl band system is due to a It;^2^+ transition. 
The level which produces predissociation may be the 0 *^ component of this 
multiplet, and the up})er state A of the weak continuum at 2900 is probably 
analogous to the A state of TIF which is the upper state of a similar weak 
continuum. The state in TlCl is probably the upper state of the diffuse 
band system, an allocation which is supported by the fact that the transition 
is the strongest in the spectrum. The existence of the far ultra¬ 
violet continuum is to be attributed, as with TIF, to a transition to an 
unstable level 0 , 

A glance at the completed energy diagram shows that the electronic 
levels of TlCl are lower than the corresponding ones of TIF, which is to be 
expected as TlCl is the heavier molecule. 

Further support for this proposed identification of the energy levels is 
found by examining the energy systems of the analogous molecules GaCl 
and InCl. The reduced masses of these molecules are of the same order, viz. 
GaCl 38*2, InCi 44*2 and TlCl 49*3, and therefore corresponding spectra 
should lie in the same region. Miescher and Wehrli ( 1934 ) find that for 
the 1 rt; ^2" ^ transitions in the case of GaCl and In Cl are 29855*7 and 
28560*2 cm. respectively, these values being sufficiently close to the of 
the TlCl system to justify the view that this TlCl transition is also 1 5:;: ^ 2 ^+ 
rather than ^//^2’'*' as suggested by Miescher and Wehrli. 


iNTJffiNSITy DISTRIBUTION 

In Table III is shown the intensities of all the TICI 35 heads graded from 
0 to 10 , the values being visual estimates made from enlargements. The 
most intense bands lie on a very narrow Condon parabola, a feature which is 
characteristic of most halide spectra. 

It has been remarked that the absorption spectrum is for the most part a 
reversal of the emission, and as more bauds have been measured in absorp¬ 
tion than in emission the former have been chiefly used in constructing 
Table III. However, for all bands on the short-wave side of the 0 , 0 band 
the intensities refer to the emission spectrum because the presence of diffuse 
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bande in this region of the absorption spectrum produces abnormal 
intensities, as can be clearly seen from fig. 3 (plate 14), 





Table III. 

Intensity distribittion 
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Such a general similarity in the emission and absorption intensities was 
also found with TIF, and it was then shown to be a consequence of the 
existence of prodissooiating electronic levels. It was also suggested that 
such a similarity in intensities could be taken as evidence for predissociation. 
It has already been shown that predissociation occurs with TlCl. 


Classification 

All the bands measured are classified in the usual manner in Table IV. 

No data are presented for the diffuse bands as they can be found in 
Neujmin’s paper. 

The authors desire to express their gratitude to Professor W. E. Curtis, 
F.R.S., of King’s College, Newcastle-upon-Tyne, where this work was 
carried out, for his interest and assistance. One of us (H. C, H.) is also greatly 
indebted to the Department of Scientific and Industrial Research for a 
grant and to Professor A. C. Menzies of University College, Southampton, 
for the facilities placed at his disposal for the completion of this work. 

Summary 

The spectrum of TlCl has been studied in absorption and also in emission 
by means of a high-frequency discharge. Continua and diffuse bands to¬ 
gether with a discrete band system have been found in absorption within 
the region 2600-3500 A. The band system also occurs in emission. It is 
considered that the transition ie I tz the levels having the following 
constants; 


Level 

V 



1 

31064*2 

210*01 

6-80 


0 

287-47 

1-24 
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Table IV. Classification of TlCl bands 


A (A) 

I 

u 

0 -C 

))', v" 

8675 « 

0 

27959 


i, 14K 

3566 7 


28029 


4, 14K‘ 

3667-S 

0 

28099 


5. UiJ 

3543'5 

1 

28213 


4. 13K 

3525-2 

0 

28359 


5, ISR 

3510-8 


28475 


4. 12« 

3603-8 


28632 


4. 12U‘ 

3498-26 

0 

28677'6 


3, 11« 

3492-33 

1 

28626-0 


5, I2n 

3487-18 

1 

28668-2 


2, lOJt 

3478 42 

0 

28740-5 


4, 11 K 

3477-40 

0 

28748'9 


1 . 911 

3471-96 


28793-9 


4, 11«‘ 

3470-95 


28802-3^ 


1 , 

3466*46 

1 

28839-6 


3, lOfi 

3461-17 

1 

28883-7 


6 , UK 

3455-37 

1 

28932-1 


2, 9R 

3446-80 

0 

29004-2 


4, lOR 

3446-20 

0 

29017-6 


1 , HJf 

3441-48 


29049-0 


4, 10/C 

343996 


29063-5 


1 , 8R‘ 

3434-80 

0 

29105-4 


3, »// 

3429-46 

0 

29150-7 

5, 

10 Rand 





3, 9R' 

3424-11 


29196-3 


5, 10/C 

3423-43 

0 

29202-1 


2, HR 

3415-53 

0 

29269-6 


4. 9R 

3410-46 


29313-2 


4. 9JC 

3403-26 

1 

29375-2 


3, HR 

340M6 

0 

29393-4 


1, 7R 

3398-49 

0 

29416-4 

p 

i, 9R and 





3, HR’ 

3393-95 


29466-6 


5, 9R‘ 

3391-62 

1 

29476-0 


2, 7R 

3387-25 


29514-0 


2 . 7R< 

3384-56 

0 

29537-5 


4, HR 

3380-29 


29574-8 


4, HR’ 

3372-04 

2 

29647-2 


3. 7R 

3368-38 


29679-3 


3, 7R< 

3367-78 

0 

29684-6 


6 , HR 

3363-77 


297200 


6 , HR’ 

3361-77 


29737-7 


2 . 6 

3360-39 

1 

29749-9 


2, 6R 

3367-00 


29779*8 


2 , 6R‘ 

3353-93 

1 

29807-2 


4, 7R 

3362-32 


29821-6 

0-8 

1 , 6 

3360-40 


29838-6 


4, 7R’ 

3349-98 

1 

29842-3 


1 , 5R 

3346-92 


29869-6 


1 , 6R’ 

3341-42 

2 

29919-2 


3. 6R 

3338-32 


29946-9 


8 . 6R‘ 

3337-28 

1 

29956*9 


6 , 7R 

3333-97 


29986-7 


6 , 7R‘ 

3331-18 


30010-8 

0-8 

2, 5 

3329-88 

2 

30022-1 


2 . 6R 


A (A) 

I 

y 

0-C 


3327-28 


30045-9 


2 , 

3323-49 

3 

30080*0 


4, 6 B 

3322-32 


30096-3 

0-6 

1,4 

3320-67 


30105-2 


4. an* 

3319*60 

3 

30115-5 


1 , 4i? 

3317-08 


30138-0 


1 . 4/?^ 

3313-63 


30170-6 

0-5 

0 . 3 

3311-01 


30193-6 

0 , 

, 3Ii and 





3. 67? 

3308-70 


30214-7 


3,6Ii* 

3300-90 


30286-1 

0-6 

2.4 

3299-72 

7 

30296-8 


2 , 4R 

3297-77 


30314-8 


2 , 4Ii* 

3293-62 

2 

30353-0 


4. 57? 

3291-40 


30374-0 

0-6 

1,3 

3289-61 

8 

3i)390-0 


1, 37? 

3287-92 


30405-6 


1 . 37?^ 

3283-09 


30460-4 

0-3 

0,2 

3281-40 

3 

30466-1 


3. 47? 

3280-56 

3 

30473-8 


0 , 2/i 

3279-18 


30486-7 


0 , 27e< 

3270-92 


30563-6 

0-5 

2,3 

3270-03 

7 

30572*0 


2, 3if? 

3268-82 


30583-3 


2 , 3i?* 

3263-60 

2 

30632-2 


4,47? 

3262-37 


30643-8 


4, 47?* 

3261-37 


30662-6 

-0-8 

1,2 

3259-90 

8 

30666-9 


1, 27? 

3268-94 


30676-0 


1 , 27?< 

3253-19 


30730-2 

-2-4 

0 , 1 

3251-30 

3 

30748-1 


3, 37? 

3250-78 

7 

30763-0 


0 , 17? 

3249-76 


30762-6 


0 , li?< 

3248-23 

1 

30777-1 


6 , 47? 

3241 33 


30842-6 

-0*6 

2 . 2 

3240-62 

9 

30849-4 


2 , 27? 

3239-99 


30866-4 


2, 27?< 

3233-94 

1 

30913-1 


4. 37? 

3231*60 


30936-5 

-0-4 

1 , 1 

3230-39 

10 

30947-1 


1, 17? 

3223-15 


31016-6 

-1-0 

0 , 0 

3220-87 

10 

31038-6 


0 . 07? 

3211-98 


31124-4 

-1-2 

2 . 1 

3211-44 

1 

31129-7 


2 , 1/? 

3205-14 

1 

31190-9 


4,27? 

3201-96 


31222-0 

1-1 

1,0 

8201-62 


31226-2 


l,0i?< 

3201-36 

2 

31227*8 


1 , OJ? 

3193-66 


31303-0 


3. li?^ 

3193-36 

1 

31306-9 


3, 17? 

3183-30 


31404*8 


2,07?* 

3182*64 

2 

31411*4 


2.07? 

3177*18 


31466-8 


4, 17?* 

3176-66 

0 

31471*6 
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The analysis of this system given by Butkow is shown to be incorrect. 
Predissociation occurs in the band system and is probably responsible for 
the band intensities being the same in both emission and absorption. An 
attempt to identify the electronic levels of TlCl based upon the similarity 
of the S}>eotrum to that of TIF has been made. 

No sign of the isotope has been detected, whereas the Cl isotope 
effect completely supports the proposed analysis. 
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/3-Transitions in a coulomb field 

By F. Hoylk, Emmanuel College, Cambridge 

(CommunirM.ted by R. H. Fowler, F.R. 8 .—Received 31 January 1938) 

1. Introduction 

The theories wiiioh have been put forward (Fermi 1934; Konopinski and 
Uhlenbeck 1935) to explain /S-decay have been worked out in detail only 
for allowed transitions. It is desirable to give some discussion of forbidden 
transitions, and to find the possible modifications of the electron energy 
spectra. 

Following Fermi I postulate that it is possible for a neutron to transform 
itself into a proton, emitting also an electron and a neutrino. The whole 
process is supposed to take place at a given point in space. That is, the 
proton, electron, and neutrino all appear at the point at which the neutron 
disappears. To give a quantitative theory of such a process it is necessary 
to add to the La.grangian of the neutron, proton, electron, and neutrino, 
from which their wave equations are usually derived, a new term which is 
linear in the wave function of each particle, and which is Lorentz invariant. 
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There are many terms of this type, and I have discussed previously (Hoyle 
1937) the form of the electron energy spectra to which certain of them give 
rise. It does not seem possible,f however, to give a complete and consistent 
theory except when the new term in the Lagrangian contains no derivative 
of the wave functions (Fermi case), or perhaps, when there is a single 
derivativeof the neutrino wave function (Konopinski-Uhlenbeok~‘*K.-U. ** 
case). My previous discussion (Hoyle 1937) of these latter terms containing 
a derivative of the neutrino wave function applies only to light nuclei in 
allowed transitions. 

The results for heavy nuclei differ from these, in that the wave function 
of the electron near the nucleus is modified by the coulomb field. As Fermi 
has shown this dependence gives rise to a further factor 

I r(a+l+iyW(W^-l}-~i)ir(2a + 3) (2piJ/ft)** 

in the transition probability, where y = 2/137 and « = (1 — y*)* — 1, p is the 
electron momentum, i? the nuclear radius, and W is the electron energy 
including the rest mass in units of 

It will be shown that there are three different M^ays of obtaining a forbidden 
transition. These will be treated separately with a qualitative discussion 
of their relative orders of magnitude. The selection rules for the total, 
orbital, and spin momenta, which govern both allowed and forbidden transi- 
tions, will also be deduced. The phraseology ‘'forbidden transitionand 
allowed transition ” is to be taken throughout as referring only to the order 
of magnitude of the decay constant. For example, '‘allowed transition'^ 
means “on the first Sargent cui’ve”, whilst “first and second forbidden 
transitions” mean “on the second and third Sargent curves” respectively. 


2. The transition probability 

Writing the wave functions of the four particles, neutron, proton, electron, 
and neutrino, as sv, w, ^ respectively, the probability of ;tf-decay in the 
one-body problem depends upon the matrix element 

where J'..., A",.. are spin and derivative operators such that 

(u^A\,.v) 

t For example, the luothocl given by Fierz (1937) cannot be applied to more than 
one derivative of the wave functions. 
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ifl Lorentz invariant. In the special case of a single derivative of the neutrino 
wave function the above matrix element may be written as 

in which both d<f>ldx^ and are the component 

of a tensor. This latter expression must now be generalized for nuclear 
transitions, in which there may be several heavy particles capable of 
yj-disintegration. 

The initial wave function of the nucleus will be written as 

^(^iPv • *M I ^m+l^m+V ' ”y^nPn)i 

w'here are the space and spin co-ordinates of the particle in the rth 
position, and the suffices 1, ...,m refer to the neutrons, and 1,w to 
the protons, in the initial nucleus. The wave function of the nucleus after 
the neutron in the rth y>o8ition has undergone a yJ-transition may be 
written as 

^(^1 Pv ^ 2 P 2 i * • • > ^r~l Pr-V 1 Pr+1* • • • > Pm I Pr^ f 1 Pm^X^ • • • > Pn)* 

Then the probability of electron emission f will be proportional to 

5r 11 2 /flrPr 

\p%p%,..pTpf •••pn 

X pi, M Pr-W •••y^mPm I ^'rPff 11» * * ’ » 

>: (I^(^rP)• )pp- f j dr^...dT„ , 

\pp' f 

the integration being carried out over the space co-ordinates x,, I 

wish to consider in detail chiefly the integration and summation over 
and deflne a new function which is equal to the above expression 

after omitting the summations over pj, and the integration over x,. 
This function simplifles the writing of the above expression to 

It may be noted that since the wave functions <P, W are each antisym- 
metrical functions of the co-ordinates of both the neutrons and the protons, 
the same integral is obtained for each value of r in the above expression. 

t This is a generalization of the xisual formula in the single-body problem, and is 
given, for example, by Nordheim and Yost (1937)- 
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The neutrino is a free particle, and the form of its eigen states of linear 
momentum are known, but before discussing the xjropertiefl of the integral 
the positive energy sohitions of the electron wave equation are also 

requned. A summary of the properties of such solutions is given in the 
Apjiendix, the full details having been discussed, for exam]>le, by Hulme 

{1931)- 


3. Allowed and forbidden transitions 

The components ofthc function may be expected to have different 

orders of magnitude. This would arise in a similar way to the small 00m- 
|>onents in the Pauli reduction of the Dirac equation for a single slow- 
moving particle (Bethe 1933, p. 304). In this case the/) = 1,2 components 
differ from the/) = 3 , 4 components by a factor which is of order vjc, which 
taking v as the velocity of a nuclear particle is about 1/10. Now if it is 
assumed that a relativistic equation can be formulated for the whole 
nucleus, each spin co-ordinate having the values 1 , 2 , 3 , 4,1 expect a similar 
reduction to a non-relativistic Schrodinger equation, in which the only 
components of 0, W which occur will be those in which every spin co¬ 
ordinate is 3 , 4 . It is useful to consider the analogy with the case of a single 
heavy j)article still further. One knows, in this latter case, that if one 
expresses the small components in terms of the large (‘omponents, then the 
(iontribution of largest order is from the space derivatives of the large com¬ 
ponents. These space derivatives give the factor v/c. I wish to take over this 
result for the different comj)onents of the nuclear wave functions (P, when 
the value of a given p is changed from 3 , 4 to 1 , 2 (all other spin co-ordinates 
having values 3 , 4 ). 

That is, if 0 " are written for the comjjonents of 0 when the particular 
p has the values 1 , 2 , and 3 , 4 , respectively, all other p's having values, 3 , 4 , 
I assume that we shall then have a relation, which is, to the first order of 
approximation in the ratio of 0', 0'', 

= i 

where are the Pauli matricies, and is the analogue of ^mr 2 ( 0 / 9 x^ 
in the single-body problem being the vector potential (Bethe 1933, 
p. 305, equ, S' 4 ). There will be a similar relation for the components of the 
wave function W, and if we make similar definitions this will be 
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where is similar, but not identical, to P*. It will be of importance later to 
notice that the operators P^., may be supposed to change sign, with a 
change of sign of the space co-ordinates. It is now expected that if in the 
relativistic equations of motion for the nucleus all components of the wave 
function which have any spin co-ordinate except Pj, different from 3, 4 are 
neglected, and if I approximate further by using a first-order expression (of 
the typo given for W'} when/>,. = 1,2, then the— 3, 4 components will 
have the same space distribution. That is, for this approximation the spin 
dependence upon py. is independent of the space dependence upon x^. This 
approximation is termed neglecting spin forces'*, and this case is to be 
regarded as giving the first approximation. In treating the second apj)roxi- 
mation it is necessary to consider, for example, both the second-order terms 
in the above expressions for and also the first-order terms in the 

expressions for the components of 0 , W, in which two spin co-ordinates have 
the values 1 , 2 . 

I shall confine myself to a discussion of the first approximation, treating 
first the case in which is the spin variable of the particle making the 
transition. This is a special case, since the spin co-ordinate of the transition 
particle is operated upon by .4^ ... in our matrix element. The summation, 
in the matrix element, over all spin co-ordinates exceptwill now be only 
over the values 3, 4. The product function XfirM have 16 components 
of which we regard 4 as “large ”, 8 components will differ from the “ large ” 
components by a factor of order whilst 4 components will differ by a 
factor of order ^^"5 . These will be 

“ large*’ components; 

and differing by a factor of order 

differing by a factor of order 

Each of the functions Xpl (®r) expanded in a series of spherical 

harmonics. In the integration of these functions over the co-ordinates x, 
a result which differs from zero will be obtained only from the spherical 
harmonic which is of the same order as the spherical harmonic given by 
the wave functions of the light particles. Now it is known that the light 
particle wave functions which have different spherical harmonic dependences 
have different orders of magnitude near the nucleus. The results required 
for these wave functions can be written down from the Appendix. 

If I treat the light particle wave functions as constants, then I take G^, 
for the electron, and consider the neutrino wave function as constant 
over the nucleus. The form of the electron energy spectrum depends only 
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upon the form of the electron and neutrino wave functions, and this case 
gives a distribution which will be termed the “allowed distribution form” 
This is 

^ |/’(« + 1 + iyW( - 1) - »)//’(2s + 3 ) * (2pjR/A)*» 

The value of A will depend upon which component of (^r) considered. 
Distributions of this type are obtained for all components, but A will have 
different orders of magnitude in accordance with the different orders of 
magnitude of the components of 

If now only a first-order harmonic, cos say, from the light particles, will 
give an integral different from zero, there are three ways of obtaining such a 
COB d dependence: 

(1) Take Fq, x electron, and consider the neutrino as constant 

over the nucleus. We shall obtain a distribution which is of the “allowed 
form”, but the transition probability wUl contain a factor of order Jy®. 

(2) Take for the electron and again consider the neutrino as 

constant over the nucleus. The electron energy distribution will now differ 
from the allowed form by an extra factor (* — 1), whilst the decay constant 
will be decreased by a factor of order 

( 3 ) Lastly, take for the electron and consider the first-order 

variation of the neutrino wave function over the nucleus. This gives a 
distribution which differs from the allowed form by a factor (- If)*, and 
the dec^y constant is decreased by a factor (Bethe and Bacher 1936, 
P- 19s)* 

It is noted that the selection rules for these three cases will be identical, 
and that it is necessary to compare the orders of magnitude of the decay 
constants given by each case. It is convenient to write the second and third 
cases together as giving a distribution 

(^)* X {“ allowed distribution ”} x {a(If 2 _ j j ^ 

where a, b are at most of order unity. This we call the ‘‘first modified form 
It will only be comparable in magnitude with the first case when y is very 
small, that is, for very light (2 ^ 20) elements. This point is, however, 
dependent upon treating the solutions of the electron wave equation, which 
assumes the nucleus to act like a point charge, as a good approximation even 
for radii of nuclear dimensions. 

There are again many possibilities if I require the possible light pwrticle 
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wave functions which give a second-order spherical harmonic, cos*^ say. 
These are: 

( 1 ) Take treat the neutrino wave function as constant, 

(2) Take jFJj, and the first-order variation of the neutrino wave 

function over the nucJeus. 

( 3 ) Take 0 ^, and treat the neutrino wave function as constant. 

( 4 ) Take ®*nd the first-order variation of the neutrino wave 

function over the nucleus. 

( 5 ) Take and the second-order variation of the neutrino wave 

function over the nucleus. 

Each of these possibilities will again have the same selection rules, and it 
is necessary to compare their orders of magnitude. If I take 3 , 4 , and 5 
together I obtain approximately a distribution 

X {“allowed distribution*'} 

X {a( - 1 )* + 6( If 2 ^ 1) (ITo - W)^ + c( Ifo ~ W)^}, 

where a, 6, c are at most of order unity. This distribution is termed the 
“second modified formTaking 1, 2 together gives 

X (“aUowed distribution"} x {a(If2« l) 4 -ft(ffo"- W)^}, 

where a, b are again at most of order unity. It can be seen that 1,2 give the 
“first modified form ", and that this will be the effective distribution except 
for very light elements. 

The three cases where zero-, fij’st-, and second-order spherical harmonics 
are taken from the wave functions of the light particles are separately con¬ 
sidered, and it is seen that they lead not only to transition probabilities with 
different orders of magnitude, but also to different possible electron energy 
distributions. It is therefore convenient in discussing the selection rules 
obtained from the different components of xZ M these three 

oases separately, since if it is supposed that for any component there is the 
same selection rule in two different oases (for example, in both the case where 
we consider the wave functions of the light particles as constants, and where 
they give a cos (9 angular dependence), then the only case that need be con¬ 
sidered is that which gives the largest transition probability, that is, the 
case in which the light particle wave functions give the spherical harmonic 
of least order. 

To detmmine the selection rules for these various transitions it is necessary 
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to know the form of the spin operators but before disoussing the 

possibilities for these operators, it is useful to point out a general method for 
determining a selection rule. A full discussion for the case of a single particle 
moving in a central field is given by Dirac ( 1935 ), and also of the generaliza* 
tion to the many-body problem when the Hamiltonian has a vector form in 
the co-ordinates (Dirac 1935 , § 44). In the single-body problem the magnitude 
of the orbital angular momentum I changes,by ± 1 (in units of h), whilst in 
the many-body problem we can only deduce that I changes by 0 ± 1 (if Z == 0 
then the transition dZ = 0 is forbidden). This arises because, if (L^., Ly, L^) 
is the orbital momentum vector, the expression + L^z) is always 

zero in the one-body problem but is not necessarily zero in the many-body 
problem. 

The above work, for a Hamiltonian which is of vector form in co-ordinates 
(a?,y,z), can be extended to the case of a Hamiltonian which contains a 
general vector (A^yAy.A^), For if I denote by the com¬ 

ponents of the total angular momentum i, then (M^,, My, M^) will be the 
rotation operators for the system, and therefore the vector ( Ay, A^) will 
have the same commutation relations with {M^,My,M^) as (x,y,z) had 
with {Ly., Ly, Jvg) in the case given by Dirac. It can therefore be deduced that 
i must change by 0 ± 1 (although if i = 0, Ai « 0 is forbidden). If {A^, Ay, 
A^) is a vector which depends only upon the space co-ordinates, then 
( Lj,, Ly, L^) will have the same commutation relations with this vector as the 
components of the total angular momentum, then also Al ^ 0 ±l. If, how¬ 
ever, (Aa-, Ay, A^) is a pure spin vector, and I define (S^-^ 
components of the spin momentum S, then (S^^, Sy, S^) will have the same 
commutation relations with the vector as have (M^, My, M^), and Ai = 0 ± 1, 
Al « 0,A;S = 0± 1. Forthecasesin which (A a;, Ay, Ajp) is neither a pure space 
nor spin vector it is necessary to resolve it, in order to determine the selection 
rules for I, s, into a sum of products of vectors, each of which is a pure space 
or spin vector. It is useful then to remember that for a non-vanishing matrix 
element, for a Hauniltonian which contains a vector component A^, we must 
have AM^ ^ 0, AZ/^ - 0, AM^ ^ 1, AL^ ^ 1, h) if A^ depends only upon 
the space co-ordinates, and AJ14 = 0, AS^^ = 0, AM^ = 1, AS^ = I, (jVi) if 
Ajfc depends only upon the spin co-ordinates. The selection rules for a 
Hamiltonian which contains a product of vectors can be worked out by 
successively applying this latter result. 

I. Adopting the y?-decay interaction proposed by Konopinski and Uhlen- 
beck, we have 
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where aj, a^, are the Dirac matrices, and 

' 7o = ~«m. Yk = «»«/.. itt = 1, 2, 3. 

I have to consider the integral 

It is convenient to consider separately the selection rules for the groups of 
comi>onents of X^i^r) = 3 , 4 , = 3 , 4 ; = 3 , 4 , p' =:= 1 , 2 and 

Pj. “ 1 , 2 , p' = 3 , 4 ; and p^ = 1 , 2 , p' =: 3 , 4 . 

(1) Treating these in turn I obtain thep^ = 3 , 4 ,p^= 3 , 4 components only 
with p “ 0 in the above integral (a). 

If I take wave functions which are constant for the light particles then 
I have the selection rule t 

Ai = 0, Al = 0, A 8 == 0. 

If now wave functions for the light particles are taken whiuh have a first' 
order spherical harmonic dependence, for example, those wave functions 
which give cos 6^, then we shall have a vector form for the Hamiltonian, and 
the selection rules f are 

Ai=^ 0 ±l, Al^()±ly As = i), 

since cos^ is a vector component depending only upon space co-ordinates. 

The selection rules f when, for example, a cos^6^ term is taken from the 
light particle wave functions, are 

/ji:=0±2, JZ-0±2, As^O, 

since the Hamiltonian is now a product of the com]:)onent8 of two space 
vectors. It has been seen that the probability of transition in this case is 
much smaller than in the case where constant w^ave functions for the light 
particles are taken, and we may therefore reject here the Ai - 0 , Al - 0, 
0 selection rule, since if this is satisfied, then the integral will not 
vanish in the ease where we take wave functions for the light particles which 
are constants. 

(2) The p^ 1, 2, p' == 1, 2 components occur also only for p = 0 in the 
integral (a). If I wish only to consider elements which lie on the first, second, 
and third Sargent curves, then I may derive the required results by treating 
the light particle wave functions as constants, since these components of 

t These seleotiou rules are only approximate* as I, « are ealculatt'd only from 
the largest oompononts of the nuclear wave functions as in the Schrotiinger theory. 
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X%{^r) will already give a factor of order ^he decay oomtant. 

Remembering that ^ product of the components of the wave 

functions 0, W (integration being carried out over all space co-ordinates other 
than Xj., and summations for the values 3 , 4 over all spin co-ordinates except 
Py), in wliioh one spin co-ordinate only has the values 1, 2, I can express 
X%^\\\{^r) terms of nsing the relations given above for 

0 ^", 0 ' and Wy W\ The Hamiltonian will now contain the factor 

i ( 2 (0-t-Pfc)/vPr" 

and tiiis factor may be written symbolically as 

2 {X(Xr)(<^kPk)io-jQf)}, 

where we understand xi^r) mean the function with the four components 
X^pX\\\{^r)* The product {(Tj^Pf^) {ar^Q^) gives a spherically symmetrical term 
(P^ + Py + Pe Qz) which gives the selection rules 

Ai 0, Al^ 0, As =a 0, 

and also terms of the type (T^(PxQjf'-PyQx) which is the product of the z 
components of a spin vector, and an axial space vector. These latter terms 
give the selection rules, 

Ai ^ Oy JZ = 0±1, -d 5 == 0 ±l. 

Finally, I have to examine the selection rules for the components 
4;-i:S(»r) and X?;-siK^r)’ I mnst nowput/t = 1, 2, 3 in (A^), and use either 
the relation between 0", 0' or W, W, obtaining Hamiltonian terms which 
can be written as 

3 

1 X%)(orkAk)^S, 

where x{«r) again represents the four components and A,, is one 

or other of the vectors P*, Q^. These components will contribute a factor 
xJjr transition probability, and it is necessary only to consider the 

two oases where the light particle wave functions give a constant term, and a 
first-order spherical harmonic, in order to include all elements on Sargent 
curves not lower than the third. If the light particle wave functions are 
treated as constants, then our selection rules are 


dia«0± l, da »0+1, 
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but if we take, for example, a cos d dependence, then the selection rules will 
be 

d'/ = 0±l±2, M^0±l±2, zj5 = 0±l, 

and if i = 0, Ai = 0 is forbidden. 

I now collect the results, on the form of the electron energy distributions, 
the order of magnitude of the decay constant, and the selection rules. The 
odd-even character of the transitions has been omitted above, but is easily 
added when we remember that oosd is odd, co8^0 is even, and are 

both odd, all for changes of sign of the space co-ordinates. 

It is now easy to see from Table I to which forbidden transition the 
various selection rules correspond. Many of the selection rules can be dis¬ 
carded as having no practical application, since for a given forbidden transi¬ 
tion it is necessary only to consider the selection rules which differ from those 
for forbidden transitions of lower order. 


Table I. The selection rules and electron distributions in 

THE K.-U. CASE 


^ Taking a cob ^ 

Components Taking light particle dependence from 

of wave functions which the light particle 

considered are constants wave fimotions 


Taking a cos* 
dependence from 
the light particle 
wave functions 


Aa=:0 
Even-even) 
Odd-odd / 
(a.d.f,) 


= 1 , Al^0± 1 , 

Aa = 0 
Odd-oven) 

Even-odd/ 
ly*x(a.d./,) and 

(A)* (^hf) 


d/ = 0±2, d/ = 0±2, 


Even-even) 
Odd-odd / 


ir* (*V)* “O'! 




Odd-even ) 
Even-odd / 
(lb) • (“•'^■/■) 


= 0 ± 1 ± 2, 
^i=()±l±2, 
dtf=0±l 
Even-even \ 
Odd-odd / 

ir*(Tb) («•<*•/•) 

(rb) (jV)' 


XpJ -l’2(®r) Aisid, AlsaQtl, If in any transition 

^ * /l«=0± 1 t —0, is for- 

Even-even \ bidden 

Odd-odd / 

(rb)* («•<*•/•) 

a.d./.“allowed distribution form 
mj/ = “first modified form 
m*/ = “second modified form 
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Jt is seen that there are different components of X%i^r) which will give 
the same forbidden transition although the components themselves have 
diffei'ont orders of magnitude* A comparison of the actual orders of magni¬ 
tude of the transition i)robabilities for these different components will only 
occur when the transitions have the same selection rules. This is of importance 
when the possible forms of the electron energy spectra are required. Remem¬ 
bering this, it is se(m from the table that it is not necessary for either heavy 
or light elements on the second or third Sargent curves to have electron 
spectra which differ effectively from the “allowed distribution form”. 

There are now other possibilities for the operators A'..., The 

discussion of these will be very similar to that of the K.-U. case, and 1 shall 
treat these various possibilities in less detail. 

II. With . 4 '= yj = aja^as, 

1 obtain contributions from the components when // # 0, and for 

these components of if the light particle wave functions are treated 

as constants, the selection rules are 

di = 0±l, Zl«r-0±1. 

With a first-order spherical harmonic, cos 6 say, f^o^n the light particle wave 
functions, the selection rules are 

/li = 04:i + 2, dZ = 04:l, As = 0±ly 

arid again, with cos^<? from the wave functions, the selection rules are 

di-= 0 ±l± 2 ± 3 , d 2 = 0 ±l± 2 , d^r^0±l. 

If now I consider the components of Xpr (^r)» then, as before, the 

vectors jP^., Q/^ are introduced, and with the light particle wave functions 
constant, I have 

dt = 0±l, Al^ 0 ±l± 2 , Aa^ 0 ±l. 

Finally, for the X%Z\\i{Xf) and X%'^l\\{^t) components put 0 in and 
introduce, as in the K,-U. case, one or other of the vectors With 

constant wave functions for the light particles, the selection rules are 

At 0 , Al = 0 ±l^ As — 0 ±l. 

If, however, a cos d dependence from the light particle is taken the selection 
rules become 

di = 0±1, Al^{)±l±2, dss=0±l, 
and again a table is constructed for the results. 
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Tablb! II. The selection bulbs and electron distributions 

FOB THE INTERACTION II 


Taking light particle 

wave functions which Taking a oos 0 de- 

Cojnpononts treated as pendence froni the 

ofX% constants over light particle wave 

considered the nucleus functions 


Taking a cos* 0 de¬ 
pendence from the 
light particle wave 
functions 


A 8 = 0 ± 1 

Kveu-even\ 
Odd-odd / 
(a.dj.) 


.li = 0± 1 ±2, 

.1/ = 0± 1, = 1 

K von-odd \ 

Odd-even / 
iy^a,d.f.) and 

( A)“ M 


.iv: = 0 ±l± 2 ± 3 , 
/l/ = 0± 1 ±2. 
As^Otl 
Even-evenl 
Odd-odd / 

1(A)* r*(»‘i/) “"'i 
(A)* M 


Ai = 0 .Al = 0 ±l, /li = 0±l, .«=()+1+2, 

Jtf = 0±1 .d« = 0+l 

Odcl-ovon'l Eveu-evenI 

Even-odd/ Odd-odd / 

irha) (o,.d-f.) i(i oo) y^(a.d.f.) 

“‘•I 100(A)* 

(»»i/) 


.d<=o± 1 ± 2 , 

Js = 0± 1 
Even-ewon'l 
Odd-odd / 

(100)* (“•‘^•/•) 

a.d.f. — “allowed distribution form", 
mi/ = first modified form. 

= second modified form. 

It is again seen from Table II that it is possible to have a forbidden transi¬ 
tion for which the electron energy distribution does not differ effectively from 
the “ allowed form If transitions are considered which satisfy, for example, 
the selection rules Ai \, Al — 2, As = and which are even-even or odd- 
odd in character, then we must have a second forbidden transition. The 
chief contribution to the electron energy spectrum will be from the X%~\’,V<^r) 
components, since the decay constant for these components receives a factor 
of order (xhs)^> whilst the decay constant for transitions from all other 
components must receive, both for heavy and light elements, a factor which 
is small compared with Thus the electron energy distribution will 

have effectively the “allow^ form”, but with a slight humping, caused by 
the contributions from the other components, at the upper and lower enei^y 
limits. If, on the other hand, I suppose the transitions to satisfy the selection 


If i =r 0. A i = 0 is for¬ 
bidden 
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rules = 3 , = 2 , /is = 1, and to have an even-even or odd-odd character, 

then it is seen that the corresponding electron spectrum mil differ widely 
from the “allowed form’'. 

III. I now discuss a third possibility for . and A' 

A^^ “ ^ ^myv* 

The components are obtained when /a, v — 1, 2, 3 but jn^v. These 

terms will have the same vector character as the terms which gave the 
Xp' «s;4(^r) components in the case II considered above, and we may thus 
take over all selection rules from Table I for both X^pr^l\\(^r) 

Table III. The selection rules anb the electron distributions 
FOR THE interaction III 

Taking light particle 


Components 

of Xi''Mr) 

considercnl 

wave functions which 
are treated os 
constants over 
the nucleus 

Taking a (ios 0 de¬ 
pendence from the 
light particle wave 
functions 

Taking a cos* 0 de¬ 
pendence from the 
liglit ptirtiole wave 
functions 


Aiz^0±l, JZ = (), 

Aiit^0± 1 

Even-oven^ 

Odd-odd / 

(o.d./.) 

/l/: = 0 + 1+2, 

.1/ = 0 ±l,Zl« = 0±l 

Even-odd \ 

Odd-oven / 
ly^a.d.f.) and 
( (mj) 

Ji = 0 + 1 ± 2 ± 3 , 

/1/ = 0 ± 1±2, 
A9^0± 1 
Even-eveiO 

Odd-odd / 
I(A)*7*("»i/) ond 
(A)* 

X%Z\\\(x,) 

X7r"\\>r) 

/lr==:0± 1, ^;==()±1, 

/1S=:0± 1 

Odd-even 

Even-odd / 

(tJo) (“-d'/-) 

J,:=()±l±2, 

^/ = 0± 1 ±2, 

.<l<r=0± 1 

Evon-evon \ 

Odd-odd / 

J(i k) yHa-d./.) 

*“”1 (ico) (A)* (*”j/) 



At = 0 + 1 , 
JZ=:0±1±2, 
/J#=cO± 1 

Even-even \ 

Odd-odd / 

(t ffti)* 




a,d.f. = allowed distribution form 
ntif = “first modified form 
m*/ = ‘ * second modified fonu 


In considering X%'^i’M^r) and put /t = 0 or v = 0, and these 

terms will again have the same vector character as the corresponding terms 
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in the K.-U. case. Therefore the selection rules for the components 
XpJ taken over, and the table for this choice 

of A 'is obtained immediately from our two previous tables. 

IV. Lastly, we may have 

= amr.76- 

The and X%'^^i,l(^'r) components are given by either /a = 0 or 

~ 0, and the same vector character for these components is obtained as in 
case II. Therefore the appropriate selection rules may be taken over from 
Table II. 

To obtain the Xpr^hti^r) X%^\\\(^r) components I must have fi, v both 
different from zero, and once more this gives the same vector character as 
in the K.-U. case. Thus the table for this form of ... will be exactly 

of the same form as Table III. 

In the above discussion of the possibilities for ..., J.',.. I have neglected 

all components of the wave functions 0, ^ which have any spin co-ordinate 
except with the values 1, 2, where/?,, is the spin co-ordinate of the heavy 
imrticle making the transition. This means that the whole change of 
momentum comes from the transition particle. In the same approximation 
I must, however, consider the case in which the spin co-ordinate which 
takes the values 1, 2 is not the spin co-ordinate of the transition particle. 
The only components of X%{^r) which occur in this case are those for which 
3 , 4 , yo' == 3 , 4 , but we remember that XpH^r) fhe sum of products of 
the components of the wave functions 0, W where these are summations 
over all spin co-ordinates other than/),.,/)', and integrations over all space 
co-ordinates other than The summations will now all be over the values 
3 , 4 with the exception of the particular spin co-ordinate to which all of the 
values 1 , 2 , 3 , 4 are allowed, and this special summation will be of exactly 
the same type as the spin summation considered above for the K.-U. term 
with /4 =ar 0 in the interaction .... Thus the various components in this 
summation will contribute the selection rules given in the first and thin! 
rows of the first column of Table I (there being no selection rules similar to 
the second row, since no suitable components arise in the summation, and 
none similar to the second and third columns, since these are due to the 
properties of the light particle wave functions). It is then seen that the 
total selection rules for the transition will dejMsnd upon the proi>erties of this 
special summation, and it will depend also upon the summations over the 
spin co-ordinates of the transition particles, that is, over p,., p' == 3 , 4 . There 
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will be a contributioii from these latter summations both on account of the 
interaction operator 4''... and also the dilFerent possible space dependences 
of light particle wave functions. In general all possible total selection rules 
for these transitions are obtained by combining the first row of the table 
corresponding to the interaction form chosen with the first and third rows 
of the first column of Table I. 

Thus if the interaction II is chosen, and light particle wave functions 
which can be treated as constant over the nucleus are taken, we have the 
possibilities 

Ai^O±\, Al-0, J« = 0±1, 

giving an allowed distribution form '’ for the electron spectrum, and also 

dt = 0±l, ^^==:0±1±2, 

again giving an electron spectrum with an “allowed form” but now giving 
a factor of order (x in the decay constant. It may be noted that the 
factor in the decay constant will be given by the product of the separate 
factors in the two sections of the tables which are combined, whilst the form 
of the electron energy spectrum is given solely by the section which corre¬ 
sponds to the co-ordinates of the transition particles. The case As ^ ±2 
gives a new possibility not realized in any of the above tables. For the former 
transitions whose selection rules were given by the separate tables, we had 
the result that, for first and second forbidden transitions, the electron energy 
spectrum may still have effectively the “allowed distribution fonn“. We 
have now a similar result for these latter transitions, and also since the 
selection rule As ^ ±2 can be obtained only in the case given above (pro¬ 
vided the j>roperties of elements only down to the third Sargent curve are 
required, and the interaction II is assumed), it is seen that the electron 
spectrum has exactly the “allowed form”, that is, there are no slight 
divergences from the “allowed form “ at the upper and lower energy limits. 
This conclusion does not hold, however, for a K.-U. infraction, but will 
hold for any of the other possibilities. 

I have now discussed the problem of first and second forbidden transitions 
in first approximation, but to the order of the second approximation in the 
“spin force terms”, the selection rules deduced for the various possible 
interaction forms, may be broken. If, however, the spin force terms are 
small, that is, if the approximation considered is a good approximation^ 
then it may be expected that the arguments on the possible forms of the 
electron spectra will hold. That is, we should expect a number of elements 
on both the second and third Sargent curves to give electron distributions 
of the “allowed form 
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Appendix 


The. electron wave function 

The electron can be considered as moving in a central field with potential 
V - zejr. The solutions of Dirac’s ecpiation in this case can be vTitten in the 
two forms 


v,^(k+u'+i)a,Fi 

and = - i(k + u) 

where F^, (?*, satisfy 


W, = (-k + u) 0 ,Pp\ 

p,^~i[-k+v+i)F_,_,prj,. 


l/W + eV dG^ k,.^ ^ 

1 /lf + cK dF.k + 2 „ 


with +k'^ 0 t — A: < 0, and 




u, k being jwsitive integers such that k^u. The above solutions have energy 
W and angular momentum « + i, the quantum numbers being W, k and u. 
If I introduce the definitions 


^,^AF,+ BO„ 

A^ = l/ft(»«c+ Wjc), 
JS* » l/h{mc— W /c), 


where 
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then for small distances from the origin, for example of the order of the 
nuclear radius, the solutions of the above equations for F^, are 

' 2 [{ - A + fi) +1 (6 4 - c)] 

( 8 -ib+\) Nr^a^+^ c-"'' \r(e-ib + l)\ */r( 2 a+ 3 ), 

+ *•(* + <;)] 

(s + ib + 1 ) iVr*a*"+® e-’’* | I\a —16 + 1 ) | */jr(2s + 3 ), 

[(6 - c) - iik - 1 - a')] 

(a'+ ib + \) iVV'a*»'+* e-’’» | r(«'-i6 +1) |*/r{2«' + 3 ), 

.x==2*«'+n(6-c) + i(fc-l-s')] 

{ 8 '-ib+ l)iVV'a*»'+»e-’''' I r(«'-i6+ 1) |*/P( 2 a' + 3 ), 

where N, N' are suitable factors which normalize these solutions with respect 
to the energy, and 

« = {(Ai+l)*-r*}*-l. s'= y = z/ 137 , 

b = yl 2 {A^+\B\^)IA\B\, c = rl 2 {A^-\B\^) IA\B\, a = A\B\. 

The normalization factor N is given by 

N = (ir/ftc*a)M I B \I{A‘^+ I B j*)*. K-\ 

where 

K = 1 / 2 {(ifc -5)* + (i + c)*}* I r(« + i6 + 1 ) 1 e »''W2(2a)* |•l{47^(/fc + m +1 )! (Jfc-?<)!}* 
and N' is given by replacing ifc by — 1, « by s', and c by — c. We have 
F, = 1 I 2 A{^, + ^,), a, =^il 2 \B l(.n- 

giving 

Fk = 2 ^+^IA[(k -«)(«+ 1) - 6(6 + c)] 

iVr*o*»+*e-’''' I r(a-ib + l) |2/r(2« + 3), 

Gf^ » _ 2“+*/1 J 5 I f(fc - «) 6 + (6 + c) (« + 1)] 

| ^ j )| 2 //’( 2 « + 3 ), 

P_*_i = [(6 - c) («' + 1) + (A: -1 - s') 6] 

N'r»'a^'+i e -”0 j r(s' - *6 + 1 ) | */r( 2 s' + 3 ), 

0-k-x = - 2“'+V) 51 [(6 - c) 6 - (A -1 - s') (s' +1)] 

NY'a’^'+'e-o \ r(s'-i6+1 ) |»/T’(2s' + 3 ). 
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If y* and higher powers are neglected, then 

5 =K A — 7 ®/ 2 (^-f 1), that is («+1) =« y®/2, 

and . a* = k(l 1, that is (i — 1 —+ 1) * y^l^t 

and since (ft-t-c) = yAj\ B j, (ft-c) = y | 5 \jAy 

(k^a)(a^l)-^b{b + c)^ y^/2^y^/2(A /( 1 )(^« + | ^ 12 )/(^ \S\) 

^^ly^A^I\B\^), 

(6 » c) 6 - (A; - 1 - «') («'+!) = y*/2( | /i |/^) - | |a)/(^ | i? j) ~ y«/2 

Thus dififers from Of^ by a factor of order 

differs from jF. *..4 by a factor of order 7^ “^^ • 

In evaluating transition probabilities one can neglect the contribution 
from all electron wave functions other than 0^ and unless those 

integrals to which Oq, cx)ntribute happen to vanish. For example, this 
occurs when the other factors in the integral, averaged over direction, 
vanish. In that case only the electron wave functions give a contribution 
which contain a factor cos^^, or cos^^, etc., as the case may be. For heavy 
elements (^^20), the largest wave functions containing * cos ^ are Fq, 
and these are of order y ^/4 (for very light elements the largest wave 
functions will be 0^, whilst terms containing cos^O arise only for 

higher values of k, 0^, F2 i diifer from 1 by a factor which is of 

order 

2(2ra)i+r*M | r(2 - ib) r(3)/r(5) r( - it + 1) |, 

{Ofg has the dependence upon k given by the factor 

(2raY ( 5 + 1)1 r{8-ib^l) j/r{2«-f 3){(A: + ?^+ 1) I (A:--w)!}^ 

whilst contains a similar factor), which if r- 9 xl 0 “^®cm. gives 

approximately the value 

^(ir^-l)* for u-0. 

The relative orders of magnitude of the electron wave-functions which 
we require down to the second forbidden transition have now been obtained. 
It may be noted that 

1/1 B r(^-i6+ 1) |*/r(2^-h 3)}2 

with« » ( 14 -y“)*“ 1. 
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Substituting for gives, apart from a numerical factor, 

I Pis + ih + l)/r( 2 s + 3 ) |« ( 2 rp/ft)*», 

since a ~ Aj\ B \ — {W^jc^’~m^c^)^\jh = ])* ijhc = pjh 

and b -^yW(W^-])-^. 

This is the factor mentioned above in the introductory remarks, + G^. i_i) 

simiJarly contains tliis factor with the additional 7®/4. 

It may be pointed out. finally, that if the wave functions for 0 and 
k = 1 are denoted by and then foi* small r 


but that 


dr \ dr \ 


Summary 

This paper attempts to give the selection rules, and the possible forms of 
the electron energy sj^)eotra, which correspond to elements on the first, 
second, and third Sargent curves, in the case of each of the possible fonns of 
/ff-interactiou belonging to Hamiltonians that contain a derivative of only 
the neutrino wave function. This allows a choice of several possibilities for 
the interaction, among which is the form proposed by Konopinski and 
Uhlenbeck. The accurate solution of the problem would require a knowledge 
of the wave equation of a nucleus containing many particles. I assume that a 
non-relativistic Sohrodinger equation can be formulated for the nucleus, in 
which the spin co-ordinate of each particle has two possible values ( 3 , 4 ). 
The solutions of such equations for the initial and final nuclei will give a first 
tyi;>e of forbidden transition. It is further assumed that a relativistic equa¬ 
tion can be constructed for the nuclei, in which the spin co-ordinate of each 
particle will now have four values (1,2, 3 , 4 ). From this point of view I 
regard the Schrodinger equations as given by neglecting, in the relativistic 
equations, all components of the wave function in which any spin co-ordinate 
is 1, 2. The Pauli reduction of the Dirac equation in the single-body problem 
is generalized to the assumption that a component of the wave function 
in which one spin co-ordinate is different from 3 , 4 can be expressed to a 
suitable approximation, in terms of those components which occur in 
the Sohrodinger equation, the connexion between these components being 
analogous to that given by Pauli in the one-body problem. This introduces 
small components of the wave functions into the expression for the transition 
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probability. These small components will have selection rules which are 
different from those* for the large components, and transitions which were 
forbidden may now become allowed*' for the small components (that is, 
the light particle wave functions may be treated as constants over the 
nucleus). It is convenient to distinguish those components which are small 
in the spin variable of the transition particle, and those which are small in 
other variables. These two groups of small components will, in general, also 
have different selection rules. The result of comparing the selection rules for 
the three groups of components of the wave functions (the large components, 
and the two groups of small components), and of discussing the corre* 
spending forms of the electron spectra, show that there may be elements on 
the second Sargent curve with either 

(1) The ‘ ‘ allowed distribution form ’ ’ given by Konopinski and Uhlenbeok, 
or possibly for light elements (nuclear charge 20): 

(2) Electron distributions which differ from (1), and of tyj)es previously 
discussed (Hoyle 1937, p. 290, fig. 4 , 1 , 11 ), 

and that for elements on the third Sargent curve we have the possibilities: 

(1) The ‘ ‘ allowed distribution form ’ ’ given by Konopinski and Uhlenbeck. 

(2) Effectively the distribution (1), but with a slight humping at the upper 
and lower energy limits. 

( 3 ) Distributions of the types previously discussed (Hoyle 1937, fig. 4 ,1, 
II). 

( 4 ) And for light elements (nuclear charge20) distributions which 
differ more widely from the “allowed form” than ( 3 ), the shapes of these 
distributions being similar to ( 3 ), but of a more exaggerated form. 
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The electrical conductivity of thin metallic films 

III, Alkali films with the properties of the 
normal metal 

By A. C. B. Loveu, 

Physical Laboratories, University of Manchester 

{ConimunicMed by A. M. Tyndall, F.B.JS.—Beceived 4 February ]938) 

1. Introduction 

In the present work the measurements of the resistivity of eva|X>rated 
films of the alkali metals (Lovell 1936 a, b; Appleyard and Lovell 1937 ) have 
been extended to a thickness of several thousand angstroms. The previous 
results were limited to films of less than a few hundred angstroms in thick¬ 
ness; and it appeared that the increased resistivity of these thin films com¬ 
pared with that of the bulk metal was due merely to the shortening of the 
mean free path of the conduction electrons by collision with the boundaries 
of the film. It was therefore to be expected that at thicknesses much in 
excess of the mean free path the resistivity of the film material should closely 
approximate to that of the bulk metal. 

The present results confirm this expectation only in the case of caesium, 
where the resistivity approaches within a few per cent that of the bulk 
metal. Potassium and rubidium films, on the other hand, show a considerable 
excess of resistivity above that of the bulk metal, but it is shown that this 
excess is a residual resistance due to lattice strain, and that it may be partially 
removed by suitable annealing. 


2. Experimental 

The modified experimental tube is shown in fig. 1 . Comparison with 
fig. 1 (Lovell 19366 ) shows that its essential features are the same as those 
of the previous tube, though there are considerable alterations of detail. 

The cooled surface on which condensation takes place is the bottom of the 
long re-entrant pocket J, and the cooling bath FF has been extended up¬ 
wards so as to enclose a considerable length of J. This construction allows 
the condensing surface to be brought closer to the pinhole P, and so permits 
of a much higher rate of deposition without raising the vapour pressure in 

[ 270 1 
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the oven. In this way it was possible to deposit films of many thousand 
angstroms in thiokness within a comparatively short period, and without 
the risk of the alkali metal attacking the pyrex-glass oven through raising 
the temperature. Further, the increased height of the cooling bath FF 
improves the heat insulation of the liquid nitrogen in J, and permits of long 
depositions without replenishing; a convenience when a liquefied gas is being 
boiled under reduced pressure. 



“ Pumps 

FiO. 1. Tb© current leads cc and potential leads dd are brought out by four pinches 
around the periphery of the tube B>t BE, 

The defining slit 8 was narrowed to 2*1 mm., so that the condensate now 
formed a narrow strip ( 2*6 x 11 -4 mm.) overlapping the graphited contacts. 
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The effects of distortions of current flow where the current entered and left 
the film (due to possible unevenness of the graphite coating) were thus 
minimized. An additional subsidiary slit Z helped to out down scattering 
from the walls WW. 

The resistance of these thick films was very low compared with that of the 
end-contacts, and hence was measured by comparing the potential drop 
across the film with that across a standard resistance in series with it. The 
current leads cc were <5omiected to the graphited edges of the surface K as 
shown in fig. 1 cr. The potential leads were attached by thin platinum wires 
dd to tiny glass beads fused to the surface K at the very edge of the graphiting. 
These beads were ]}latmized and coated with graphite with the rest of the 
end-contacts as previously described (Lovell 19366 ). 

In other respects the procedure of deposition and measurement was as 
described in the previous papers. 

3. Calculation of the film kesistivity 

The width of the condensate was taken to be the mean width of the 
** umbra and '‘penumbracalculated from the geometry of the apparatus. 
With this particular slit system the overall width of the penumbra was 
2*8 mm., of the umbra 2*4 mm., and it could readily be shown that the above 
approximation introdticed a negligible error. 

The length of the condensate was measured between the potential leads. 
In practice it proved impossible to place the potential leads on the geo¬ 
metrical edge of the grapliited contacts, but measurements of the resistance 
of the grapliiting indicated that no correction was needed on this account 
(at any rate for the thicker films). Where the film overlaps the graphiting 
the two are effectively in parallel, and the film resistance is very much lower 
than the resistance of the graphite undercoat. 

The film thickness was calculated from the calibration of the beam os 
previously described. 


4. Results 


Films of caesium, rubidium and potassium have been deposited on 
pyrex glass surfaces held at 64''K. The most significant results for these 
thick films are given in Table I. The values quoted for the bulk metal in this 
table are due to Hackspill ( 1910 ) (rubidium and caesium) and to Woltjer 
and Onnes ( 1924 ) (potassium). 


Fig. 2 gives 


Film resistivity / p 
Bulk me^l resistivity \p^ 


against film thickness t for 
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Table I 



Bulk meta.1 
resistivity, 
ohiii cm. 

Film re¬ 
sistivity, p 
ohm cm. 

(Pn-Pti) 
bulk motal 
ohm cm. 

(Pto-Pu) flibn 
ohm cm. 

Caesium film thickness 
10,280 A 

4-00 X 10“« 

416x lO-® 

l*36x 10-« 

1-30 X 10-* 

Rubidium film thick¬ 
ness 7220 A 

2-00 X 10-» 

2-80 X 10“» 

()-60x 10® 

0-08 X lO-* 

Potassium film thick- 

MOx 10'« 

2-85 X 10'« 

0-57 X 10 « 

0-59 X l0-« 


no88 2000 A 



Fig. 2 . Deposition of thick Aims of potassitnn (— x — x —rubidium (- 0 — ® —), 
and caesium {— # - # ^) at 64 ® K. 


Vol. ChXVL A. 


i8 
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^>500A. (The resistivities of the thinner films have been given in the 
previous pajMsrs.) 

In the deposition of the caesium film the lesistivity decreases steadily 
with thickness and converges to a more or less constant value at about 
10,000 A, only 4 % in excess of that of the bulk metaL The change of resis¬ 
tivity in passing from 64 to 90° K. (P90—Pai) perfectly reversible and 
almost identical with that of the bulk metal. In the case of rubidium the 
resistivity does not decrease appreciably after about 4000 A and remains 
about 40 % greater than the value for the bulk metal. Potassium ceases to 
decrease in resistivity beyond 1600 A, and its resistivity is more than double 
that of the bulk metal. 


5. Discussion 

A comprehensive survey of the prominent factors influencing the 
resistance of metal films has recently been given by Appleyard (1937). 
There it is pointed out that films which agglomerate in their early stages 
of deposition must possess a finely polycrystalline structure, which may 
persist to great thicknesses. In such cases the condensate contains micro- 
crystals possessing large surfaces of misfit, and the effect on the resistivity 
is to add a residual resistance to the normal value. 

In previous work on the very thin films of the alkalis it has been shown 
that the initial layers increase in stability in the order: potassium, rubidium, 
caesium; and that at the lowest deposition temperature available (64°K.), 
the first layers of caesium are almost stable, while rubidium and potassium 
disintegrate considerably (Appleyard and Lovell 1937). On Appleyard's 
hypothesis we are thus led to expect quite a small residual resistance in the 
case of caesium, but successively greater for rubidium and potassium. 
Hence, we clearly have a highly probable explanation of the close agreement 
of the caesium film in Table I with the normal metal, and the greater 
disparity for rubidium and potassium. 

One might attempt to explain the higher resistivity of the film material 
by assuming some form of geometrical disintegration of the film. The 
resistivity then obtained in these experiments would be merely a nominal 
value, say g times larger than the actual resistivity of the film material. 
^ is a factor greater than unity and dependent only upon the degree of dis¬ 
integration of the film. Thus the difference of resistivities between any two 
temperatures should also be g times the difference for the bulk metal, which 
is not consistent with experiment. Even if the cracks in the fiW ore so close 
as to diminish the mean free path of the conduction electrons we should 
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still expect the difference of the absolute resistivities to be greater than that 
for the bulk metal. We must therefore assume that these thick films differ 
from ordinary specimens of the metal only in being more finely poly crystal¬ 
line. 

There is one further observation strongly supporting this view. If the 
condensate really is an association of microcrystals, any annealing at a 
temperature higher than the temj)erature of deposition should result in a 
diminution of the film resistivity, due to relaxation in the surfaces of misfit 
(i.e. recrystallization). This has actually been observed consistently in these 
thick alkali films. For example, on the cessation of deposition at 64 "^ K. a 
caesium film (10,200 A) had a resistivity of 4-33 x 10 ® ohm cm. After being 
raised to 90 ® K. the subsequent resistivity at 64 ® K. attained a steady value 
of 4 * 15 X 10™* ohm cm. After this initial change no further alteration occurred 
and the change of resistivity with temperature up to 90 ° K. was perfectly 
reversible. Attempts to anneal these films at much higher temperatures 
have been frustrated by semi-disintegration of the film (see Appleyard 
i937)‘ 

A similar hypothesis of relaxation of strain in the lattice has been invoked 
by Suhrmann and Barth (1936), and by Vand (1937), to explain resistivity 
changes on annealing. Aggregations of miorocrystals have also been found 
by Fujiwara (1932) in thin molybdenum films; and transformations from 
the slightly strained to the normal lattice on annealing by Ogawa (1937). 

Quantitatively, the resistivities of films less than 100 A in thickness 
showed good agreement with an expression derived from two assumptions: 
film thickness t 4 , A^, the mean free path of the conduction electrons; and 
all collisions of the electrons with the boundaries of the film inelastic 
(Lovell 19366). 

Over most of the present range of thicknesses the effect of the shortening 
of the mean free path by collisions with the boundaries is relatively 
unimportant. However, Fuchs (1938) has recently developed a more general 
expression for the resistivity of thin films with different proportions of 
elastic scattering at the boundaries. In his pa}>or (to which we refer for 
details) the experimental results for caesium have been compared with the 
generahzed expressions over the range from 0 to 10,000 A. The comparison 
suggests that the proportion of electrons scattered inelastically at the 
boundaries decreases from unity at very small thicknesses to about 0*3 or less 
at thicknesses greater than 150 A. 

To summarize this work on the alkali metals, we may say that apparently 
all the phenomena can be explained in terms of a few familiar physical ideas 
without invoking any of the numerous special hypotheses w^hich have been 
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used by some previous workers in order to account for particular results (see 
Appleyard 1937 for bibliography). Finch (1937), reviewing experimental 
results on electron diffraction, likewise concludes that metal films on 
amorphous substrates do not differ fundamentally in structure from the 
normal metal. It seems possible therefore that a great deal of the incon¬ 
sistency of previous work on other metals has been due to inadequate 
vacuum conditions and to insufficient attention to the surface condition of 
the substrate. 

The majority of the work described here was carried out at intervals over 
an extended period in the H. H. Wills Physical Laboratory, University of 
Bristol, and the author is deeply indebted to ftofessor A. M. Tyndall for the 
necessary facilities, and to Dr Appleyard for invaluable advice. The author 
also desires to acknowledge the help given by Mr J. H. Burrow in the 
development of this high vacuum work, and his skill in the construction of 
the glass apparatus. 


0. StJMMARY 

The technique previously described for measuring the electrical con¬ 
ductivity of thin films deposited by evaporation, in very high vacua, on 
clean substrates, has been modified to include the deposition of thick films 
of the alkali metals. 

Caesium films 10,000 A thick have resistivities only 4 % greater than the 
bulk metal, and identical temperature coefficients. Thick rubidium and 
potassium films have rather higher resistivities, but possess the same 
temperature coefficients as the bulk metal. 

Evidence is produced that the films are polycrystalline, and that the 
higher resistivities are due to a 8im])le residual resistance. The gradation in 
properties of the thick films is shown to follow consistently from the 
properties of the very thin films investigated previously. 

From these results and other considerations it is concluded that there are 
no grounds for the belief that thin films differ essentially in structure from 
the normal metal. 
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The dispersion formula for nuclear reactions 

By P. L. Kapur and R. Pkierls 

{Communimied by R. H. Fowler, F.R.S. Remived 17 February 1938 ) 

1. Introdu(jtion 

Bohr has shown that in a collision between two nuclei of which at least one 
is heavy, an unstable compound nucleus will be temporarily formed and 
that the lifetime of such a compound nucleus, measured on a nuclear scale, 
is usually very large. For this reason these compound nuclei have fairly 
well-defined energy levels (“virtual” or “resonance*' levels), and the ixjsi- 
tions of these levels and the properties of the metastable stakes belonging 
to them determine the cross-sections for all nuclear reactions. 

Breit and Wigner (1936) gave a formula for the probability of a nuclear 
reaction in terms of the virtual state, taking into account only one such 
state, while Bethe and Placzok (1937) and Bethe (1937) generalized the 
formula to take account of all possible virtual states. Their formula is usually 
referred to as the “dispersion formula*' owing to its analogy with the 
formula for the dispersion of light by atomic systems. 

In all these papers perturbation theory was used in order to derive the 
formula, and this involves the assumption that certain terms in the 
Hamiltonian of the nuclear system (such as the interaction between some 
of the constituents) may be considered as small, and that without these 
terms the virtual state would actually become stable. The perturbation 
theory was carried out only to the second order of approximation, and 
additional terms ought to arise when higher approximations are con¬ 
sidered. 
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Now it is known that in actual fact all interacjtion forces in the nucleus are 
strong (this is essential to Bohr’s theory), and therefore the dispersion 
formula might be expected to hold only in a very rough approximation. It 
therefore seemed worth while to investigate whether one cannot give a 
proof for this formula using only assumptions which are actually satisfied 
in the cases to which the formula is to be a]:)plied. 

It is the purpose of this paper to show that this can be done, and we shall 
see that the dispersion formula can be justified provided only the widths of 
the resonance levels which contribute strongly to the process under con¬ 
sideration are smaller than the distances between the levels. 

We start from the following consideration: If the levels are narrow, and 
therefore the escape of a particle from the nucle^is is a rare event, the state 
of the compound nucleus will undergo very little change if we prevent the 
escape of the particle altogether, by imposing a suitable restriction on the 
wave function of the ])article somewhere outside the nucleus. Thus, if we 
know the wave functions and energy levels of the system which is restricted 
by such a boundary condition, these will approximate to the solutions of 
the actual problem, and one can obtain the latter from the former by means 
of a kind of perturbation theory. This differs from the usual perturbation 
theory in that one treats a small change in the boundary conditions rather 
than a small change in the Hamiltonian of the system. 


2. A SIMPLE example: The one-body problem 

Although the complete proof of the dispersion formula is simple in 
principle, it is obscured by the rather complicated notation which is 
necessary for the general case. We shall therefore illustrate the method by 
treating the case of the scattering of one particle in a central field of force, 
assuming this field to be wholly contained within a sphere of radius We 
further assume the wave-length of the particle to be so large that only th^ 
partial wave with Z = 0 need be taken into account. 

This partial wave ^ ri/r satisfies the wave equation 

s + V{rM = 0, (1) 


in which V(r) is the potential energy, and E the energy of the particle. 
For r £ V vanishes, and the equation reduces to 


dV 

dr* 


+ ifc» 95 =* 0 . 


( 2 ) 
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where the wave vector k is defined by 

k^ = 2mEjh^, ( 3 ) 

The solution of (2) may be written 

^ sin kr + ( 4 ) 

where I is the amplitude of the incudent wave and S that of the scattered 
wave. Evidently 

= I cos hr -f ikSe^^^, (5) 


and hence we can express / and 8 by the value and slope of the function at 






COB „. ^(r^) - ^ Bin kr„. 


( 6 ) 

(7) 


From (6) it is seen that a state of affairs, in which no incident wave is present, 
would be described by the boundary condition 


(r = ro) 


( 8 ) 


However, such a state of affairs is evidently impossible (unless (j) vanishes 
throughout). The boundary condition (8) is not compatible with the wave 
equation (1). The condition (8), together with the requirement that ^ 
vanishes at the origin in order to keep ^ finite, are two homogeneous 
boundary conditions at the ends of a finite interval, and it is known that 
with such boundary conditions the energy spectrum becomes discrete. 
Our energy value E is not an eigenvalue of this problem. We may, however, 
suppose we know the eigenvalues of this problem. In other words, we 
suppose that we know the solutions of the equation 

(») 

with the boundary condition (8). It is important to realize that we consider 
k in (8) as a fixed constant, the same for all eigenvalues Thus for each 
value of k we obtain a different set of solutions ({>^ and eigenvalues 

The eigenvalues are complex, owing to the fact that the boundary 
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condition (8) contains i. Nevertheless, they form a complete set of orthogonal 
functions. 

To show their orthogonality we multiply equation ( 9 ) by another function 
and subtract the equation obtained by interchanging n and n\ After 
integration we obtain 



The second term vanishes owing to the boundary condition (8), and it follows 
that 

== 0. {W„ + W,,) (10) 

J 0 

It is important to note that the integrand in (10) is the direct product of 
the two functions, not the product of the one with the complex conjugate 
of the other. 

Once the orthogonality has been established it follows in the usual way 
that the functions form a complete set, in the sense that any function </> 
which satisfies the boundary condition (8) and is sufficiently regular, can 
be expressed as a series 

( 11 ) 

Using these functions, we can then find an expression for the actual 
solution <p(r) which is a solution of the Schrodinger equation (1). It is true 
that this function does not satisfy the boundary condition (8) but instead 
the condition (6), and therefore cannot be expressed as a series of the 
type ( 11 ). But if we subtract from ^(r) any arbitrary function ;^;(r) which 
only satisfies the equation 

(^r) (12) 

\ / 

the remainder satisfies (8) and can therefore be expanded: 


+ ( 13 ) 

n 

We can now determine the coefficients a„ from the condition that the 
expansion ( 13 ) must satisfy the wave equation (1). Inserting in (1) and 
using ( 9 ), we easily obtain 

(Hq-E)^ «= + E)x “ 0. 
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W© multiply this equation by one particular <j>^^ and integrate. Owing to 
the orthogonality the sum then reduces to one term and we have 

f (l)ldr -f f ’<f>„(Ho-E)xdr = 0 . ( 14 ) 

Jo Jo 

The second term can be transformed into —by means of an 

integration by parts. This leaves two integrated terms, viz, 

-tlL ii m . 

ImV’dr ^ dr I, 

Transforming these with the aid of (8) and (12), we obtain 

{K-£!)a„jyidr = ( 16 ) 


The integral on the left-hand side might be mad© equal to unity by suitably 
normalizing the eigenfunction (f>^, but it seems more convenient to normalize 
the function in the usual way, by 



{'‘\<j>„\idr==r I, 

J 0 

( 16 ) 


ru ^ 


and then 


/o*(n) 


is a fixed constant of modulus less than unity, which is in general complex. 
For the integral on the right-hand side we introduce the abbreviation 

K-jynXdr, ( 18 ) 


but we shall see presently that it can be made a« small as we like by suitably 
choosing x- We have now 

hi (p„{r^)l.b„ 

^" - 2m {W„-ETN„ N,: ' > 


Thus, in principle, the function (j> is known from ( 13 ) and. we can therefore 
calculate the scattered amplitude from ( 7 ). By inserting ( 13 ) and using (8) 
and (12) 

S - Sa,, e-<*="*95„(ro) + xi.U )" ^ (20) 

Inserting for from (10) 

- " sin ;^(ro) - 2 ^ ®~**’’* ^n(»'o)- 

(20a) 


^ «« e-«*^.9i*(r„) 

^“''(t2m(B;-j5)iV„ 
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This formula must hold, whatever the function provided only it satisfies 
(12)* But we can make both the last terms in (20a) as small as we like; for 
example, by choosing 

X{r) = const. 


We can satisfy (12) by choosing the value of the constant, and it is easy to 
see that if we let a->oo both the integral ( 18 ) and the value x(^o) tend 
to zero. 

Thus ( 20 ) becomes 


ft** ^l!o) 

~ if 


-J sin ftroe' ’*'’®! I. 
k " ) 


( 21 ) 


Introducing further the abbreviation 

and writing W„ = £„ - 


( 22 ) 

( 23 ) 


so that fi/y^ represents the “mean life” of the state n, the integral cross- 
section (T == 4 ?; 1 8 / 1 1® becomes 


47r 


s 

2 n 

/ 

P 






2sin^r0e'"^^''o 


( 24 ) 


The width of the level can be connecsted with the boundary value of the 
eigenfunction If we multiply ( 9 ) by <f>* and, after subtracting the com¬ 
plex conjugate equation, integrate, wo obtain 



Using the boundary condition (8), the normalization ( 16 ), and (22), this 
becomes 

r« = |Mnl*- (26) 

So far we have not made use of any approximating assumption. Our 
results, ( 24 ) and ( 25 ), are very similar to formulae ( 260 ) and ( 261 ) of Bethe 
(1937) as applied to pure scattering, if allowance is made for the term which 
Bethe and Placzek call “potential scattering” (Beth 1937, §54 A). Our 
formula differs, however, in two respects: it contains the factor in the 
denominator, and the quantity is not in general real. Further, we do not 
know yet how depends on k. 



The dispersion formula for nuclear reactions 283 

3. Pketuebatiok theory fob small width of the level 

Our results would be completely equivalent to the dispersion formula 
in its more usual form if we could show tliat (i) is real, (ii) 1, and 
(iii) I I® proportional t(j k. 

One can see from (22) and ( 16 ), ( 17 ), that the conditions (i) and (ii) would 
be satisfied if ^4yi(r) were real, while it follows from (22) that the last condition 
would be satisfied if <j>^{r^) could be considered to be independent of k. 

We shall now see that <j>^ is indeed approximately real and indei>endent of 
k, if the level is sufficiently narrow. First of all, it is quite evident that this 
will be the case if the width of the level actually vanishes. For then it 
follows from (26) that ^„(ro) must vanish, and from (S) that both 94„(r(,) and 
(d^Jdr)^^ are zero. In this limiting case it is, of course, irrelevant which 
value of k we use in (8) and we might replace (8) by the condition 



This boundary condition is real and independent of and the same must 
then be true for the solution 

However, this argument does not tell us how narrow tlie level must 
actually be made in order for this approximation to apply. This may be 
decided in the following way: If the level is narrow we may expect that the 
solutions <j>^^ belonging to the boundary condition (8) will be similar to the 
functions 0 „, say, which solve ( 9 ) with the boundary condition ( 26 ). These 


will be real functions and will belong to real eigenvalues : 



— ^L^V:^(EO-V )0 =0, 

(27) 



(27 a) 

Let now 


(28) 

and suppose and 

^4 

1 

II 

(29) 

to be small of first order. Then, neglecting terms of second order, 




(30) 

with 


(31) 

As before, we may expand + X 

(32) 
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with an arbitrary function x which must satisfy 

(af), - 


(33) 


and which we can eventually eliminate. By aj^plying to ( 30 ) the same 
transformation which led to ( 15 ) and leaving out at oruse the integral 
involving 


For m ^ n this equation shows that 






(36) 


i.e. that there is no shift of the level in first approximation, and for w + » 

( 36 ) 




In order to keep normali7.ed, we put 0 for m = n. We have then 
from ( 36 ) and ( 32 ), dropping again a term in x^ 




(37) 


Here the accent on the summation sign indicates that the term m — n in 
to be omitted. Using ( 35 ), we see that the ratio between the imaginary 
and the real pari is given by 


iT 


7m 


m E^ — i?® 


( 38 ) 


In a similar way we can calculate Since = 0 we evidently still have 
= 1 in first approximation. If we write, up to second order, 

we know that i\ is purely imaginary, while it is easy to prove that is real. 
Hence if we further note that v^^ is orthogonal to we have, up to terms of 
second order, 


K == l+J^ + 


(30) 


whereas from the normalization condition 
1 « 1 


w^dr. 


(40) 
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Using ( 40 ), the integral ( 39 ) becomes 


N„ = 1 + 2r’vidr = 1 +22;'oS, = 1 -ir> 

Jo m m V 

It differs from unity by the term 


/ ymYn 




( 41 ) 


The two sums, ( 38 ) and ( 41 ), are slightly different in character. ( 41 ) consists 
of positive terms only, and in order to make it small each separate term 
must be small compared to unity. 

The sum ( 38 ), on the other hand, contains terms of both signs, and for this 
reason it might be small even when some of the individual terms are large. 
In that case the imaginary part of ( 37 ) would in first approximation be 
small. That, however, does not prove that the method of approximation 
converges. One can, in fact, show that the influence of the higher-order 
approximations will become large unless each separate term in ( 38 ) is smaller 
than xmity, i.e. unless the width of the levels does not exceed their distance.f 

Both sums, ( 38 ) and ( 41 ), converge at large m, owing to the fact that in the 
one-dimensional case which we are considering the density of eigenvalues is 
ultimately proportional to E^^y but we shall have to take up this question 
again in the ceuje of the many-body problem. 

We may then summarize the results of this section by saying that the 
dispersion formula in the form given by Bethe and Placzek can be justified 
in our special example if the width of all levels is less than their distances 
apart. 

Finally, we want to add a word about the choice of the radius Tq. The 
only assumption we have mode about was that the potential should 
vanish for r > r^, but this would be compatible with an arbitrarily large Tq. 
However, if we choose very large, the second term in ( 24 ), which represents 
the amplitude scattered by a hard sphere of radius r^, would become large, 
and it would evidently have to be compensated by larger terms in the 
sum. Indeed, if is increased, the number of resonance levels is increased, 
and in particular there will now be more levels of very high energy. Thus 
the expression ( 24 ) is correct for any value of rj,, but it is more convenient 
for evaluation if is chosen as small as possible, i.e. so as just to enclose the 
potential field. 


t The proof for this and a more detailed di»c\i»ftion of the case of a level width 
exceeding the distance apart will be given in a separate paper. 
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4. Neckssaby gekkbalizations 


The proof for the general case, which is applicable to actual nuclei, pro¬ 
ceeds on very similar lines as that in the simplified example. Slight modifica¬ 
tions are only necessary to allow for the coulomb field in the case of charged 
particles or the centrifugal force in the case of particles having a non¬ 
vanishing angular momentum, and also for the possible presence of magnetic 
forces inside the nucleus. In this section we shall outline the necessary 
modifications. 

If the particle that collides with the nucleus is charged, or has an angular 
momentum, its wave equation is no longer given by (1), even outside the 
nucleus. This difficulty might be overcome by choosing the radius so 
large that beyond the coulomb field and the centrifugal force are 
negligible, but as explained at the end of the preceding section this would 
lead to a practically useless form of the disjKjrsion formula, in which the 
result appears as a small difference between two large terms. 

Instead, it is possible to proceed in the following way: At very large 
distances, the wave equation may certainly be replaced by {l),t and we 
may write its solutions in the form exp[ ± where I is the angular 

momentum. The second t^rm in the exponent has been added merely for 
convenience. 


Consider now the first of these two solutions which rei)re8ent8 an out¬ 
going spherical wave, 


(large r) 

(42 o) 

and introduce for ita value and alope at 

the abbreviations 



) =f-A. 

(426) 

We have then for the second solution 



^_(r) = 

(large r) 

(43 a) 



(436) 


It then follows immediately from the continuity equation as applied to 
either of the two functions that 


(f-f*)AA* ^2iL (44) 

If Ii is the contribution of the incident wave, and Si that of the scattered 

t Strictly speaking, this is not correct for a coulomb field, but it does apply to a 
screened coulomb field, which is sufficient for all practical purposes. 
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spherical wave, the wave function is at large distances given by an expression 
which differs from (4) only by its phase 

= 1 8 in(i:r - \ln) 4- at large r. (46) 

Hence, by comparison with (42 a, 43 «), 

^ = + (46) 

and hence at Tq ?i(r„) = A (^ _ ^ *) + s,A, ' 

(f) + H 

Solving for I, and *S', ° 

\^(A~A*)^-(fA -f*A *)- S,{f~f*) AA*^-2ik8, 

(the last equality from (44)). 

The natural generalization of the boundary condition (8) is then 


and we shall now suppose we know the solutions of the Sohrodinger equation 
with the boundary condition (49). We denote these solutions by as before, 
and by the corresponding eigenvalues. Since / is complex, W„ will be 
complex and, denoting again by imaginary part, as in (23), we 

obtain from (24a) and (44) 

^'2 A 2 aJa 

The rest of the calculation proceeds as before. One sees from (48) that in the 
first term on the right-hand side of (16), J,has to be replaced hy l^f—f*)j2ik. 
At the same time (48) shows that in the first term on the right-hand side of 
( 20 ) we have to replace 

e-<*^.^i„(ro) 

by -^^\(A-A*)^-(fA~f*A*)<},\^ = A(/_/*)4*^„(,„) 

(cf. the boundary condition (49) for ^„). 
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Then a repetition of the calculation which led to (20 a) yields 


8, 

h 

1 4>iif-n »/, ^*\ 

" 2ik j;'2m {W„ ~WK a 2ik\ A}' 

(61) 

and if we put 

we have now 


(62) 

4n y =! 

IT ^ ul A* 1/ A*\\^ 

■ k^ ^{E„- E + ^iyn)N„ A ■^2i\ A J\ ' 

(63) 


Here the relation (25) holds again, because of (50) and (52), and therefore 
the first part of the formula is the same as in (24). The second term is dif¬ 
ferent, but it re{)resents again the “potential scattering i.e. the amplitude 
that would be scattered by an impenetrable sphere of radius super¬ 
imposed on the coulomb and centrifugal forces, because it is the scattered 
amplitude one would obtain from (14) by imposing the condition = 0. 

Perturbation theory can be used as before to show that is approximately 
real and independent of k, but we see from (50) that the width is now 
proportional to kjAA* rather than to k, if may be considered as inde¬ 
pendent of Aj. 

If the particle is uncharged, A A* may easily be seen to be equal to 
(jfcro) and then the width 

(W) 

is proportional to In the case of a charged particle, IjAA^ contains 

also the transparency of the potential barrier. 

The other modification we have to consider is due to the possibility of 
magnetic forces inside the nucleus, or other forces that will give rise to 
terms with imaginary coefficients in the differential equation; with these 
the derivation of (10) will no longer be applicable. 

Instead, we consider, in addition to the functions (j>^ which satisfy the 
boundary condition (49), new functions which are the solutions of the 
Schrodinger equation with the conjugate complex boundary condition 

= 0. (M) 

They belong to the eigenvalues W*. Then instead of the orthogonality 
relation (10) we have 

Jj^*(r)^„.(r)dr = 0, if w + n'. 


( 60 ) 
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This result'oan easily be obtainedf without reference to the detailed form of 
the Hamiltonian by applying the continuity equation to the function 

0 = (57) 

which for any value of the coefficients a and p is a solution of the time- 
dependent wave equation. Therefore our previous results apj)ly to this case 
if only we now define the constant by 

- jyt<f>ndr (58) 

instead of (17). 


5, The oeneeal. case 

For the general proof we shall assume tliat the energy of the incident 
particle is not sufficient to release a particle from the nucleus by an inelastic 
collision, or, in other words, that the energy of the virtual state which we 
are considering is insufficient to remove two particles from the nucleus. The 
results could without much difficulty be generalized to allow for the 
possibility of emission of two particles, but the formulae would then become 
too lengthy. 

We assume further that the probability of more than one particle being 
found at a distance greater than from the centre of the nucleus is 
negligible. This is, with the above assumj^tion about the energy, certainly 
correct for sufficiently large r^, but it may imply choosing slightly larger 
than the actual radius of the nucleus. 

If we denote (using as nearly as possible the notations of Betho ( 1937 )) 
the different particles that may possibly esciape, by Q, the co-ordinates of 
the particle Q by Xq, and its spin variable by Sq, then for Tq > Vq we may 
expand the total wave function T of the system into a series with respect 
to the stationary states q of the nucleus B which is left after the emission 
ofQ: 

'P rg^ro (69) 

9 


Then must satisfy the dift'erential equation 

+ {kl, - = 0 (tg ^ r„). (60) 

t The detailed proof will be carried out in the next section for tJie more general 
case. 
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Here Mq^ is the reduced mass for the motion of the particle Q against the 
nucleus B, while is defined by 

o Af 

kl, = ^?{E-EQ~Eg,), (61) 

where E is the total energy, the energy of the nucleus B in the state g, 
and Eq the internal energy (if any) of the particle Q, Analysing in 
normalized spherical harmonics, we may write 

We shall denote shortly as “the interior’" that region of configuration 
space in which all particles have distances not exceeding from their common 
centre of gravity. This interior is then bounded by regions in which one of 
the distances is Just equal to Vq and where the boundary values of the wave 
function in the interior must fit on continuously to the expressions (59). 
For all particles except the incident one we have to impose the boundary 
condition that there be only outgoing waves at large distances, and 
according to the arguments of the preceding section this means imposing 
on the boundary condition 

(dr ~ “ ^o) 

where / is the quantity defined in (42) which in general depends on the 
angular momentum I and the wave vector, mass and charge of the particle Q 
and the residual nucleus B, 

The boundary condition (63) does not apply if Q is the incident particle, 
but we shall, as before, suppose we know the solutions of the problem in 
which it holds on all boundaries. The eigenvalues of this problem we call 
again with 

K-^K-hiyn m 

and the eigenfunctions At the boundary at which the distance of the 
particle Q is just equal to Vq, the expansion of the function if',, 

must then, by definition, have the property that 

^^0 ~ '" o ) (®®) 




The dispersion formula for madear reactions 291 

We define another set of functions which satisfy the conjugate complex 

boundary condition 

= {r^^r^) ( 66 ) 

where ^ is defined by an obvious generalization of (59) and (62)» If 
denotes the corresponding eigenvalues, 

is a solution of the time dependent Schrodinger equation. Hence it must 
satisfy the continuity equation 

interior rv==-ro 

The summation on the right-hand side extends over all particles that can 
possibly be emitt/ed, and in each integral dOg denotes the integration with 
respect to all variables except Vg. This relation must hold for all values of a 
and fi, and if we equate the coefficients of a//"* we find that 

interior 


Hence it follows that the integral must certainly vanish if the real parts of 
the eigenvalues are different: 



= 0 . E„^E,, 

J 

(68) 


interior 


If w = w', we must 

either have 

W* = w„. 

(69) 

or else the integral 

N„=jn'P«dT 

(70) 


intorior 


must vanish. It is clear that will vanish only in exceptional cases and 
therefore we may assume (69) to hold. 

Equating the coefficients of aa* in (67), we find, if we assume to be 
normalized by 

Interior 

the relation y, = 222 oiS— (4© “/£«) I i*- (71) 


dW, 

dVr, 


m /fi7\ 


19-3 
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In analogy with Bethe ( 1937 ), equations (261), (261 a), we can write this in 
the form: 

Qlmqi 

where = i 1'^ = ifuiQ-fw) I ^Qtmiro) I® 

is the partial width of the level n which is due to the possible escape of the 
particle Q with angular momentum Z, m and spin s, leaving the nucleus in 
the state q. 

If we equate the coefficients of in (67) we obtain in the same way 

“ 2 2 2 I ^qslni (^o) 

Q I, m 8, q 

which, in connexion with (69), shows that 

(74) 


The two functions differ at the boundary only by a factor of modulus unity. 

The actual wave function (60) describing the nuclear reaction in which the 
incident particle P collides with the nucleus A in the state p, satisfies the 
boundary condition (63) on all boundaries, except for Q — P and q ^ p. 

In the latter case we see from (48) that W must satisfy, instead, the con¬ 
dition 

[wp -/i* 

where 7/^ is the partial amplitude of the incident wave belonging to the 
angular momentum Z, m and spin s. If the incident wave is a plane wave in 
the z direction, carrying, in the centre of gravity system, one particle per 
unit area and per unit time, it is well known that 




n IvKicp^ } 


0 , 


m = 0 


wi 4* 0 


We now write again W = -fJV, 


(70) 

(77) 


where x arbitrary function, subject only to the condition that it 

vanishes in the neighbourhood of all boundaries, except at that where 
Tp = rp, and at the latter has the form 

^ 2 XpBhn ^ 0 ^ 
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where A is the initial nucleus, Xp wave function in the initial state p. 
XpfAm wiust satisfy the condition 

= (7«) 

according to (70). As before, all these conditions are compatible with making 
the function X in the interior and on all boundaries as small as we like, 
provided only its slope on the boundary rp == keeps a finite value. 

Then, from the condition that (77) is a solution of the wave equation we 
find in the same way os when deriving (in) that coefficient has the value 


_ 1 1 _ 


PA ^ii^Pp 




pi 


“^/ppl 




(79) 


except for terms which contain X, but not its derivative. On the other hand, 
the partial wave representing the emission of the particle Q with angular 
momentum l\ m! and spin leaving the nucleus B in the state q, is, 
according to (48), 




(80) 

For p, this takes the form (cf. (77)) 

1 


o. _ 


2ifc, 




Q^ n 


and inserting the value of a„ from (79) and 4,,,, from (76) 




X 1 




l.m.s iiKpj, 


This may be written as 

7 kppK(En-E-^iy:y ^ > 

if w. define Srf!*.W- («2) 


This definition of u agrees with the definition of | m |* contained in (73) 
because of (44). 
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Hence the integral cross section (number of emitted particles per tinit 
time with unit incident intensity) becomes 


I 12 




nj,s 


(83) 


This equation has to be compared with the dispersion formula, for example, 
in the form given by Bethe ( 1937 , equations (393) and (392)). One sees that 
the two formulae are identical (if allowance is made for the factor 27r in 
Bethe's definition of the matrix element (392)), except for the factor 
and for the difference between and 

For Q — P and 9 = p, i.e. elastic scattering, one obtains the same formula, 
with the only difference that we have to add to the scattered amplitude a 
term which arises from the contribution of X to (80) and which is identical 
with the amplitude of the wave that would be scattered by an impenetrable 
sphere of radius r^. 

In order to obtain a cross section that can be immediately compared with 
the experiment, one ought to take into account the fact that degenerate 
states of the initial or the residual nucleus are not distinguished by the 
experiment. The generalizations which are necessary for this purpose are, 
^ however, completely identical with those discussed by Bethe and Placzek 
( 1937 ), and therefore it seems unnecessary to repeat them in detail. 

In order to show that the formula becomes completely identical with the 
usual dispersion formula if the levels are sufficiently narrow, we can again 
use perturbation theory as in § 3. The results of § 3 can easily be seen to be 
applicable to the general case, and it is again true that the phases of the 
expressions u and u are nearly the same and that the factor iV„ may be 
replaced by unity if the level width is less than their distance. 

A further remark seems necessary with regard to the convergence of the 
sums of the t 3 T>e (38) which again represent the error committed in identi¬ 
fying u with w. In our present case the numerator in each term is given by 
the partial width of each level which is due to the emission of a particular 
particle with a particular angular momentum, leaving the residual nucleus 
in a particular state. Although the total level width increases with increasing 
energy of the level, this partial width will eventually decrease, because from 
a very high virtual state of the compound nucleus there is little chance of a 
particle escaping in such a way that the residual nucleus remains in a very 
low state of excitation. This is the reason why the sums converge in spite of 
the fact that the density of levels increases very rapidly with the excitation 
energy. 
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In inclusion, we would like to express our thanks to Dr L. Landau for 
stimulating conversations. The results of our §2 are similar, although 
apparently not quite identical with results which Dr Landau obtained in a 
difFerentway and mentioned to us before we started our calculations. 

We understand from Professor Bohr that Dr Kalckar was considering 
a very similar method, but was prevented from completing the work by 
his sudden death. 


SXJMMABY 

The dispersion formula of Bethe and Placzek, which expresses the cross- 
section for nuclear reactions in terms of the virtual levels of the compound 
nucleus and their widths, is derived without using the assumption that the 
motion of the incident particle within the nucleus can in any approximation 
be regarded as a one-body problem. 

It is possible to derive a formula of the type of the dispersion formula 
without any assumption at all about the mechanism of the reaction. 
However, in the general case this fonnula contains more parameters than 
the usual dispersion formula and is therefore of less practicjal value. 

The dispersion formula of Bethe and Placzek is shown to hold rigorously 
if only the widths of all virtual levels w^hich contribute essentially to the 
expression are much smaller than the distances between the levels. 
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A note on Guggenheim’s theory of strictly regular 
binary liquid mixtures 

By G. S. Rttshbrookb, Si John's College, Cambridge 

{Communicated by R. IL Fowler, FR.S,—Received 18 February 1938) 

1. Introduction 

This note attempts to revise and extend the formulae proposed by 
Guggenheim ( 1935 ) in his theory of a special (hypothetical) type of liquid 
mixture which, in the account of Guggenheim’s paj:>er given by Fowler ( 1936 ), 
is called strictly regular. According to the definitions in these sources a 
binary liquid mixture is said to be strictly regular if 

(i) there is no volume change on mixing, whatever the relative amounts of 
the two components, 

(ii) it possesses a definite co-ordination number, r say, so that each 
molecule, of either kind, in the liquid has precisely r (nearest) neighbours, 

(iii) we may regard the potential energy of the mixture, for any arbitrary 
arrangement of the molecules consistent with (i) and (ii), as a sum of 
contributions from each pair of neighbouring molecules—the contribution 
being fixed when the molecules of the pair are named. 

These conditions entail, inter alia, that the two species of molecule are 
each approximately spherical, equal or nearly equal in size, and have fields 
which are sensibly equal at distances greater than the distance between two 
neighbouring molecules. 

We can then write the above potential energy (which can be called the 
configurational energy of the mixture) in the form 

W = (1) 

where and are the numbers of the two sorts of molecule, a and 
respectively, and rX is the number of a/?-pairs among all the pairs of neigh¬ 
bours in the liquid. This is equivalent to taking 2wjr, 2wpjr and as 

the contributions from each aa-, fifi- and a/?-pair respectively, and then 
putting s w?. 

If M? = 0 the solution is said to be }>erfect. 

In effect (the notation is a little different, but only trivially so) Guggen¬ 
heim, developing the statistical mechanics of solutions conforming to the 

[ 296 ] 
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above model, writes the partition function for the liquid mixture in the 
form 


[4(?’)]^« [JuiT)]^’^ j*. _ ^je-x,rikT (2) 


(<Wjy«rcni available c(mfi(nir€Uio7t>s) 


where t/*(T) is the partition function for the kinetic energy, internal vibra¬ 
tions and rotations of an a-molecule, etc., and the differentials in the integral 
refer to elements of volume. 

If w = 0, i.e. if the strictly regular solution be perfect, the integral in (2) 
becomes 

(3) 

{differetit available conjlguraticma) 


and is evaluated as (N^ + N^)\I{NJ iV^!), 

where is a quasi-volume factor for an a-inolecule—introduced as if each 
a-molecule were free to move in a small volume without disturbing the 
other molecules of the liquid—refers in the same way to a yff-molecule, and 
the factor (iV^ 4*takes account of the different rearrangements 
of the a- and ytf-molecules (or, more precisely, of their mean positions), the 
molecules of each kind being themselves indistinguishable. 

But an appropriate form for the partition function is less evident if 

Guggenheim's purpose was to contrast the properties of a strictly regular 
solution, for which with those of the perfect solution, with the same 

constitution, etc., but for which w = 0. As in his paper, the increments of 
the various thermodynamical functions, due to will be denoted by 

AF, rii?,..., where F, stand for Helmholtz free energy, internal 

energy, etc. 

If X and X are defined by the formulae* 




X 


and (like Guggenheim) we postulate that w is effectively independent of the 
temperature, then _ _ 

(4) 


* Guggenheim u»a«l the symbol X for our X : we prefer to keep to the mnal con¬ 
vention that X denotes the average (equilibrium) value of X. 
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and, uaing hypothesis (i), 

= XwJ 

But for these equations to be useful we must know how ^ (or X) depends 
on and the temperature T, Guggenheim criticized the assumption 

(frequently made in thermodynamical work on the theory of solutions) that 

because this implies perfectly random mixing of the molecules of the tw(> 
components at all temperatures. He proposed instead the formula 

X^=^(N,-X)(N^-X)er»«M-r 

guessing that this should be nearer the truth. Actually we shall show that 

=3 ~ X) (N^ ^ X) ( 6 ) 

is the correct equatioUj or rather, that this is the result we find on avoiding 
the difficulty of completely evaluating the partition function ( 2 ) by the 
indirect method first developed by Bethe ( 1935 ) connexion with the 
theory of superlattices in metallic alloys. It is a first approximation only 
but should be sufficiently good for all practical purposes. 

It seems preferable, for continuity, to develop the consequences of 
equation ( 6 ) a little at this point rather than after its validity has been 
established in § 2 . On solving this equation we have 


{(K + - i )}* - (N, + N^) 

* ... ' 


to which a very good approximation, obtained by expanding the radical and 
retaining the first three terms, is 


X * ( 1 _ MkT _ 1 )\ 

N,+N^V , ’r 

From this and equations (4) and (5) it follows that 

AH^AE 


. 1 _ UiwIrkT _ 1 


AG^AF 


N, + N, 






(rkT rkT 

_I_ p%\o rkT _ . 

2w 2 w 


-))■ 
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These formulae give the required thermodynamical functions, and from 
them we could for instance investigate the existence of critical mixing con¬ 
ditions, i^e. values of the relative concentration NJN^ and the temperature 
T at which the liquid phase begins to separate into two jmrts, differing in 
constitution. In this case of course the above equations are to be interpreted 
as applying to each of these parts separately. However, we shall not do this 
here but shall derive the conditions for critical mixing directly from the 
statistical theory in § 3 . 

Wo shall continue, as in this introduction, to treat the liquid as incom¬ 
pressible so that its state is defined by and T and does not depend on 

the external pressure. To extend the theory to include compressible fluids 
it is at least necessary to know how the total volume of the liquid depends on 

and The physical significance of these quantities is not very certain. 
In this connexion we may perhaps conveniently digress a little here and 
discuss the above integration of the expression ( 3 ). If only one sort of mole¬ 
cule is present in the liquid phase Guggenheim’s evaluation becomes simply 

{d(t))^^ = v^, where v is a quasi-volume factor for each molecule. Eyring 

and Hirschfelder (1937) (see also Lennard-Jones and Devonshire 1937) have 
criticized this on the grounds that it ascribes too crystalline a character to a 



liquid, and pi’efer to write 


= Vfim, where V, 


is a free volume 


which is equally available to all the molecules of the assembly: the N\ in 
the denominator is necessary because besides any one wnfiguration this 
evaluation includes also others which differ only in the numbering of the 
molecules when (dw)^ is written in full as Eyring and 

Hirschfelder evaluate \) (in terras of the volume of the liquid and the size 
of the molecules) from a static model by writing = Nvf and then taking 
Vf as the volume available to the centre of any molecule when this is treated 
as a rigid sphere imprisoned by its neighbours. If Vf is identified with v above 
then VflN\ « and Eyring and Hirschfolder’s partition function is 
times Guggenheim’s. And of course there is the same possibility of dif¬ 
ference in the case of a liquid mixture: if we suppose that Vf is available to 
both a- and /ff-molecules (treating them on an equal footing for simplicity), 
then the integral becomes Ff ATjI), and this is 


vp (AT, + Nf)\l(NJ. N„\) 

if we write Vf * (iV, ■¥N^)Vf and identify with v, and V/,. But the difference 
is significant only if we know the precise relation between the various quasi- 
volume factors and the total volume of the liquid phase—or associate them 
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with others referring to a solid state—and for the present purpose such 
exponential factors can be regarded as modifying and or included in 
the factors J^[T) and J^{T). It is of course necessary for the molecules to 
be able to change places, if we are to speak of an equiUbrium state of the 
mixture (whence the factor (N^ + Guggenheim’s evaluation 

of ( 3 )), but in dealing with a strictly regular solution we must assume that 
these motions are not sufficiently frequent materially to upset the regular, 
co-ordinated, structure of the licjuid. 

Rather tlian introduce these quasi-volume factors it is perhaps more 
satisfactory, in the present instance, to suppose only that to a sufficient 
approximation we may construct the partition function for the liquid phase 
on the basis that each molecule of any one type makes the same contribution 
to it if we leave out of account the potential energy the molecule has, in 
virtue of its neighbours, when at the centre of its temporary cell—this 
potential being included as part of a configurational energy (1). 

2. Statistical formclation anb Bethe’s method 

We now proceed to the justification of formula (6) by an application of 
Bethels indirect method which, for clarity, will be explained in detail. Since 
it is of interest to consider, with special reference to critical conditions, how' 
the partial vapour pressures of such a strictly regular solution will depend 
on its constitution (relative concentration), we shall consider the liquid 
phase to be in equilibrium with a vapour phase (supposed perfect) and apply 
the analysis of statistical mechanics to the whole assembly. We suppose then 
that the states open to the molecules of the assembly are either those of a 
perfect gas or those of a strictly regular solution for which the partition 
function is (using the expressions ( 2 ), ( 3 ), etc.) 

or, with simpler notation, 

where v^{T) and v^iT) are the partition functions, including the quasi¬ 
volume factors, for the motions of each a- and /?-moleoule respectively, and 
i{TX,N^,N0) is the number of distinguishable cjonfigurations of a-mole- 
cules and yff-molecules, in the solution, for which there are rX a^-pairs of 
neighbours. It is because an analytical expression for tirX^N^.N^) is not 
known that we must proceed by an indirect method. 
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This partition function, K{N^, N^) say, refers to a liquid mixture con¬ 
taining a-moleoules and yS-molecules, which is only one example of the 

possible liquid phases: the one for which the vapour phase consists of 
a-molecules and /ff-molecules such that 

whore X^ and X^ are the total numbers of a- and /^-molecules, respectively, 
in the assembly. It is customary in such cases to determine the equilibrium 
example from the conditions 


Alog|A'(iV,.JV^)A^A;^>] = 0 .■ 


( 7 ) . 


where and A^ are parameters which are then directly j)roportional to the 
partial vapour pressures of the a- and /^-molecules. (The conditions (7) 
ensure that the number of complexions pertaining to any particular example 
is a maximum for the example specified by and N^.) But in the present 
instance this procedure is not feasible because we (jannot form K(Ng^,N^) 
without knowing t(rX, N^): it is necessary to replace the above equations 
by others, equivalent to them but in a form suitable for using Bethe's method. 
We therefore consider the partition function, K(Ng^-\-N^f) say, for an 
example of the assembly which is now specified only in that the total extent 
of the liquid phase iV^ + is prescribed—but not its constitution (relative 
concentration) NJN^. This is given by 


K(N, t{rX, iV;, N^) 

a/ 

where T denotes summation over all possible values of and for 

which + is constant. The equilibrium example of the assembly will 
now be determined by the condition 


and its properties given by the formulae 

5 
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and (symbolically) X^—kT^\o%Q, ( 9 ) 

where Q denotes the expression obtained when and Vyy(r) replace 

vJ^T) and v^(T), respectively, in + 

Of course these equations must determine the same equilibrium state for 
the assembly as do equations ( 7 ), in fact it is easy to verify this for the simple 
case when ir = 0, but their importance lies in their showing that Np and 
X have, for this equilibrium state, the values we should obtain by averaging 
over all different arrangements of molecules in the liquid phase such that this 
has its equilibrium extent, Xpy assigning a statistical weight 

^ 7 ') (Ap Vp( T) (10) 

to every arrangement in which there are a-molecules, Np /^-molecules and 
rX a/?-pairs of neighbours. We cannot sum (10) over all arrangements with 
given N^r^Np to construct Qy bec^ause we do not know /(rX, Np)j but this 
difficulty can now be avoided by using Bethe’s method in which we consider 
explicitly only the ways of covering a central site in the liquid and its first 
shell, i.e, the r neighbouring places nearest to it. For the results to be 
physically significant we have also in some way to take account of the other 
liquid molecules (outside these r-f 1): physical ideas will afford a check on 
the approximations. 

It may perhaps seem that if we are going to consider explicitly only a small 
patch of the liquid we ought to replace the exponential term in (10) by the 
expression from which it was initially derived, and rewrite the statistical 
weight in the form 

where =: factor for each aa-pair of neighbours, 

x^j, = = factor for each /S/ff-pair of neighbours, 

and x^f — =: factor for each a/tf-pair of neighbours. 

Actually we shall see that this is unnecessary, (10) could be used as it 
stands just as well, but to start with we will introduce the factors separately 
and so, when forming the statistical weight for any particular arrangement 
of molecules on the r +1 sites, include factors A,v«(7’) for each a-molecule, 
for each /?-molecule, and and x^^ for each eta- fifi- and afi- 

pair of neighbours, respectively, in this arrangement. A statistical weight 
formed of these alone would entirely ignore all the rest of the liquid phase, 
surrounding the small patch of r -i-1 molecules. We have yet to say how to 
take account of the induence of this environment. 
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Before approximating at all it is evident that 




is the statistical weight of the class of all configurations for which there are 
a-raolecules, Nj^ yff-molecules and rX a/?-pairs of neighbours. 


Case L w>0 

If w > 0 then, mathematically, this means that at low temperatuies the 
classes of configurations wth the greatest statistical weights, for given 

and will be those for w’^hich X is small: for when T is small the factor 
^-^xwjkT more influence than the factor t{rX,N^^N^) on the magnitude 
of the statistical weight. 

Physically w>C means that the smaller the number of a/^-pairs the less is 
the potential energy of the mixture and w*e therefore expect that at low 
tem|)eratures the liquid phase will consist of a dilute solution of a in and a 
dilute solution of /? in a. 

Clearly the mathematical and physical interpretations are equivalent. 
The environment therefore is one which, speaking loosely, gives preference 
to either a- or /^-molecules in the first shell; we therefore introduce into the 
statistical weight, as already formed for any particular arrangement of 
molecules on the r -f 1 sites, a factor e for each /^-molecule (say) in the first 
shell. 

We do not introduce two e's, for each a-molecule and for each 
/?-molecule (in the first shell), because since the total number of molecules in 
the first shell, a’s and ytf s together, is always r, only the ratio of these e’s 
would matter when we used the statistical weights for calculating averages 
(equilibrium properties)—that this is so can be verified immediately by 
trial. The e that we introduce acts as a preferen ce factor for a- or /^-molecules 
according as it is < 1 or > 1. 

And of course we do not introduce an e factor for the central molecule 
when this is a y3-molecule, because we are taking account of its interactions, 
with the first shell molecules, explicitly, when wo include the various x 
factors: it is only because we do not know how otherwise to take account 
of the influence on the first shell molecules of the rest of the liquid that we 
introduce the e factors. The supposition that the effect of this environment 
is to give preference to a- or yff-molecules in the first shell is in accord with 
the above interpretation (mathematical or physical) of the hypothesis 
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Case //. w<0 

Mathematically this means that, at low temperatures, the classes of 
configurations with the greatest statistical weights will be those far which 
X is great: for, as in case I, when T is small the factor e has more 

influence than the factor t{rXyN^,N^) on the magnitude of the statistical 
weight. 

Physically w < 0 implies that the greater the number of a/^-pairs the less 
will be the potential energy of the mixture, and so at low temperatures there 
will be nearly the maximum number of ay?*pair8. 

Bethe has discussed the case ^ for alloys of the /S-brass type and 
shown that for T < where Tf, is a critical temperature, there is supeziattice 
structure and long-distance order: in the perfect superlattice every a- 
molecule is completely surrounded by /J-moleoules, and vice versa. The eff ect 
of the external molecules is then to make those in the first shell more likely 
to be ‘‘right” than “wrong”, and e’s have to be introduced according as the 
first shell molecules are “right” or “wrong” irresjzective of whether they 
are a’s or fi'n. Owing to the particularly simple nature of the superlattice 
structure in this case, there is no difficulty in taking explicit account of the 
interactions between the central molecule and those in its first shell. 
Kasthope (1937) has extended this theory to cases when and are not 
equal, provided that other types of superlattioe are not formed. But it is 
not evident how to proceed in the general case when 4= 

We must beware, however, of pushing our semi-crystalline model for the 
liquid phase too far. Bethe’s theory referred to metallic alloys. Superlattice 
structure in a liquid mixture is most improbable, for, on account of the 
nature of the liquid state, we must expect that slow movements of the lattice 
points (about which the molecules vibrate) or points of abnormal co-ordina¬ 
tion will destroy the regularity necessary for there to be long-distance order. 
If we discount the possibility of long-distance order we have no need to 
introduce the conception of “right” and “wrong” molecules and can 
suitably take account of the external interactions by introducing the e 's for 
a*s or in the first shell, as in case I. 

We proceed on this basis to construct the statistical weights and calculate 
average (eqmlibrium) properties of the liquid and vapour phases. 

We have first to specify the geometry of the rH-1 points which represent 
the patch of sites in the liquid phase, and shall suppose that this is such that 
none of the neighbours of the central site (i.e. the first shell sites) are neigh¬ 
bours of each other. The implications of this simplification, which means 
that the only interactions considered explicitly are those between the central 
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molecule and its neighbours, will be discussed briefly at the end of this 
section. 

Then we find; 

The statistical weight of the set of all configtjrations in which the central 
site is occupied by an a-niolecule is 


Kv.iT) [i (A^r^{T))'j 

and similarly 

The statistical weight of the set of all configurations in which the central 
site is occupied by a yff-molecule is 

= A^»v(r) {a;„^A.i.'„(T) + ea;^^A^v^(7’)}'-= Q^j^, 

MO that the ajjproximate expression by which we intend to replace Q is 

but now equations (8) and ( 9 ) are replaced by 


andf 





{K + Nf,) d 
r+r *SA 

0 

.r+r 


log Q*, 

« 

log 4>*, 

A ^ 


A*' = 


log Q*, 


( 11 ) 

( 12 ) 


sinc^e refers explicitly to only r + 1 sites. Of course these equations are 
essentially formal, and in them e must be treated as a constant* 

We have yet to say how to fix the value to bo given to 6. We find this from 
the condition that there shall be no real difference between the central site 
and any of the first shell sites. Thus the statistical weight of the set of all 
configurations in which some particular first shell site is occupied by an 
a-molecule must be the same as the statistical weight of the set of all 
configurations in which the central site is occupied by an a-molecule. 

t the average number of a/if-bonds including one particular 

site—the central site—and to get the total number of a/?“pairB ( = tX) we have to 
multiply this by the total number of sites and divide by two since otherwise each 
a;^-pair would be counted twice. 


Vol,CLXVI. A. 


20 
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Whether we express the equivalence of the sites in terms of a- or ;5-moleoules 
we shall get the samet The equivalence for a-molecules gives the equation 


i.e. 


pa/yAat^g( T) + e;r^/?A^?;yy(y)\^ ^ 
V^«a 


Using this equation for (■: after j)erforming the formal operations in (11) 
yields the formulae 

K = {K+^fi)Q:iQ*> 

N^^(N, + N^)Q^IQ*, 

and equation (12) may be written 



6A^t;^(!r) 


___... V ____ 

^a«A^r^(T) 4-ftir,^A^t;yy(T) ^^at/yAat^«(T) + e‘a7y5fysfA^?;^(T)/ 




X 


Combining these equations we get 

Nfi A^v^(f){x,^A^v^(T) + ex^fAfVfl(T)y' 

and ^ = K^x,/,A^Vfl(T)l{x,^A,v^(T) + ex^flAflVf(T))\ 

=x ^/tX,^A„vJT)/{x,^A„vjT) + ex^^A^v^{T)}, f 

formulae which are almost self-evident and which include all that is ex¬ 
pressed in the equations (II), (12) and (13). 

From equations (15) it follows at once that 

(iV.-l) (N^-X)» 

i.e. 

which is equation (6). It is also apparent from (14) and (16) that we could 


t It is easy to show that the equivalence condition must be simply the equation 

'^“ ar ~ depends on the speoiBoation that no two of 

the uoighboiu« of any one site ore neighbours of each other. 
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equally well have used the expression (10) in its original form: a transforma¬ 
tion to the variables 




€ = ex a 


~l)/2 Vr.~i)/2 


puts ( 14 ) in the form 




and 

UL + e’x^,r 

IM+^V’ 


g—w/rAi. 7 "^ 


( 14 ') 


and the other equations also take the forms we should then have obtained, 
for instance 


\L + e'xy ' 


(13') 


In this discussion (cf. (11) and (12)) we have, effectively, considered one 
homogeneous phase; but we shall see that sometimes the equations have 
two solutions and indicate that the liquid mixture splits into two phases in 
mutual equilibrium. In that case equation (6) applies separately to each 
of these phases: and it is easy to show that the configurational energy per 
unit volume is the same for each of them. 

The above equations are valid, as a first approximation, provided that 
the molecules of the liquid mixture are not too close packed : for in that case 
first shell sites ore neighbours of each other and for as good an approximation 
we need to include, explicitly, the interactions between neighbouring first 
shell molecules. This leads to more complicated equations from which 
equation (6) does not follow. A short account of some calculations for close 
packing (face-centred cubic) will be given in § 4 ; an elaborate discussion 
would involve considerable numerical work and is, perhaps, hardly appro¬ 
priate since in any case we do not know how justified we are in treating a 
liquid phase as an assembly of molecules with a precise co-ordination 
number r. But we shall next consider what, on the simple theory above, will 
be the nature of the partial vapour pressure curves. 


3. PAKTIAIi VAPOUB PRESSURES, AND CBITlCAL-SOLXmON-TEMPERATURE 
For the vapour phase (supposed perfect) we have the usual equations 
Jf. - A,(27rm«ir)t 

- X^(27rm^kT)^ Vbf{T)jh\ 

where and are the masses of a- and ^-molecules respectively, the 
terms are partition functions for their internal motions (if any) in the 

ao-a 
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vapour phase and V is the volume of this phase, They show that and 
and so also and above, are proportional, at any given temperature, to 
the partial vapour pressures of a« and /^-molecules respectively. 

Equations ( 13 ') and ( 14 ') do not enable us to determine these 
directly but only their ratio. We shall now consider how this ratio behaves 
as a function of the relative concentration NJNp of the liquid phase, at 
different constant temperatures T. 

Writing + N^) = 0 ^\ = Op and putting g and 

— 7/, equations ( 14 ') and ( 13 ') become 


“ \ + 2x7}^ \ •\-2X7j+7}^' 


and 



( 13 ") 


d^jad^ vanishes if d^ldTj vanishes (dOJdrj 0 because .r > 0 and tj > 0), and 
0^/3r/ = 0 implies l/(r—2)^ = (1—a:^)/a:(l 4-20:7/+ iy*). On eliminating rj in 
favour of 0^ tins becomes 




an equation which has real roots in 0 ^ only if x < 1 — 2/r. If this condition 
is satisfied then d^/dO^ — 0 for two real values of 0 ^ which are at equal 
distances from 0 ^ = If the condition is not satisfied then ^ is a monotonic 
function of 0 ,. 

Although we have so far dealt only with i, the results also describe the 
behaviour of and ^p, and thus the partial vapour pressure curves (which 
show how the partial vapour pressures change as the relative concentration 
NJNp of the solution is altered, at tiifferent constant temperatures). For it 
is well known that these curves are connected by the Gibbs-Duhem relation, 
which is equivalent to the equation 

(5 0 

--logA, = ( 16 ) 

8 d 

or = Op-^^log^p, (17) 

which shows that d^JdO^ and d^pjdO, both vanish whenever 
vanishes. 

The Gibbs-Duhera relation is usually derived thermodynamically from 
the exi)erimental fact that vapour pressures are intensive properties of a 
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liquid phase (i.e. do not dei)end on the actual extent of the liquid phase), 
supposing of course that this is large enough for surface effects to be neglected. 
But it can be derived just as well from statistical theory and follows most 
simply from equations ( 7 ). We find 

WJOSK = gl-logA,. 

which is equivalent to equation (10) provided only that and A^ depend on 

and only through the ratio i.e. that A^, and A^ are in fact inten¬ 

sive properties of the liquid phase. This is undoubtedly true and requirt^s 
that 

log 2 t(rX, N^) ^ (function of NJNii) 

as we can easily verify when w = 0. 

Returning to the condition I - 2/r, we note that this cannot be 
satisfied at any temperature if w < 0; but if w > 0 then a* < 1 — 2/r if T < 
where = w;/ril;log(r/r~“ 2). Thus if ti? < 0 there are no critical phenomena, 
and the partial vapour pressure curves are monotonio, but if w; > 0 then, for 
T < there are values of and to which correspond three values of 
6 ^\ we have the phenomenon of the separation of the solution into two 
phases as described in § 2. ' 

If the solution separates into two phases (differing in relative concentra¬ 
tion, so that at low temperatures we have a dilute solution of a in /i and a 
dilute solution of y? in a) then, for equilibrium, the partial vapour pressures, 
or and must be the same for the two parts. Equation ( 17 ) shows that 

log = constant -h log g - J log 

and so two points on a log i versus 0 ^ curve which represent liquid phases of 
differing constitution in equilibrium with each other at the temperature 1 \ 
must lie on the line £ = constant which cuts off equal areas (above and 
below it) from the two hooks of this curve. By symmetry this is the line 
log^ = 0(866 fig. 1 ). The curves corresponding to temperatures greater than 
(the oritical-solution-temperature) cut the line log^ = 0 only once, at 
0 ^ == but those for temperatures less than the critical-solution-tempera¬ 
ture cut it also at two more points, whose co-ordinates depend on the 
temperature, at equal distances from this. 

A solution having the critical constitution, 6 ^ - will start to separate 
into two phases at the critic&l-solution-temperature T^. But one having an 
initial constitution, ( 9 *, differing from wiU commence to separate only at a 
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lower temperature, the temperature, T*, corresponding to the particular 
log i curve which cuts the axis at 6^ — Kg. 2 shows how this temperature 

dej)ends on the initial constitution. It is interesting that plotting T*ITe 
against 0* gives a curve which should be the same for all such strictly regular 
solutions with the same co-ordination number. The full curve in fig. 2 is 



drawn for r = 8, while the broken one is found on taking r = 12 (putting 
r * 12 in the equations above): the curves are not very different. But we do 
not expect the above equations to be as accurate in the case of close packing 
(r =» 12) as in the case, say, of body-centred cubic packing (r = 8) and we 
shall now briefly consider a more accurate theory for face-centred cubic 
packing. 

4. Face-ckntrbd cttbio fackikq 

If r is put equal to 12 in the formulae of § 3 the equation determining the 
critical-solution-temperature becomes 

X = « 0-833. 






n 12 

Fia. 3. The geometry of a central site and its first shell for 
faoe-centred cubic packing* 
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We now intend primarily to find to what extent (if at all) it is necessary to 
modify this result when the interactions between neighbouring first shell 
molecules are introduced explicitly. 

The geometry of a central site and its first shell for face-c5entred cubic 
packing is illustrated in fig. 3. 0 there represents the central site, the points 
1 , 2 , 3 , ..., 12 represent its neighbours atid the lines show which of these are 
neighbours of each other—and thus which interactions we are going to 
consider explicitly. 

In forming the statistical weight it is sufficient to use the notation of 
equations ( 13 ') and ( 14 '): we thus include factors and x for each 

a-molecule, /^-molecule and a/y-pair of neighbours, respectively, there being 
also a factor e for each /^-molecule in the first shell. A factor however, is 
necessary, not only when a first shell molecule differs from that in the central 
site but also when two neighbouring first-shell molecules differ from each 
other. Thus, fof instance, when there are a-molecules at 0, 2 , 3, 10, 12 and 
y^^-molecules in the other places there is a term and, moreover, 

there are 47 other configurations exactly ecpiivalent to this one. By adding 
such terms we find: 

The statistical weight of the set of all configurations in which the central 
site is occupied by an a-molecule is 

+ + 24a*) 

+ il) (44.rw+ 120a;“ + 48x« + 8a;«) 

+ ((xeifi)* §2 + (xeifif IJ) (9a:W + 96xi« + 240x** + 96a:“ + 64x») 

+ ((xe| pf il + {xeipV il) (lOSxW + 264x“ + 264x« + 120xJ« + 36»«) 
+ (xe|^)« ^2(216xi« + 240xi« + 336xi* + 96x« + 36x«)], 

and 

The statistical weight of the set of all configurations in which the central 
site is occupied by a /f-molecule is 

Q} = ^^[( 4 .)“ + + + HpY^xU (12a*) 

+ + (4^r (4J‘) (42x» + 24x«) 

+ ((eg ^)® (xg,)* + (eg^)» (irg,)*) {44x“ + 120x“ + 48x» + 8x*) 

+ + (eg^)* (*!«)*) (9a:‘« + 96x1* + 240x1* + 90xi»+ 54x*) 

+ ((eg^)« (xg,)* + (eg^)* (xg,)») (108x1* + 2«4 xM+ 2«4xi* + 120xi®+36x«) 
+ (eg^)* (xg,)« (216xi« + 240x«+336x1*+96x“ + 36x«)], 
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The equation for e is most easily found from the condition 

(.*) 

As before we have 

- q:/{q: + Q^); - qv(q :+ 

though now equation (12) is replaced by 

X = + ^;,) (1/72)log ((?: + <^;), 

the factor in the denominator being 72, since the patch now includes 36 bonds 
explicitly: but we shall not discuss this further except to remark that it 
furnishes a useful check on the coefficients and indices in the other equations* 
since when w = 0, and the mixing is random, we must have 

this is found to be so. 

The only further discussion undertaken of these equations has been 
numerical Having formed equation (18) it is convenient to change to the 
variables 

and then we can solve for ^ in terms of 7 / and x, getting a formula similar to 
(13'') though the coefficients, in the numerator and denominator, are no 
longer those of binomial expansions. We can thus, graphically, plot ^ as a 
function of tj for various different values of .r. The critical value of x will be 
that for which d^jdri = 0 at the point = I, g = 1 . For higher values of x 
d^jdrf will not vanish at any point of the rj curve, wliOe for lower values of x 
d^jdrf will vanish twice, once on each side of the line = 1 . Fig. 4 shows 
7 } curves for x — 0*7, 0 - 8 , 0*9 and 0*833. It is only necessary to have the 
curves for 7 > 1 , since changing ^ into IjTj merely changes i into 1 /^. From 
fig. 4 we see that the critical value of x is slightly less than 0-833, but on the 
other hand it must be greater than 0-826, since, as the inset shows, for this 
value of a:, ^ = 1 when ^ = 1-1. 

We conclude therefore that the more accurate approximation in which 
the interactions between neighbouring first-shell molecules are included 
explicitly results in a slightly lower value for the critical value of x s — 

0-828, say, instead of 0-833. The 6>„, log g curves are changed somewhat; for 
instance, the curve for x 0-8 cuts the 6^ axis at 6^ * 0-137 on the simpler 
theory (in which r is put equal to 12 in the equations of § 3), and at 0, = 0-176 
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on using the expressions of the present paragrapli, but as oonoeming fig. 2 
this is considerably counterbalanced by the slight lowering of the critical 
temperature. The value of T^jT^ that we now find to correspond to an 
initial constitution 0^ = 0*175 (or =0*825) is marked in fig. 2, and indicates 
a slightly greater variation, with the initial constitution, of the temperature 
at which separation begins. But, as suggested at the end of §2, a more 
elaborate discussion of this or a higher approximation (involving explicitly a 
larger patch of liquid) is hardly appropriate, since it is unlikely that any 
liquid mixture will have, in practice, a sufficiently regular structure for the 
refinements to be significant. 



Fio. 4. Iff curves for x = 0*7, 0-8. 0*833 and 0*9. The inset shows, 
for various ,r, the values of i which correspond to = M. 


In concluding I wish to thank Professor R. H. Fowler and Mr E. A. 
Guggenheim for helpful criticism and encouragement in the writing of tlxis 
note, and the Department of Scientific and Industrial Research for a 
Maintenance Grant. 


SUMMAKY 

An attempt is made to improve and extend Guggenheim's tentative theory 
ofstrictly regular binary liquid mixtures by using Bethe's indirect method to 
avoid the unknown combinatory factor in the partition function for the 
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liquid phase. The expression found in this way for the configurational energy 
of the mixture differs somewhat from that proposed by Guggenheim, and 
consequently formulae for the thermodynamic functions are also modified. 

The conditions under which such solutions will exhibit critical mixing 
phenomena are discussed, and the variation with temperature of the 
concentration at which the liquid mixture begins to separate into two 
phases is investigated. 

Though for simplicity the theory is developed on the supposition that the 
molecules of the liquid are not close packed, numerical calculations for face- 
centred cubic packing, included in the last section, suggest that this does 
not significantly affect the results. 
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The dielectric polarization of a long chain ketone 
at constant volume and variable temperature 

By Alkx Mui.lbr 

{Communicuted by Sir William Bragg, O.M., P.R.S — 

Received 1 March 1938) 

Previous work (Muller 1937 ) on long-chain ketones has shown that the 
dielectric polarization rises from a low value to a maximum as the tem¬ 
perature of the solid approaches the melting-point. This rise takes place in 
a temperature interval of about 20 *^’ C. The characteristic feature is the 
rapidly increasing gradient of the polarization/temperature curve. The 
increase goes parallel with a correspondingly large expansion of the crystal 
lattice (Muller 1932 , 1937 ), and the question therefore arises to what extent 
the two phenomena are linked together. The problem dealing with this 
question is investigated in the present work. The substance, instead of 
being allowed to expand freely, as it was in the previous investigation, is 
now enclosed in a steel container where it is kept at constant volume. The 
effect of this constraint upon the polarization/temperature curve is very 
striking, as is shown later. 


Apparatus 

The electrical equipment is the same as that used before. It consists of 
a small oscillator emitting waves of about 20 m. The resonating circuit with 
a variable capacity and the substance condenser is loosely coupled with the 
oscillator. The new substano^e condenser has to stand pressures estimated 
at about 2000 atm. 

Considerable difficulties were first encountered in preventing leakage at 
these pressures. The final successful apparatus was built adopting Bridge- 
man’s technique, which uses the internal pressure to make the joints tight. 
No trouble occurred with this condenser during a long series of experiments. 
The design is shown in fig. I. 

The condenser stands on three metal support's in an oil bath which is 
heated by a Bunsen. The temperature of the bath is read on a mercury 
thermometer. A second thermometer with a long narrow bulb is placed 
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Rijn of an expbrimfnt 

The experiments are carried out in much the same way as before. A few 
indications may be given for the sake of completeness. 

The zero reading with the empty condenser is taken first. The substance 
is then filled in carefully in small portions so as to avoid air cavities. The 
piston with the rubber packing is screwed down with the aid of the six 
bolts in the lid, the initial pressure being adjustable by the amount of 
tightening of the screw nuts. Capacity variations due to the variation in 
the position of the closing piston are negligible on account of the com¬ 
paratively large distance of the piston face from the inner electrode. 

The first readings are usually taken at room temperature. After that the 
temperature of the oil bath is raised in convenient steps. The oil is stirred 
during the heating process. When both thermometers show the same 
temperature after removal of the heat source, the readings are taken on the 
scale of the variable condenser. Observations made in this way usually 
reproduce within 1-2 % over periods of days. The zero readings behave in 
the same way. 


Rbsults 

The dielectric capacity e is calculated from the observations by the 
following expression: 


where r© is the zero reading with the empty condenser, the reading taken 
at the temperature i with the condenser filled with the ketone. 1*25 is the 
capacity of the empty condenser in scale divisions of the variable capacity. 
Fig. 2 shows a number of typical curves representing e-l/fi-h2 plotted 
against the temiwature. Curve I represents an experiment in which the 
condenser is filled at high initial pressure. Owing to this pressure the 
melting-point moves upwards and becomes so high in this particular case 
that the substance remains solid even at 80 ° C. The dotted curve drawn for 
comparison shows the behavioiu' of the substance at atmospheric pressure, 
the melting-point marked by an arrow is at 60 ° C. The direct test for the 
non-melting of the substance is done with the aid of a small steel ball put 
at the bottom of the condenser before filling. The actual position of the 
condenser during the experiment is inverted. If, as is observed with the 
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experiments at high pressme, tlie steel ball remains in its position, it is 
a sign that the substance did not melt. 

The subsequent curves on the diagiam are those observed with gradually 
decreasing initial pressure, the substance being kept at constant volume on 
each individual curve, until finally a stage is reached where the filling of the 
condenser is incomplete at first. Here the substance expands first freely 
on heating and the polarization follows that previously measured at atmo¬ 
spheric pressure. As soon as the pressure sets in the curve shows a sharp 
kink A after which the rise is much slower than before. On heating the 
substance still further a second kink B appears. This marks the temperature 
at which the first meltuig sets in. With still increasing temj)erature more 
and more of the solid phase disappears until finally the whole of the kett)ne 
is molten. At this point C the polarization has reached its maximum and 
decreases slowly with further rise in temperature. 


Discussion of the results 

The diagrams suggest that there are three distinct temperature ranges, 
each range indicating the prevalence of certain definite physical conditions. 
These three ranges show in experiments, at both constant pressure and at 
constant volume. 

In the first and lowest temperature range the polarization is practically 
independent of the temperature, in the second intermediate range there is 
a very marked rise, and in the third and highest range the polarization 
decreases slowly with increasing temperature. 

These ranges are to be considered. In the first range the ketone mole¬ 
cules are kept in their positions in lb© lattice by the Van der Waals and 
dipole forces. They perform small oscillations due to an elastic restoring 
force under the influence of the temperature. An external electric field has 
a twofold effect-: it polarizes the molecule by separating the electric charges, 
and, secondly, polarizes the material by displacement of the dipoles. The 
first effect, essentially the polarization of the paraffin chain in the ketone, 
does not interest us here. It is quite unaffected by temperature changes or 
by changes in the arrangement of the molecules. The dipole effect is different. 
In the present material the dijjole is attached to a long paraffin chain exactly 
halfway between the ends. Owing to this symmetrical position it is very 
likely that the line connecting the two charges of the dipole is perpendicular 
to the chain axis or at least not far from this position. The chain axes are 
fixed in relation to each other, since we are dealing with a solid, and are 
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evenly distributed over all possible directions in space. The system as a 
whole has therefore no resulting dipole moment. Such a moment appeara, 
however, when the material is placed in an electric field. The dipoles tend 
to orient themselves, their most probable movement being a rotation round 
the fixed chain axes. This rotation is opposed by the elastic forces. The 
resulting position of equilibrium determines the magnitude of the induced 
polarization, which is found to be equal to 

31 ^* 

II is the dipole moment. The potential is assumed to be JlTsin^a, i.e. it 
has for smaU dispiacjemenis the conventional character of an elastic potential. 
For large angles it suggests the necessarily periodic nature of the field of 
force to which the dipole is subjected in the present model. So far the effect 
of the temperature is neglected. Now it is easily seen from first principles 
that the temperature becomes only effective when kT is comparable with 
W. For any value of kT below^ this threshold the polarization remains 
constant. This is shown explicitly in the calculations of R. H. Fowler ( 1935 ), 
and explains the first range. Before discussing the second range, the most 
important in the present work, a few words may be said about the third. 
Here the substance is completely molten, and its behaviour is accounted 
for by the classical theory of Debye. So far there is hardly any difference 
between the experiments made at constant pressure and those at constant 
volume. The situation changes completely in the second range. The rise of 
the polarization when observed at C/onstant pressure takes place in a 
temperature interval of about 20 ‘’ C. below the melting-point. This interval 
increases considerably when the experiment is made at constant volume. 
One reason for this is obvious. The melting, instead of taking place at one 
definite temperature, is spread over an interval, when the substance is 
under constraint. Further, as the experiments show, there is a considerable 
interval preceding the melting in which the polarization rises from its lowest 
level. The position of the second range on the temperature scale, and the 
shape of the polarization temperature curves, depend upon the initial 
pressure at which the substance is filled in. Take curve I on fig. 2 , In the 
corresponding experiment the initial pressure is so high that the substance 
remains solid up to the highest temperature shown on the drawing. The 
interval of rising polarization is very large. It decreases as the initial 
pressure gets lower. 

It is particularly interesting to compare the constant-pressure and 
constant-volume ourvos in the region below the melting-point. The constant- 
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preasure curve rises rapidly with increasing gradient as the temperature 
approaches the melting-point, whereas the constant-volume curve is nearly 
a straight line with a comparatively small slope. 

It has been pointed out in the introduction that crystals consisting of 
chain molecules have a particularly large thermal expansion in the neigh¬ 
bourhood of their melting-point. The present experiments show that the 
rapid change of the polarization which simultaneously takes place in this 
temperature range becomes much smaller when the expansion is suppressed. 
This suggests that the volume change is primarily responsible for the in¬ 
creased mobility of the molecules. 

Some time ago I made an approximate calculation of the lattice energy 
of paraffin crystals (Miiller 193 b a), showing that this energy is essentially 
accounted for by the Van der Waals forces. In a continuation of this work 
(Miiller 19366 ) an estimate was obtained for the threshold energy W, The 
numerical value of W for one CH^ group is found to be approximately 
5 X 10 *^^ ergs. For a molecule with say 2 OCH 2 groups it is twenty times as 
much, i.e, lx ergs. This value holds for a crystal at room temperature 
before the large expansion has set in. The average thermal energy of a free 

kT 

rotator with a fixed axis at this temperature is = 2 x 10 * 1 * ergs, which 

is muoh smaller than the threshold value. Rotation is therefore extremely 
infrequent. After the expansion, that is to say when the crystal is at the 
melting-point, the threshold value drops to the same level with 2 x 10 ~“ ergs, 
as the calculation shows and rotation is to be expected. This suggests for 
the present experiments that the molecules in the expanded crystal are 
free to orient themselves in the external field which acts on the attached 
dipoles. 

The argument which makes the expansion alone responsible for the 
increase of the polarization at constant pressure is obviously incomplete. 
It does not take into account the increase existing when the system is kept 
at constant volume. The fact that it provides an approximate explanation 
simply shows that the expansion plays an important role. 

A theoretical discussion of the present observations is outside the scope 
of this paper and is reserved for a future publication. There is, however, one 
observation which seems to simplify matters, which will be discussed now. 

The transition B between the one- and the two-phase system at the 
beginning of the melting is not very prominent at low pressures and be¬ 
comes practically undetectable at high pressures. This indicates that the 
two systems cannot differ much in their internal arrangement. We take first 
the one-phase system at low temperature. The molecules perform osoil- 
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lations relative to a fixed position of equilibrium^ The external field pro¬ 
ducing only a slight perturbation has very little effect so long as the elastic 
restoring forces are present. These forces diminish and the amplitudes of 
oscillation become larger, but so long as the oscillation centres persist the 
polarization remains small. Finally, when the energy due to the external 
field has the same order of magnitude as the remaining threshold energy the 
dipoles will follow the external field, but since the energy of the field is very 
small the molecules must be practically free. We therefore conclude that 
the increase of the polarization observed with the solid is due to an increase 
in the number of free molecules. Since we have every reason to believe that 
free rotation exists in the liquid phase we come to the conclusion that the 
solid and the liquid cannot differ very much in the region where melting 
begins. This conclusion is in accordance with observation. A difference 
between the two phases must necessarily remain. It is magnified at the 
upper limit of the melting process where the discontinuity G persists. This 
is not surprising. The observed physical profierty, the polarization in the 
present experiments, is much larger at the upper end of the curve, and any 
discontinuity is bound to be enhanced more or less in proportion to the 
magnitude of the observed property. 

The argument in the jjrevious section leads to the conclusion that the 
system consists essentially of a mixture of rotating and non-rotating 
dipoles. 

The discussion of the numerical data which involves a statistical treat¬ 
ment of this dipole system is to be given later. The aim of the present paper 
is to prepare the ground for an investigation of the melting of chain com¬ 
pounds. 

In conclusion the writer tlxanks the Director and the Managers of the 
Royal Institution for their kind interest in the work. 

iStXMMAEY 

The present work is a continuation of a previous investigation on the 
dielectric polarization of a long-chain ketone. The material is again a chain 
molecule carrying a dipole at its centre. The substance, instead of being 
allowed to expand freely, as in the previous exj)eriment8, is kept at constant 
volume, and the effect of temperature variation is now studied under these 
new conditions. 

The experiments show that the constraint imposed upon the system has 
a very marked effect on the dielectric polarization. It follows from the 
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obeervatiunjB that the rapid rise of the polarization observed in the previous 
constant-pressure experiments is intimately connected with the similarly 
large expansion of the crystal lattice found with all long-chain substances. 
With regard to the theory of the co-operative effects shown by these 
substances, the present experiments prove that a variation of the boundary 
conditions has a large effect iHK>n the l)ehaviour of the substance. 
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Diamagnetism of cadmium 

By S. Ramachandra Rao and S. Seiraman 
Annant^iiai University, Annamalaimyar, South India 

{Communicated by 0 , W\ Richardson, F.R, 8 .—Received 18 January 1938) 

1. Introdttction 

The study of the susceptibility of metal crystals has received some 
attention in recent years both from theoretical and experimental points 
of view. The careful and thorough investigations of Goetz and Focke (1934) 
on single crystals of bismuth have greatly extended our knowledge regarding 
the properties of the crystalline state. McLennan, Ruedy and Cohen (1928) 
and Mclennan and Cohen (1929) have determined the principal suscepti¬ 
bilities of a number of metals, including zinc, cadmium, antimony and tin. 
Huge (1935) investigated tin crystals and showed the existence of a feeble 
anisotropy. Rao and Siibramaniam (1936) studied thallium and showed 
from magnetic data the existence of a transformation point (235® C.), at 
which temperature its ordinary hexagonal structure passes over into the 
cubic type. Rao (1936a, 6) has examined the influence of cold-working on 
single crystals of bismuth, zinc and tin and amvedat important conclusions 
based on the observed variations of the principal susceptibilities. An 
extension of this study to other metals and a careful repetition of some of 
the earUer investigations on the lines of more recent work seem essential. 
In this paper cadmium has been taken up for special study. We have indeed 
the values of McLennan aiid others (1928) for the principal susceptibilities 
of cadmium, but it is proposed here to study carefully the influence of cold¬ 
working and of foreign matter on its diamagnetism. 

On the theoretical side a large amount of interesting work has been 
accomplished. Patxli (1926) applied the Fermi-Dirac statistics to the 
calculation of the paramagnetism of a free electron gas. If (XA)e is gram- 
atomic susceptibility due to the free electrons, q the number of free electrons 
per atom, and the width of the occupied energy range in the completely 
degenerate state in volts, for ordinary temperatures, 

10 ’ “ 48-17(|j{l-6.U X 10 -*(|)*). ( 1 ) 

Iiftndau (1930) has shown that for strictly free electrons, there is also a 
diamagnetic effect arising from the discreteness of the enei^ states in a 
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magnetic field. This effect is found to be numerically a third of the para¬ 
magnetic effect. Neglecting the small term proportional to in the 

above exjiression, we have, for the gram-atomic susceptibility of free 
electrons, 

(:\:^)eXlO»-32*llg/Fo. (2) 

Peierls (1933) has discussed the diamagnetism of quasi-bound electrons. 
He shows that the condition for the applicability of Landau’s formula to 
metals is given by where t is the average time between collisions. 

By considerations of the entropy of the electron gas, Landau (1930) has 
arrived at the following expression for the diamagnetism of free electrons 

Xt - X 10 -«, ( 3 ) 

where Wq is the number of free electrons per atom in the metal, p is the 
density and A is the atomic weight. According to this calculation, the total 
paramagnetic susceptibility of the degenerate electron gas is 2;^^^, since the 
paramagnetic effect due to electron spin is three times as great as the Landau 
diamagnetism. In crystals we have the periodic field due to the ions in the 
lattice. Peierls (1933) has studied the effect of the lattice field on the 
diamagnetism of metals. The applications to the case of cadmium will be 
taken up later in the paper. 


2 . Experimekt 
(a) Metal 

The cadmium metal used in this investigation was of the purest quality 
from Kahlbaum. A spectroscopic analysis of the metal showed the presence 
of 0-01 % of zinc and 0*001 % of lead. The specimens were tested for ferro¬ 
magnetic impurities by investigating the susceptibility of the cast cadmium 
rods at different field strengths. The details will be described presently. The 
metal was found to have a density of 8 * 626 . 

{b) Preparation of polycrystalUne rods 
Eor the magnetic investigations, polycrystalline rods had to be prepared 
of length about 10 cm. and diameters between 2*5 and 5 mm. Diameters 
of this order were found to be specially convenient for the magnetic work. 
The oasts were made with the help of tubes similar to the one shown in 
fig. 1, After cleaning the tube thoroughly, a sufficient quantity of the metal 
was taken in the tube D, The end C was then connect^ to a high vacuum 
outfit consisting of a Cenoo hyvac pump and a mercury diffusion pump and 
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the pressure reduced to the order of 10~® mm. The metal in D was next 
melted, and after all the absorbed gases were removed the clean metal was 
allowed to flow in AB. 

A B C 


Fig. 1 

In later investigations, a tube of the kind shown in fig. 2 was used. 
.^i?is a tube of 1 cm. diameter with the tube BC joined at B. Pure 
metal bits were placed in ^45 and the tube was joined at u 4 to the 
high vacuum outfit. With all-glass connexions it was possible to 
reach the sticking pressure in a Macleod gauge connected to the 
system. When such low pressures were reached the metal was 
heated at B with the pumps running. When the pressure read in 
the gauge was of the order 10“® mm., the metal at B was heated 
strongly and melted. When the tube BC was almost half full, the 
tube was sealed off at X>. For investigations on polycrystalline 
metal, the cast rods were removed by cracking the glass all 
around and breaking. 

(c) Preparation of single crystals 

Single crystals were prepared by the method of Bridgman 
(1925). The tube containing the metal prepared in the foregoing ^ 
section was suspended vertically along the axis of an electrically heated 
furnace, the temperature inside being regulated to be about 350 ° C., nearly 
30 ° above the melting-point of cadmium. The lowering device consisted of 
an ordinary time piece, the setting screw of which was replaced by a 
cylinder. The circumference of this cylinder was adjusted to give a rate of 
lowering of 3 om./hr. for the metal used. As the metal tube emerged from 
the heater, the lower end was gradually cooled. The steep temiierature 
gradient set up inside brought about a gradual crystallization. Cadmium 
crystals thus prepared were found to be good specimens of single crystals. 

< (d) Crystal structure 

Cadmium crystallizes in the hexagonal close-packed system, the a and c 
values (in Angstrom units) according to Clark (1932) being 2'973 and 6-606 
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and (c/a » 1 * 885 ). The basal plane is the 0001 plane which i« also the cleavage 
plane when the crystal is broken or etched. The crystals could be etched 
with dilute hydrochloric acid or when sufficiently thin could be broken 
after cooling with carbon dioxide snow and ether. The angle <f> made by 
the hexagonal axis with the cylindrical axis was determined for each 
crystal by using a spectrometer after the magnetic investigations were over. 


(c) Determination of the smceptibility of the polycrystalline specimens 

The Gouy method was adopted for the measurement of the susceptibility 
of the metal sf)ecimen8. The electromagnet was one of the Pye type, and 
the pole faces of diameter 3 cm. were fixed parallel to each other and at 
a distance of 1J cm. For any given sample, measurements were made at 
different field strengths by varying the current through the electromagnet 
from 2 to 7 amp. The intensities of the magnetic field varied under these 
conditions from 8-2 to 18 * 8 k.gauss. The cylindrical rod of metal was 
suspended by a fine wire from one arm of a chemical balance. The specimen 
was arranged to have its axis vertical and the lower metal surface to lie 
symmetrically between the pole faces. The weight of the rods were deter¬ 
mined first in the absence of the magnetic field and then successively for 
different currents through the electromagnet. A final reading was taken 
again in the absence of the magnetic field. Water was used as the standard 
substance. A glass tube of uniform diameter and about 20 cm. in length 
was half-filled with water and the Gouy forces determined at different 
field strengths on the water column. 

If is the volume susceptibility of the metal specimen, its area of 
section and H the intensity of the field between the pole faces, then the 
Gouy force is given by 

For water m'g =. 

In these expressions and H,„ are the intensities of the magnetic field 
at the other ends of the metal rod and water column respectively. Hence 


or 




Here p is the density of the metal. 
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If we now apply a correction for the volume susceptibility for air, 

^ P p^^ 'p 

where and d^ are the diamefers of the water column and the metal rod. 
Ifd^^ dm> lengths used being cut fi*oni the same tubing and if HI, and 
are negligible when compared with 

^ Ki ^ K , K-K 

^ p p p ‘m'* 

ka, was assumed to be 0 * 029 * (paramagnetic) at SO’^ C. following the data 
of Sone (1920). 

{/) Determination of the princijml ansceptihilities of single crystals of cadmium 

The crystal prepared by the Bridgman method was removed from the 
glass and suspended from tlie right pan of the chemical balance. A circular 
paper with its circumference graduated in degrees was pasted on the pan 
through the centre of which passed a thick wire carrying the crystal at 
the lower end. A pointer on the disk gave the reading corresponding to 
any position of the crystal. Great care was taken to see that the crystal 
was vertical and that its lower end was symmetrically between the pole faces. 

The Gouy forces for any crystal were measured at different positions of 
the pointer on the circular scale. Measurements were usually taken at 
intervals of 15 ° during one complete mtation of the crystal, the current in 
the electromagnet being kept steady at 5 amp. It was found that when 
the Gouy forces were plotted against the readings on the circular scale, 
there were maxima and minima of diamagnetic susceptibility alternately 
occurring at intervals of 90 °. The crystal was successively placed in the 
position of maximum and minimum Gouy force and, in each case, the 
susceptibilities were determined for different field strengths. On drawing 
a graph between the susceptibility and IjH, a straight line is obtained 
which when produced gives the value when l/H is zero, i.e. when H is 
infinite. This jK)iut is apparent from the following relation of Honda (1910): 

erm 

Xi Xp’^ ~~fj f 


where Xi *^nd Xp specific susceptibilities of the impure and pure metals, 
(T the specific intensity of magnetization and m the mass of ferromagnetic 

♦ All susceptibility values in this paper are dianiagtietic (unless otherwise stated) 
and in 10“* units. 
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impurity present in unit mass of the metal. Here m is assumed to be very 
small. The following theory will explain how the principal susceptibilities 
of the crystal were calculated. 

(g) Theory of the tnextaurements 

Following Jackson (1926), Rao (19366) has given the theory of the 
determination of the principal magnetic susceptibilities, for a hexagonal 
crystal. If Xa^ Xb Xc principal susceptibilities, the susceptibility 

Xoi in any direction of H making direction cosines a, yff, 7 with directions of 
the principal susceptibilities of the crystal, is given by 


Xe = Xf,°<-^ + Xb^ + X«y^- 

If (j> is the angle between the cylindrical axis and the c axis of the crystal 
(fig. 3 ), we obtain, remembering that Xa — Xhy 



If Xo ?(»o ®'*'® values when d « 0 and when 0 ■= 90° respectively, 
we have 


Xw’^Xa + 
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If we now designate Xa Xe Xx Xu being the euaoeptibilities per¬ 
pendicular and parallel to the hexagonal axis, 


X'i. = Xw 


and 


sin^^J 


From these expressions we can write for x& 


Xff = Xo + (Xto~Xo)sin’‘ 0 , 

showing how Xo varies with 0 , This variation follows the sin*^^ the 

maximum and minimum values being Xm Xo respectively. 


(h) CoH-workiing 

The influence of cold-working on the susceptibilities of polycrystalline * 
cadmium and of its single crystals, was also investigated. The rods were 
subjected to a tensional stress by the apjilication of weights. The ends 
were then cleaned with dilute hydrochloric acid. Every care was taken to 
prevent the metals from coming into direct contact with iron. The densities 
of the unstrained and strained specimens were determined by the usual 
hydrostatic method of weighing in air and in water. 


(i) Preparation of alloys 

The influence of small quantities of foreign matter was also investigated. 
Alloys of cadmium containing small quantities of zinc and lead were 
prepared by the method explained in § 2 (6). Weighed quantities of cadmium 
and the other metal (zinc or lead) were placed in D and melted in vacuum. 
After shaking the tube to get the molten metals mixed uniformly, the alloy 
was made to run down the tube A B to the desired length. The crystallization 
of the alloy was carried out in the same manner as for the pure metal. 


3 . Results 

(a) Polycrystalline metal 

The susceptibility of the pure polycrystailine metal was determined by 
measuring the Gouy force on a few specimen rods at different field strengths. 
The results obtained with a typical specimen of diameter 0-411 cm. and 
length 9-6 cm. are given in Table I below. 

On drawing the straight line graph between 1 jH and x extrapolating 
it, we obtain for the susceptibility at infinite field strength the value of 
0 ' 1740 . The mean of a number of measurements with half a dozen rods 
gave the value of 0-1746 for the diamagnetic susceptibility of cadmium. 
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The results obtained by other iuTestigators are shown in Table II foi* 
comparison. 


Table I 


Field current 
in amp* 

H in 
k.gau 8 H 

l/Hx\0 

Gouy force 
in mg. 

X 

2 

8*2 

1*220 

6*7 

0*1720 

3 

13*9 

0*719 

18*9 

0*1782 

4 

16*0 

0*626 

26*2 

0*1728 

5 

17*3 

0*678 

29*6 

0*1734 

6 

18*2 

0*549 

82*7 

0*1734 

7 

18*8 

0*632 

34*9 

0*1736 


Table II 


Investigators x 

Honda ( 1910 ) 0*169 

Owen { 1912 ) 0*186 

McLfwian and others ( 1928 )* 0*194 

Meara ( 1932 ) 0180 

Rao ( 1936 a) 0*174 

Authors 0*1746 


* Deduced from the principal susceptibilities. 

It will be noticed that our value agrees satisfactorily with those of other 
investigators. 


(6) CoJd-vmking on polycryaiaUine metal 

The effect of cold-working on polycrystalline rods of cadmium has been 
studied by Rao (1936a) who arrived at the conclusion that, due to cold- 
w^orking, very small changes were produced on the susceptibility of the 
metal. Table III gives the values obtained by us for some cold-worked 
specimens. 


Redative density 

TaBLjE III 

Decrease of density 


of the Hpecime>u 

due to cold-working 

X 

8*626 

0*000 

01746 

8*602 

0*024 

0*1742 

8*676 

0*061 

0*1736 

8*630 

0*096 

0*1730 

8*496 

0*130 

0*1710 


Fig. 4 shows the grapli between dp and x- If will be seen that the dia¬ 
magnetic susceptibility shows a small decrease on cold-working and that 
the variation is fairly well represented by a straight line. Points obtained 



Diamagnetism of cadmium 333 

by ue are indicated by dark spots while those of Rao (1936a) are shown 
by hollow circles. 



Pig. 4 


(c) Princijial auecepiibiliiies of the cxidmixim crystal 

In Table IV are given the values of the Gouy force for various angles 
of d ranging from O'" to 360 *^ in the case of a cadmium single crystal of 
length 9*1 cm, and diameter 4*19 mm. The current through the electro¬ 
magnet was kept at 5 amp. during these measurements. 


Table IV 


6 

Gouy force 
in rng. wt. 

0 

32*4 

15 

3L3 

30 

30*6 

45 

30*2 

60 

30-0 

55 

30-1 

m 

30*3 

76 

31*0 

90 

32*6 

105 

34-1 

120 

36-2 


0 

Gouy force 
in mg. wt. 

135 

38-0 

140 

38-2 

145 

380 

160 

370 

165 

34-8 

180 

82*5 

195 

3L4 

210 

30-6 

225 

30-1 

230 

300 

235 

30a 


0 

Gouy force 
in mg. wt. 

240 

30*4 

255 

310 

270 

32-6 

286 

34-3 

300 

36'2 

315 

38-1 

320 

38-2 

325 

38-1 

330 

37*2 

345 

36-4 

360 

32-4 


In fig. 6 is shown the graph between 6 and the Gouy force on the specimen. 
The maximum force occurs when 6 « 140 ^ or 320 ® and the minimum when 
6 a 50 ® or 230 ®. The crystal was next placed in these positions and the 
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Gouy forces were determined in each position for different field strengths 
ranging from 8-2 to 18-8k.gauss. The results are given in Table V. 

Table: V 


tf = 60“ ^=140° 


Field 

^ . 


. 

' ' > 

current 
in amp. 

Gouy force 
in mg. wt. 

X 

Gouy force 
in mg. wt. 

X 

2 

6*6 

(>•1620 

8-5 

0*2080 

3 

id-4 

0-1634 

24-7 

0*2080 

4 

25-7 

01636 

32-7 

0-2082 

5 

30-0 

0-1635 

38-2 

0-2082 

6 

32-9 

0-1633 

42-0 

0-2084 

7 

35-4 

0-1635 

45-1 

0-2083 



-* 0 in degrees 
Flo. 6 


On extrapolating the x> 1 IH graphs to infinite field strengths, we obtain 
for the susceptibility in the positions of maximum and minimum Gouy 
force (say ;\;o and Xm) values of 0-209 and 0-164 respectively. The angle ^ 
for the crystal was found by measurement to be 63® 30'. Since Xx Xto 

and we obtain the following values: 

Xj. = 0-164, =0-220. 

In thift manner the principal susceptibilities of cadmium were determined 
for five crystals and the values are tabulated below (Table VI). 

We thus obtain the following mean values for the principal susceptibilities 
of cadmium: 


0-223. 
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Table VT 


Crystal 


no. 



A'o 

Xx 

Xi 

1 

63° 30' 

0*164 

0-209 

0-164 

0*220 

2 

62° 30' 

0162 

0-212 

0-162 

0-225 

3 

62° 30' 

0163 

0-210 

0*363 

0-223 

4 

62° 0' 

0*165 

0-210 

0*166 

0-223 

6 

61° 0' 

0164 

0 -21J 

0-164 

0-226 




Moan 

0-163 

0-223 


The mean susceptibility of an ideal poly crystalline aggregate of cadmium 
arranged at random is ^(X\\~^'^Xi) — 0 »J 83 . McLennan and others (1928) 
have given the following values: 

= 0 * 160 , ;^,|== 0 * 261 ; Mean 0 * 194 . 

On comparing these values we find that while there is agreement of the 
Xx values, our value of Xw is smaller than that of McLennan and others 
(1928). The mean susceptibility obtained in this investigation is smaller 
than that of these workers but greater than the value ( 0 * 1746 ) for the 
polycrystalline aggregate obtained directly above. Attention may be drawn 
to the fact that a similar discrepancy was obtained by Rao (19366) for zinc. 
The mean susceptibility of this metal calculated from the principal suscepti¬ 
bilities was 0*167 while the value determined directly was 0 * 160 . 

The magnetic results for zinc and cadmium crystals are given in Table VII. 


Table VII 

Zinc Cadmium 


Investigators 

r 

Xi 

Xit 

xJx± 

Xx 


Xii/Xx 

McLennan and others 

0-145 

0*190 

1*310 

0-160 

0*261 

1-631 

(1928) 

Rao (19366) 

0-149 

0-202 

1*366 

_ 

_ 

_ 

Authors 

, — 

— 

— 

0-168 

0-223 

1*368 


It will be jseen that the magnetic anisotropy of cadmium obtained here 
is nearer the value for zinc than the measurements of McLennan and 
others (1928). 


(d) Cold-working of the single crystals 

The crystalline properties of cadmium are similar to those of zinc. On 
increasing the tensional force applied to one of these crystals, slip bands 
appeared at stresses of about 0*4 kg. per sq. mm. The tension was increased 
to five or six times this value. The extensions were measured with a travelling 
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microscope by finding the distances between two marks made on the crystal 
before and after the cold-working. As the following table will show, the 
density of the crystal did not vary with cold-working. After the application 
of teiisional stress the principal susceptibilities were determined as outlined 
in the foregoing section. The following table gives the variations of the 
principal susceptibilities as the cadmium crystals were subjected to cold- 
working. 

Table VIII 


Relative 


dLjL 

density 




Mean x 

0-000 

8-640 

0-164 

0-226 

1-372 

0-184 

O-OOS 

8-638 

0162 

0-224 

1-383 

0-183 

0015 

8-638 

0-163 

0-224 

1-374 

0-183 


An examination of Table VIII shows that the principal susceptibilities 
alter very little on cold-working. The magnetic anisotropy and the mean 
susceptibility in the last column also do not show any change. It is therefore 
most likely that the small changes of susceptibility obtained when poly- 
crystalline rods of cadmium were subjected to cold-working are due to the 
changes of density accompan3dng such cold-working. 

These results show that the stress effects that may arise during the 
process of solidification of the metal in the glass tube would not appreciably 
affect the susceptibility values. 

(e) Influence of small ammnts of lead 

Lead in small quantities is known to dissolve in cadmium. In fact it is 
well known that lead is one of the common impurities in cadmium. It 
appeared therefore important to study the principal susceptibilities of 
cadmium crystals containing small quantities of lead. Goetz and Focke 
(1934) showed that the magnetic anisotropy of bismuth was greatly affected 
by the nature of the foreign element, elements towards the alkali side of 
the periodic table increasing the anisotropy and those on the halogen side 
decreasing this ratio. Similar investigations were conducted by Hoge (1935) 
on tin. 

The lead used was of extra-pure quality from Kahlbaum, Eao and 
Subramaniam (1936), working with the sample used, obtained for it a 
diamagnetic susceptibility of 0 * 107 , 

Known masses of cadmium and lead to give any desired composition 
were introduced into the bulb D in fig, 1 and single crystals were prepared 
as detailed in § 2 (t) above. 
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The denBitiee of the specimena were also determined accurately by the 
hydrostatic method. The results are given in Table IX. 


Specimen 

no. 

Percentage 
by weight 
of lead 

Relative 

density 

Table IX 

x± 


XJXx 

Mean x 

1 

0 

8-640 

0163 

0-223 

1-368 

0-183 

2 

0*37 

8-640 

0*161 

0-224 

1-391 

0-182 

3 

0 -S2 

8-660 

0158 

0-222 

1-405 

0-179 

4 

0*93 

8-662 

0*157 

0-222 

1-414 

0*179 


A scrutiny of Table IX will show defirutely that the influence of lead is 
to lower the susceptibility per|>endicular to the hexagonal axis. The 
susceptibility parallel to this axis on the other hand nunains sensibly 
constant. The significance of this interesting observation will be discussed 
in the next section. 


(/) Injlueme of small amounts of zinc 

Zinc and cadmium belong to the same group in the periodic table. Tlieir 
outermost electronic configurations are similar and both atoms in the 
neutral states have a spectroscopic state The valency electrons for zinc 
are two in number occupying the 4 s levels. The atomic radii of zinc and 
cadmium are 1*53 and 1*73 A respectively. 

The zinc used was extra-pure quality from Kahlbaum. Rao (1936a), 
working with the sample used, found the mean susceptibility of the metal 
from the principal susceptibilities to be 0*167 while direct determinations 
of polycrystalline rods gave 0 * 160 . The principal susceptibilities for alloys 
containing small quantities of zinc are given in Table X. 

Table X 


Percentage 


Specimen 

no. 

by weight 
of zinc 

Relative 

density 

Xx 

Xt 

XJXx 

M<3an X 

1 

0 

8*640 

0-163 

0-223 

1-368 

0-183 

2 

0*29 

8*632 

0*162 

0*222 

1*370 

0*182 

3 

0*53 

8-624 

0-161 

0-220 

1*366 

0-181 

4 

0*82 

8*610 

0-162 

0*223 

1*376 

0-182 


It will be found on examining Table X that the principal susceptibilities 
do not alter as a result of introducing small quantities of zinc. Consequently 
the magnetic anisotropy and the mean susceptibility remain constant. 
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4. Discussion 

The principal diamagnetic susceptibilities obtained for zinc are 0-149 and 
0-202 and for cadmium are 0-163 and 0*223. The corresponding atomic 
susceptibilities are therefore for zinc 9*7 and 13*2 and for cadmium 18*3 
and 25-1. The ionic susceptibilities of and Cd^® are found by Kido 
( 1933 ) to be 12-8 and 20*3, while the results of Flordal and Frivold ( 1935 ) 
give values of 13*1 and 21*5 resjiectively. Applying the rules relating to 
the calculation of screening constants for different electron shells, Angus 
( 1932 ) obtained for the ionic suscej)tibilitie 8 of and Cd'^® the values 
of 16*46 and 33*94 respectively. Applying the same rules, the contributions 
of the outermost electrons in the neutral zinc and cadmium atoms to the 
atomic susceptibility can be calculated. The diamagnetic susceptibility of 
an electron in any group is given, according to Slater ( 1930 ), by 

+ 0*807 X 10“«(7i*)*{n*+ i) (n*+ 1) 

. . “ . .. ^ 

where n* is the effective quantum number, Z the nuclear charge and a the 
screening constant for the electron group under consideration. 

Calculations based on this relation show that for neutral zinc and cadmium 
atoms situated free from mutual influences, the diamagnetic susceptibilities 
per gram atom should be 38*51 and 64*06 since the spectroscopic state of 
the free atoms is Our experimental values are in the neighbourhood 
of those obtained for the corresponding ions. It can thus be definitely 
established that the valency electrons contribute very little to the dia¬ 
magnetism of zinc or cadmium crystals. In fact we have evidence to show 
that normal to the hexagonal axis, the binding is metallic. The paramagnetic 
contribution of these electrons works out to 3*2 for cadmium and 3*4 for 
zinc. It follows from equation (2) in § 1 that the width of the energy band 
for free electrons has a value of nearly 21 V. This suggests that in zinc and 
cadmium the electron energy bands are much wider than for free electrons. 

These conclusions find support from the specific resistance data for zinc 
and cadmium crystals along and perpendicular to the hexagonal axis. For 
comparison the data of Meissner ( 1926 ) are shown in Table XI. 

This suggests that the conductivity is greater perpendicular to the c axis 
than along it. The electrons are free to move more easily in the hexagonal 
plane than normal to it. Thus the contribution to the paramagnetic sus¬ 
ceptibility of these electrons is greater normal to the c axis than along it. 
Thus the magnetic measurements are consistent with electrical conductivity 
data. 




That in zinc and cadmium the electron energy bands are wider than for 
free electrons receives support from the moss susceptibility of these metals 
calculated from Landau’s formula (equation 3)* Table XII is drawn after 
Mott and JOnes ( 1936 ). 

Table XI 

Direction with Si)©cific resistance 





reference to 

at 20° C. 


Element 


c axis 

(10“* units) 


Zn 


Parallel 

5*83 


Zn 


Perpendicular 

6*39 


Cd 


Parallel 

6*8 


Cd 


Perpendicular 

6*5 




Table XII 


Motal 

X» 

Xi 

^^0 Xi 

ACno Xn^-^^XL 

Zii 

0*167 

0*09 

2 0*063 

0*200 0*094 

Od 

018 

016 

2 0039 

0*191 0*113 

Xa = mass 

susceptibility of solid. 




Xi = mass susceptibility of liquid. 

s= number of valency electrons per atom. 

Xx = rn^s susceptibility according to Landau's formula. 

Xn « mass susceptibility of ion with positive charges after Flordal and Frivold 

(193s)* 

While the susceptibility calculated in the above manner gives the observed 
value for zinc in the liquid phase, there is some disagreement for cadmium. 
It is likely that perfect freedom for the electrons does not obtain in the 
molten metal. 

The effect of stress on a metal in which the binding is metallic has been 
examined by Honda and Shimizu ( 1935 ) who find that in these oases cold¬ 
working causes a small increase in the diamagnetic susceptibility. But 
considering the fact that^in zinc, the valency electrons are not perfectly 
free, such an effect even if it exists must be negligibly small, A similar 
conclusion is true of cadmium. In the present investigation, no variation 
of the principal susceptibilities was observed when single crystals of cadmium 
were subjected to cold-working. Our results are in conformity with those 
obtained by Rao ( 19366 ) who noticed a very small decrease in the case 
of zinc. 

It was mentioned that small quantities of lead lower the susceptibility 
p^pendicular to the hexagonal axis without sensibly affecting the suscepti¬ 
bility parallel to this axis. On the other hand zinc in small quantities does 
not alter the principal susceptibilities of cadmium. Goetz and Focke ( 1934 ) 
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found that the magnetic anisotropy increased when tin was dissolved in 
bismuth while tellurium decreased this value. Mott and Jones ( 1936 ) have 
drawn attention to this result and accounted for it on considerations of 
the Brillouin zones constructed for bismuth structure. 

Goetz and Focke ( 1934 ) also discovered that small quantities of antimony 
do not alter the magnetic aiusotro])y. We have an instance of complete 
atomic solubility in this case. A similar observation is made when small 
quantities of zinc are dissolved in cadmium. The principal susceptibility 
and the magnetic anisotropy do not alter as a result of introducing zinc in 
small amounts. It is likely that the atoms of antimony replace those of 
bismuth in the hexagonal lattice ami at very low concentrations of antimony, 
the additivity law gives very small changes in the principal diamagnetic 
susceptibilities. In the same manner when small amounts of zinc are added 
to cadmium, the zinc atoms might displace some of the cadmium in the 
crystal. This would not affect appreciably the magnetic constants of the 
cadmium crystal. 

I^ead on the other band has four valency electrons and its presence even 
in small quantities is bound to disturb the crystalline fields within the 
crystal. It is found that the susceptibility parallel to the hexagonal axis 
remains constant while the value perpendicular to this axis decreases. 
Such a result would occur if the additional valency electrons introduced 
by the presence of the lead atoms give rise to a larger paramagnetic suscepti¬ 
bility component, in a direction normal to the c axis. Electrical conductivity 
data with single crystals of cadmium containing small quantities of zinc 
will be of interest in deciding these problems. 


5. StTMMAEy 

Single crystals of cadmium were prepared by the method of slow cooling 
and the principal magnetic susceptibilities were^ determined by the Gouy 
method. The influence of ferromagnetic impurities on the observed values 
was eliminated by determining the susceptibilities at different field strengths 
in accordance with Honda’s method. The mean values perpendicular and 
jmrallel to the hexagonal axis of the crystal were found to be —0*163 and 
— 0*223 respectively. The magnetic anisotropy was 1*368 and the mean 
diamagnetic susceptibility for a polycrystalline aggregate —0*183. The 
value —0*163 of Xx is ^ McLennan, Ruedy and Cohen but 

our value of Xn i® lower than theirs. This makes the magnetic anisotropy 
of cadtnium much nearer that of zinc than the earlier values indicated. 

The influence of cold-working on polycrystalline rods and single crystals 
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of cadmium was investigated. In the case of poIyorystaUine specimens, 
a small decrease was obtained. On the other hand, the principal suscepti¬ 
bilities measured with single crystals showed no variation on cold-working. 

The influence of small quantities of foreign matter was also a subject of 
investigation. Lead when added in small amounts affected the principal 
susceptibility normal to the c axis but not the value parallel to this axis. 
The principal susceptibilities did not alter as a result of adding small 
quantities of zinc. 

These results are examined in the light of the theory of paramagnetism 
of free electrons developed by Pauh, Landau and Peierls. The valency 
electrons appear to contribute a paramagnetic component perpendicular 
to the c axis. There is evidence for this from electrical conductivity data. 
The results obtained with the alloys are examined in the light of these 
conclusions. 
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The photosensitivity of diphenylamine-p-diazonium 
sulphate by the method of photometric curves 


By C. F, Gooi>eve and L. J. Wood 

The Sir William Ramsay ami Ralph Forster Laboratories^ 
University College, Ijondon 

{Communicated by C. K, Ingold, F.R.8—Received 12 February 1938) 


1. ‘' Photosensitivity ” 


The rate of a photochemical reaction is generally defined as the decrease 
in the number of molecules of a particular species with time and can be 
expressed by 


dn 

dt 




( 1 ) 


where y is the quantum efficiency and the intensity of the absorbed light 
in quanta per second. For thin layers of absorbing medium, i.e. layers in 
which the light intensity is not appreciably reduced, the value of is 
given by Beer’s and Lambert's laws, 


= acll, (2) 

where a is the absolute extinction coefficient in cm.® per molecule, c the 
concentration in molecules }>er cm.®, I the thickness of the layer in cm., and 
I the intensity of the incident light. Substituting in equation (1) one 
obtains an expression for the fraction of the total number of molecules 
which decompose in unit time, 


dn I 


(3) 


where A is the area exposed to the light and IjA the light intensity 
per cm.*. 

Equation (8) is applicable to all tjrpes of photochemical change taking 
place under the above conditions. For a particular light intensity per unit 
area the rate of photochemical change is dependent upon the value of the 
product ay. This quantity we propose to call the “photosensitivity”, and, 

[ 842 ] 
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as will be seen from the following examples, it is of greater practical im¬ 
portance than either the extinction coefficient or the quantum efficiency 
taken singly. *•* 

One of the best known examples of a system very sensitive to light is the 
reaction between hydrogen and chlorine. Chlorine has a comparatively 
low extinction coefficient for visible light, This low ex¬ 

tinction is, however, counterbalanced by the fact that the quantum 
efficiency is generally very high, between 10® and 10®, leading to values of 
the photosensitivity of 10“^® to 10“^® cm.® per quantum absorbed. Solutions 
of visual purple (see § 3 ) are very photosensitive. Dartnall, Goodeve and 
Lythgoe (1936, 1938; hereinafter referred to as “previous papers”) have 
shown that this arises from the fact that the extinction coefficient is high, 
while the quantum efficiency has a value of about unity. The photo¬ 
sensitivity of this substance is about 10” On the other hand, there are 
reactions such as the photodecomposition of aliphatic nitroso compounds 
(Hammick and others 1935, 1937) in which the quantum efficiency is unity, 
but the extinction coefficient very low, the value of the photosensitivity 
being less than 10^^®. If a solution of a nitroso compound is exposed side 
by side with a solution of visual purple, it decomposes at a rate 1000 times 
slower than the visual puride, although its quantum efficiency is about the 
same. In a further class there exist many dyestuffs of a very high ex¬ 
tinction but of a low photosensitivity arising from the fact that their 
quantum efficiencies are extremely small. 

Photochemical reactions behave differently with different wave-lengths 
of incident light. As quantum efficiencies are often more or less independent 
of wave-length itis an advantage to have a term “photosensitivity” defined 
in such a way as to be a function of wave-length. For example, visual purple 
has a high sensitivity to green light, while the diazonium salt discussed 
below is insensitive to this light and has a high sensitivity in the near ultra¬ 
violet. Their quantum efficiencies are about the same but their photo¬ 
sensitivities follow their absorption curves; visual purj)le absorbs green 
light strongly, while the diazonium salt is transparent to light of this 
wave-length. 

* Many equations for the kinetics of photochemical reactions have been proposed 
and may be found in text-books on photochemistry. Most of these, however, are 
based upon the use of energry units for the light intensity. Henri and Wunnser ( 1913 ), 
for example, called the constant in their reaction velocity equation the suscepti¬ 
bility photoohimique’S and showed the importance of the extinction coefHoient in 
determining its value. 


aa-a 
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2. The method of photometric curves 


Equation (3) has been derived for thin layers of absorbing substance* In 
the previotiB paper (1936) it was shown that if Beer’s and Lambert*s laws 
are obeyed, and if the quantum efficiency is independent of the concen¬ 
tration, the following equation describes the increase with time of the 
intensity of the transmitted light, If, 

i 4-constant. ( 4 ) 

The terms I and If on the left-hand side of the equation may be expressed 
in any convenient units such as galvanometer deflexions, where these are 
linear with light intensity, but I on the right-hand side must be in quanta 
per second. If a photometer is used giving readings of density, the values 
of the left-hand side of the equation can be calculated from the relation 


log 




— ]og(antilog density — 1). 


( 5 ) 


It was further shown (1936, 1938) that if either coloured photostable 
impurities are present or coloured stable products are formed, the equation 
becomes 

+constant, (ft) 

if-lf A 


where 


^ / log//// 


( 7 ) 


and If is the final value of I,. 

In the second paper (1938) the value of (ft was shown to be practically 
constant for a particular experiment, its value depending upon the ratio 
Ifjl. If, therefore, the logarithmic function of the light intensities, as 
given on the left-hand side of equation (6), is plotted against the time, a 

straight line should be obtained of slope . Measurements of I and A 

A 


and of the optical density or of the transmitted light intensity during the 
course of a photochemical change can thus be used to determine the photo¬ 
sensitivity. 

Equation (6) is a completely general equation expressing the progress of 
any simple photochemical change. This equation and the above graphical 
method play the same part in photochemistry as do the equations and the 
corresponding straight-line graphs for first- and second-order reactions in 
reaction kinetics (these latter equations are logC a constant and 
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1/(7 » A,/H-constant, respectively). The “photosensitivity'’ then oorre- 
eponds to the “reaction velocity constants’* and A;*. 

The “method of photometric curves” permits an examination of a 
photochemical reaction throughout its whole course. It is very sensitive 
to the presence of consecutive reactions and other complications. 


3. Applications 

The above equations have been applied extensively in the previous 
papers (1936, 1938) to the photodecomposition of visual purple, a light- 
sensitive coloured substance extracted from retinae of animals which were 
“dark-adapted” before death. This application raises an interesting point. 
The dimensions of photosensitivity, ay, are cm.* (converted j)er quantum 
absorbed), i.e. they do not contain “concentration”. Equation (6) can 
therefore be applied to a solution the concentration of wliich is unknown 
and of course gives by itself no information from which the concentration 
could be determined. At the present time there is no chemical way by 
means of which the molecule of visual purple may be defined or its amount 
or concentration determined. The value ofay may be measured but not that 
of either a or y separately. 

From arguments based upon simple photochemical generalizations given 
in the previous papers it was deduced that the value of y was equal to or 
not much less than unity. On this basis a probable absolute scale for the 
extinction coefficient curve was obtained, thus making it possible to 
calculate the concentration of any particular solution. 

It was, however, highly desirable to test these photochemical generaliza¬ 
tions on a known system bearing the closest possible resemblance to visual 
purple. Many dyestuffs and coloured organic compounds were tested, but 
all were found to have a very much lower sensitivity or were thermally 
unstable. Of a number of substances, suggested and kindly supplied by 
Mr D. W. Powell, diphenylamine-p-diazonium sulphate was found to have 
the required properties, although its sensitivity was confined to the near 
ultra-violet. 


4. Expkbimkntal 

The design of the apparatus was basically the same as described pre¬ 
viously {1936, 1938). A quartz monochromator was used with an atmo¬ 
spheric pressure mercury arc almost touching the entry slit. Inside this slit 
was fixed a piece of Wood’s ultra-violet glass to filter off most of the radiation 
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other than that of 365 m /4 (see § 6 ). The radiation leaving the exit slit and 
falling on the cell was found s|>eotroscopicalJy to be at least 99 % pure, 
there being small intensities of wave-lengths 313 and 334 m/<. An additional 
lens was fixed on the side of the cell holder near to the monochromator in 
order to make the light passing through the cell as nearly parallel as 
possible, and thus to reduce refraction of the light on to the side of the cell. 
The light transmitted by the solution was allowed to fall on a Weston 
photocell, which was connected to a Zernicke galvanometer the deflexions 
of which were found to be proportional to the light intensity. The bleaching 
was intenupted from time to time, and the incident light intensity, 
was measured. Absolute calibrations were made by means of a thermopile 
in the usual manner. 

Although the mercury lamp was run from a constant voltage supply its 
intensity varied sligJ)tly. The variations were found to be proportional to 
the current through the lamp over a narrow range and were therefore 
cjorreeted from measurements of this current taken simultaneously with the 
galvanometer deflexions. 

The sensitivity of the photocell was found to decrease (as compared with 
the thermopile) during the 0001*80 of a run. The fatigue was regular, and 
corrections were Tnade for this by periodic calibrations. 

The intensities of the light given in equation (6) refer to those incident 
upon or transmitted by the solution. It is not possible to measure these 
light intensities, but, by making allowance for the reflected light, they can 
be calculated from the light incident upon or transmitted by the cell. No 
corrections need be made to the intensity terms on the left-hand side of 
eqiiation (0), since the same correction would apply in the numerator as 
in the denominator. The light intensity which appears on the right of the 
equation must, however, be replaced by the following expression: 

l = ( 8 ) 

where fi is the fraction of light transmitted by a quartz plate, one side of 
which is in contact with air and the other in contact with water or dilate 
aqueous solution. is a term to account for the light which, reflected back 
into the solution from the second quartz face, causes additional photo* 
chemical change. At the beginning of an experiment with a concentrated 
solution it will be very small, but it increases as the bleaching proceeds. 
By simple optics it can be shown that 
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where /J is the light transmitted from the second quartz face. The value of 
}/r increases with but fortunately (j> decreases and the product ^(1 4 -^ 4 ^) 
remains constant to about 1 % during the essential part of the run. A mean 
value of this product was used in the combination of equations (6) and (8), 


5. The biazokhtm salt 

The photochemical instability of diazonium salts has often been described 
in the literature (Murray 1933; Eder 1934; Henriquez 1936). The 
decomposition of the salt, dipbenylamine-p-diazonium sulphate, used in 
the present work was studied by Ikuta (1888) and Schrbter {1930). The 
former found on analysis that it had the formula C^Hjs. NH. . Ng. SO4H. 

The sample used for the work described below was obtained in a high state 
of purity and was further purified by recrystallization from a 3 :1 alcohol- 
water mixture. It was subjected to a chemical analysis with the following 
results: carbon 49 * 3 % ( 49 » 15 ), nitrogen 14 * 0 % ( 14 * 3 ), hydrogen 3 * 8 % 
(3*75) (the figures in parentheses give the percentages calculated from the 
above formula). 

Diazonium salts are generally completely ionize<i in solutions of the 
strength used here, i.o. less than 10“^N (Hantzsoh 1895). It would appear, 
therefore, that the solution contains the following species: 



Determinations of the pH of a number of solutions by means of a Cambridge 
Electrometer Valve pH Meter (glass electrode) confirmed the ionization of 
one equivalent of hydrogen. 


6. The absorption spectra 

The absorption spectra, both of a y)ure solution of the diazonium salt and 
of the same solution after bleaching, were measured on a Hilger “ Spekkor'* 
Photometer combined with a Hilger E 3 Spectrograph. The results are 
shown in fig. 1. The molar extinction coefficient, e, is defined by the equation 

logiQ I Ilf ^ eCl, (10) 

where C is the concentration in g. mol./L 

It is seen that the absorption of the diazoniiun salt possesses a marked 
maximum at 26,300 cm."^ <380 mp), and that the product of bleaching is 
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comparatively transparent at frequencies less than 30,000 (330 m/*). 

It was therefore found convenient to bleach with light of 365 m/t from a 
mercury arc lamp. 

Wave-length {m/i) 



Flo. 1. The absorption curves of unbleaohed and bleached diphenylamine-p- 
dtazoniiun sulphate. Q observations by Schroter, 


7. Rksults 

The exj)erimental values of log^^, ^ - for sixteen experiments are plotted 

against the time in fig. 2. The area of the cell exposed to the light, 4 , was 
0*785 cm.*. Other data in connexion with these experiments are given in 
Table I. All but four of the experiments are recorded, these four being 
rejected owing to experimental mishap. A typical galvanometer deflexion 
curve, that for Exp. 4 , is shown by full dots. 

It is seen that the experimental results when plotted as the logarithmic 
function lie accurately upon straight lines except in the upper part of some 
of the curves where the error in the logarithmic function is grossly dis¬ 
proportionate to the error in the deflexions themselves. The fact that these 
lines are straight indicates that the photosensitivity is constant throughout 
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the caurise of the bleaching and thus independent of concentration. The 
above method of analysis is therefore applicable. The quantities reqmred 
for the calculation of ay are given in Table I in columns 3-6. The values 
of the extinction coefficient, a, given in column 9, are calculated from the 
initial densities of the solutions. Using the mean of these the values of the 
quantum efficiency have been calculated and are given in column 10. 



Fig. 2 


The first ten experiments were carried out over a wide range of tem¬ 
perature, and it may be seen from the results that the photosensitivity, the 
extinction coefficient, and the quantum efficiency are all independent of 
temperature. The importance of this fact from a general photochemical 
point of view is discussed below. 

Exps. 15 and 16 were made to determine whether or not the bleaching 
was dependent on the presence of air dissolved in the solution. The cell used 
for these two experiments was fitted with a bulb in the stem. After filling 
it was connected to a rotary Hy vac pump and evacuated until about one- 
third of the solvent had boiled sway. The bleaching was then carried out 
under normal conditions. The fact that the photosensitivity is unaffected 
by the removal of air indicates that the bleaching process is not an oxidation 
involving oxygen* 


Galvanometer deflexions ifl mm. 
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In order to test the accuracy of the correction factor a photc^table 
yellow tartrazine dye—1110 Baeyer—^was dissolved in two solutions of the 
diazonium salt to act as an internal filter. One solution was used for Exps. 
17 and 19, and the other for 18 and 20. The concentrations of the tartrazine 
dye are given in brackets in column 2. The dye absorbed about the same 
amount of light as did the initial amount of diazonium salt. The deflexion¬ 
time curve for Exp. 18 is also shown by full dots in fig. 2. The final deflexion 
as shown by the broken line is very much less than that for the pure solutions 
owing to the presence of the tartrazine dye. This low value of the final light 
intensity, Ip produces a low value of which compensates for the decreased 
slo|)o of the straight lines obtained from these experiments. It appears from 
Table I that the photosensitivity is unaltered by the presence of the dye, 
a fact which indicates tliat the dye does not sensitize the reaction and that 
the <j> correction provides full compensation unless by chance the photo¬ 
sensitivity is increased by a factor inversely proportional to an error in (j). 
This latter possibility is most unlikely. 


Table I 


1 

Exp. 

2 

Initial 

cono. 

3 

Slope 

4 

Intensity 
on cell, 
quanta/ 
sec. 

5 

6 

7 

Temp. 

8 

9 

10 

no. 

xlO®, N 

X 2-303 

X 10-« 


1 + t^ 

'C. 

ay X 10*’ a 

; X 10« 

y 

1 

646 

0-00318 

7-179 

0-978 

1-025 

20-0 

3-68 

1-07 

0-338 

2 

2-725 

0-00337 

7-036 

I-000 

1-035 

20-0 

8-85 

1-04 

0*353 

3 

5-46 

0-00312 

6-983 

0-967 

1-025 

45-4 

8-75 

1-03 

0*344 

4 

5-37 

0‘imn 

7-007 

0-944 

1-025 

49-9 

3-58 

1-03 

0-328 

5 

2-10 

0(K)321 

6-784 

0-986 

1-038 

150 

3-84 

1-09 

0-862 

6 

2-18 

0-00366 

7-806 

0*970 

1-039 

30-0 

3-85 

1-13 

0-363 

9 

216 

0-00306 

7-486 

0-982 

1-038 

30-05 

3-34 

1-07 

0-300 

12 

2-19 

0f)0290 

6-549 

0-984 

l-()39 

2(i-8 

3-60 

Ml 

0-330 

13 

2-19 

0-00288 

6-182 

0-944 

1-036 

44-9 

3-97 

1-20 

0-364 

14 

4*38 

0-00272 

6-170 

0-970 

1-021 

22-8 

3-70 

M3 

0-339 

ns 

__♦ 

0-00272 

6-372 

0-977 

1-026 

20-2 

3-54 

_ _ 

0-326 

16 

_• 

0-00272 

6-492 

0-965 

1-033 

20-3 

3-49 

_ 

0-320 

17 

1-93 

(9’3)t 

0-(X)205 

6-201 

0-751 

1-019 

20*15 

3-59 

— 

0-329 

18 

1*84 

0-00174 

6-163 

0-684 

1017 

20-16 

8-37 

'— 

0-809 

19 

1-93 

(9*3)t 

0-00194 

6-069 

0-750 

1-018 

20-16 

3-48 

— 

0-319 

20 

1-84 

0-00184 5-880 0-686 1-017 20*1 3-73 

Moan of experiments noa. 1-16 3-68 

• Solution evaeuatod before ex})eriment to remove air. 
t Concentration of tartrazine dye aolution added. 

1-00 

0-342 

0-34 dcO- 


All of the above experiments were carried out with unbuffered solutions 
and at an initial pH between 4*2 and 4-7. Bough experiments were carried 
out in solutions buffered to pH’s 6 and 10. The photosensitivity was found 
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to be about the same at 6 as at 4*2, but about three times higher at 
10. The extinction coefficient for A =» 366 m/f was, however, independent 
of pH. It would appear, therefore, that the quantiim efficiency of 0*34 for 
acid solutions rises to unity for alkaline solutions. 


8. Discussion 

Schroter (1930) carried out a number of experiments on the bleaching of 
diphenylamine-p-diazonium sulphate, usingasimple form of apparatus, and 
found the quantum efficiency to be more or less independent of wave-length 
and concentration over the narrow ranges studied. His values for the 
quantum efficiency were 0*6 from measurements of the change of optical 
density and 0*2 from measurements ofthe nitrogen evolved, and he suggested 
as an explanation of the discrepancy that the reaction is complicated. On the 
other hand, both Schmidt and Maier (1931) and Horio and Yamashita 
(1935) found on irradiation of this salt that the nitrogen evolved was equal in 
quantity to the diazonium nitrogen present. The photochemistry of a number 
of diazonium salts has beCn studied by Orton and Coates (1907), who found 
that phenols were produced equivalent to the original amounts of salt. 
We may therefore represent our reaction as 





OH + H++N,. 


This mechanism has been confirmed in the present work by measurements 
of the hydrogen-ion concentration before and after bleaching. Full pre¬ 
cautions necessary for accurate determinations of unbufi’ered solutions were 
not taken, but in general it was found that the hydrogen-ion concentration 
increased by a factor of about 2 during the bleaching process. It would 
appear, therefore, that the discrepancy in Schroter’s experiments was due 
to experimental error. 

It is of interest to discuss the above reaction together with the bleaching 
of visual purple in the light of some general photochemical principles 
postulated by Franck and Rabinowitch ( 1934 ) and shown by Norrish 
( 1937 ) to be of wide application. According to these authors, reactions in 
solution which are independent of temperature and concentration do not 
involve atoms or free radicals except when these react quickly with the 
solvent. In other words, the reaction goes to completion in a period of time 
of the order of magnitude of the interval between collisions by the solvent 
moleoules with the activated reactant. In such oases it is impossible for 



362 C. F. (Joodeve and L. J. Wood 

chain reactions to occur and therefore impossible for the quantum efficiency 
to be greater than unity. The photodeeomposition of the diazonium salt 
conforms with this generalization. The fact that the bleaching of visual 
purple is independent of temi>erature and concentration (see previous 
papers, 1936, 1938) leads to the conclusion that the quantum efficiency for 
this process is also not greater than unity. 

The photochemical reactions of the diazonium salt and visual purple 
have several points in common, although of course it is not suggested that 
there is any chemical relation between them. Their absorption curves are 
continuous and of an almost identical shape arid their photosensitivities are 
of the same order of magnitude. The maximum extinction coefficient of 
the diazonium salt is normal for continuous absorption curves. If visual 
purple also has a normal extinction coefficient, its quantum efficiency will 
be of the order of magnitude of unity. 

The authors are indebted to Dr R. J. Lythgoe for his advice and criticism, 
to Dr E. E. Schneider and Mr J. A. Kitchener for assistance with the 
experiments and to the Rockefeller Foundation for a generous grant in aid 
of this research. 


SlIMMABY 

The method of photometric curves, used previously to measure the photo¬ 
sensitivity of visual purple solutions, has been applied to the bleaching of 
diphenylamine-p-diazonium sulphate. 

The diazonium salt was bleached with light of wave-length 366 m/t, and 
it was found to have a quantum efficiency of 0*34 ± 0 - 02 , indej)endent of 
concentration and temperature. The photosensitivity was also found to be 
unaffected by the removal of dissolved oxygen and by the addition of an 
internal filter. 

These results have been compared with those obtained with visual 
purple, and their photochemical significance discussed. 


Revsksnoes 

Dartnall, H, J. A., Goodeve, C. F. and Lythgoe, R. J, 1936 Proe, Roy, Soo, A, 156, 
168-70. 

- 1938 Proc, Roy, 80 c, A, 164, 216-30. 

Eder, J, M. 1934 Z, ttnas, Photogr, 33, 1-12. 

Franck, J. and Rabinowitoh, E. 1934 Trome, Faraday 80 c, 30, 120^1, 



PhotoeemiUvity of diphenyl(miim-p-diazonium sulphate 363 

Hammiokr D, LL, Anderson, K. D. and Grumpier, C. J. 1935 J. Ohem. Soc. 
pp. 1679-84. 

Hammick, D. LI. and Lister, M. W. 1937 J. Ohetn, Soc, pp. 489-93, 

Hantzsoh, A. 1895 Ber. dtsch. ohtm, Oea. 38, 1734-53. 

Henri, V, and Wurrnser, K* 1913 J. Phya. thior, appl, 3, 305-23. 

Henriquez, P. C. 1936 Chem, WeekbL 33, 242-6. 

Horio, M. and Yamashita, S. 1935 Z. wiaa. Photogr. 33, 273^80. 

Ikuta, M. 1888 Ann. Chem. 243, 272-89. 

Murray, H. D. 1933 Photogr. J. 57. April supplement, pp. 6-16, 

Norrish, R, G. W. 1937 Trana. Faraday Soc. 33, 1521-8. 

Orton, K. J. P. and Coates, J. E. 1907 Trans. (Jhem. Soc. 91, 36-56. 

Schmidt, J. and Maior, W. 1931 Ber. dtmdi. diem. Oea. 64, 778-9, 

Sohroter, W. 1930 Z. wise. Photogr. 28, 1-29. 


An X-ray study of the iron-nickel-aluminium 
ternary equilibrium diagram 

By a. j. Beadlby, D.Sc., Royal Society Warren Research Fellow, 

AND A. Taylor, Ph.D., University of Manchester 

(Communicated by W. L. Bragg, F.R.8.—Recewed 18 Fetmuiry 1938) 

Stimulated by the special interest of iron-nickel-aluminium alloys for 
the permanent magnet industry, we have made an X-ray investigation of 
this system. The information obtained has led to a new view of the nature 
of the permanent magnets of iron, nickel and aluminium, which has been 
briefly described elsewhere (Bradley and Taylor 1937 a, b, c). In the present 
pafjer we confine ourselves to a description of the X-ray results, which 
have enabled us to draw a complete ternary diagram representing the 
phases formed by these metals. 

The iron-nickel-aluminium alloys are closely related to the systems 
FeAl, NiAl, OoAl. Every phase which occurs in the ternary system has an 
analogy in one or another of these binary systems. This makes it possible 
to interpret the present results in the light of our previous knowledge of 
those systems. 

Up to 50 atomic % of aluminium, there are only face-centred cubic and 
body-centred cubic structures. Interesting features of these alloys are the 
formation of superlattices and the phase equilibria. The face-centred cubic 
phase field is not merely separated foom the body-centred cubic phase 
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field by a two-phase area, as one might suppose. The peculiar shape of the 
/? (body-centred cubic) phase gives rise to a two-phase field in which alloys 
have two tyf>es of body-centred cubic lattice with widely different com¬ 
positions. There are, in all, three two-phase areas and a three-phase area 
lying between the face-centred cubic and body-centred cubic phase fields. 
In addition the face-centred cubic region itself encloses a miscibility gap. 

The body-centred cubic alloys are of three tyj>es. The iron-rich alloys 
have no superlattice; near Fe^Al the superlattice is of the type and 
with more aluminium tlie alloys have superlattices like FeAl or NiAl. 
Even where the superlatticos are of the same type, there are remarkable 
variations in lattice spacing. These in’egularities make it difficult to fix the 
phase boundaries in the usual way, but the strength of the superlattice 
lines acts as a guide. 

Beyond 50 atomic % of aluminium the system becomes more complex. 
Whereas the aluminium-poor alloys contain only face-centred cubic and 
body-centred cubic structures, the aluminium-rich alloys include eight other 
phases, some of them having very complicated structures. Four of these 
phases occur in the iron-aluminium system; two occur in the nickel- 
aluminium system; while the remaining two are related to structures found 
in cobalt-aluminium alloys. A more detailed account of the aluminium-rich 
alloys will be given in a later paper. At present we shall deal with the 
nickel-iron end of the system, up to the boundaries of the body-centred 
cubic phase field. 

Before giving the results of the present investigation, it will be advis¬ 
able to review recent work on the three binary systems, Fe-Ni, Ni-Al, 
Fe-Al. 


The iron-nickel system 

The iron-nickel system has in the last two years been the subject of 
three independent researches, in each of which X-ray methods have been 
used. Jette and Foote (1936) measured the lattice spacings of alloys after 
quenching from a series of temperatures. Bradley, Jay and Taylor (1937) 
have measured the lattice spacings both after quenching and after slow 
cooling. Owen and Yates (1937) have measured the spacings at elevate^ 
temperatures. The general result of the X-ray work is to confirm the phase 
diagram given by Merica (1930), which is given in fig, 1. This shows the 
existence of two phase fields, one face-centred cubic stretching from pure 
nickel towards the iron end of the diagram, and the other body-centred 




The exact position of the boundaries is still in doubt. This is due to a 
peouliar hysteresis effect in the iron-rich alloys. The face-centred cubic 
phase field stretches right across the diagram at temperatures above 
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870° C. Below this temperature, the iron-rich alloys begin to change to 
the body-centrod cubic form. The progress of the transformation depends 
on the exact way in which the metal is cooled. Fig. 1 shows that the trans¬ 
formation occurs at a much lower temperature on cooling than on heating. 

Alloys containing less than 6% of nickel (shange completely to the 
body-centred cubic form on cooling. With more nickel it soon becomes 
difficult to complete the transformation. Slow cooling then gives a mixture 
of body-centred and face-centred cubic jmtternB. Beyond 29 % of nickel 
the face-centred cubic pattern is obtained alone. We will here consider the 
system as containing a two-phase region extending from about 4*4 % of 
nickel to 29 % of nickel because this is the result of the heat treatment 
which we have employed, but we make no claim that this is the state of 
equilibrium, this difficult question being still under discussion. With this 
simplification, it is possible to reconcile the results obtained by slowly 
cooling alloys belonging to different ternary systems. 


The KIOKEL-ALUMIKrtJM SYSTEM 

The nickel-aluminium system has recently been re-examined inde¬ 
pendently by X-ray and by thermal and microscopic methods. Our X-ray 
powder photographs (Bradley and Taylor 1937a) confirm the broad out¬ 
lines of the phase diagram proposed by Gwyer (1908), but an additional 
phase (a') was found and the boundaries of the other phases were con¬ 
siderably modified. The crystal structure of each phase was solved and 
some unexpected features were found. It will be convenient to refer to 
these when discussing the corresponding portion of the ternary system. 

The X-ray results lead to the modification of the nickel-aluminium 
diagram given by us previously (Bradley and Taylor 1937a, p. 57). This is 
substantially the same as the diagram published a few months later by 
Alexander and Vaughan {1937), using thermal and microscopic methods. 
The only important difference is near the composition NiaAl at tem¬ 
peratures above 1000° C. We found a greater solubility of aluminium in the 
a-phase at 1100° C., which suggested that the two face-centred cubic phase 
fields (a and a') might join together at high temperatures. The microscopio 
evidence did not confirm this. However, stUl a third interpretation of this 
part of the diagram has been advanced (Nishimura and Watanabe 1936). 
Whichever view may prove to be correct, there can be no doubt of the 
accuracy of this diagram at temperatures below 1000° C., where it is sub¬ 
stantially in agreement with Alexander and Vaughan's diagram. 
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For comparison with the present results, we need only mention the 
structures of the following phases: a face-centred cubic, a' face-centred 
cubic with a superlattioe (NigAl), body-centred cubic with a superlattioe 
(NiAl). ' 


The iron-aluminium system 

The iron-aluminium system has been investigated a number of times, 
but so far no diagram has been produced capable of explaining all the 
known facts, including the X-ray work on the iron-rich alloys (Bradley 
and Jay 1932 a, b) and the recent magnetic measurements (Sykes and 
Evans 1935). We therefore suggest the diagram given in fig. 2 which is 
based on Ageew and Vher’s diagram (1930) with the modifications which 
are necessary to bring it into line with later developments. 

In earlier diagrams, the letters a and d have been used for the same 
phase field. This includes the composition FeAJ, which is exactly like NiAl 
and CoAI in structure. The analogy is obscured by using different letters for 
the three phases. If all three are called fi it is easier to understand the ternary 
diagrams. For example, in the quaternary system Fe-Cu-Ni-Al, which 
we are investigating, FeAl, NiAl and CugAl all appear to be linked together 
as parts of a single body-centred cubic phase field. It is more convenient 
to call the body-centred cubic structures /? whatever the composition 
rather than to use a variety of terminology for different corners of the 
system. Similarly, the nickel-copper system links up with a-Cu-Al and 
a-Ni-Al, and with the other face-centred cubic phase fields. We have found 
it convenient to call all the face-centred cubic structures a, reserving the 
use of y for complex types of structure similar to CU9AI4. 

The large areas of face-centred cubic and body-centred cubic structures 
may be subdivided into a number of portions with definite boundaries. These 
are not separate phase fields, not being separated by two-phase regions. 
These boundaries indicate either changes in atomic arrangement (order- 
disorder changes) or changes in the magnetic state (from ferromagnetic to 
non-magnetio). It is convenient to indicate each region by means of 
suffixes, m and n indicate the magnetic and non-magnetic portions; 1 
and 2 indicate ordered structures of the tyfKs FegAl and FeAl respectively. 

In fig. 2, the boundary of the ^-phase is taken from our X-ray measure¬ 
ments; it agrees well with the original work of Gwyer and Phillips (1927). 
The only other feature of the diagram which calls for comment is the 
behaviour of FeAl*. We have found that this phase is sensitive to heat 
treatment. After quenching from 600 ° C., it was almost a single phase. 
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Slow cooling converted it into a mixture of FejAl5 and a phase containing 
a little more aluminium than FeAlj. An X^tay examination of other alloys 
on the aluminium-rich side of FeAlg confirmed this. An alloy of the com¬ 
position FcaAl, was a mixture of PeAlg and aluminium after quenching 
from 000° 0 . Slow cooling converted it into what was apparently a single 
phase. The pattern was almost identical with that of quenched FeAIg; 
there were however slight differences in the positions of the lines, suggesting 
changes in lattice spacing and in ordering. 


Atomic % Iron 





Fio. 2, Iron-aluminium diagram. 


It is not quite certain from our present evidence that quenched feAl, 
and slowly cooled Fe^Al^ are in the same phase field. If so, FeAl, represents 
its composition from the melting point probably down to 660° C., while 
FejAlj is correct for much lower temperatures. Careful experiments, made 
by the courtesy of Dr Haughton, showed no evidence of a discontinuity in 
the cooling curve. 
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The teenaby system 

At the outset of this investigation our knowledge of the ternary Fe-Ni-Al 
system w'as entirely derived from the important pioneer investigation of 
Koster (1934), which explained the relationship of the face-centred cubic 
and body-centred cubic phase fields. It included a very thorough study of 
the liquidus by thermal analysis, showing the gradual change from the 
eutectic transformation in the nickel-aluminium system, to the peritectic 
transformation in the iron-nickel system. A microscopic study fixed the 
boundaries in the solid state, showing the existence of a wide area of solid 
solubility stretcliing from pure iron to the compound NiAL The Curie 
points were also determined. 



An isothermal phase-diagram for room temperatures, taken from Roster’s 
paper, is given in fig. 3 , in which the compositions are represented atomically 
for comparison with the present results. The boundaries of the face-centred 
cubic and body-centred cubic phase fields obtained microscopically were 
fo und to be extremely sensitive to heat treatment. Eight vertical sections 


2,3-2 
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were made through the ternary model, each of which showed that the solid 
solubility for both phases was much greater at high temperatures, than after 
slow cooling. 

The present investigation is confined to a study of the phase equilibria at 
lower temperatures, where we have been able to amplify the information 
given in fig. 3 . We confirm the general trend of the boundaries of the two 
phase fields, but show a much more complicated region between them.* 


Experimental, methods 

We have examineil a very large number of alloys from all parts of the 
ternary system. In each case 30 g. of the pure metals was weighed out and 
melted down in a high-frequency induction furnace under a low pressure of 
hydrogen, the gas being pumped oflF before the alloys could solidify. The 
materials used were Hilger iron and nickel (batch nos. 8038 and 7036 ), 
purity 99*07 %, and aluminium from the British Aluminium Company and 
Aluminium Fran9aise of purity 99*992 %. The melt was made in a crucible 
lined with alumina. 

The alloys were lump-annealed and powder-annealed in each case. The 
lump-annealing was carried out as near to the melting point as possible, to 
ensure homogeneity. The powder-annealing was done by slow cooling in 
mcuo, the object being to get a representative picture of the conditions 
below 000^ C. The results are probably not very different from what would 
be obtained by quenching from 500 '' C., but the technique is far simpler. 
This is very important, because the results from one batch of alloys were 
used to decide the compositions to make up in the next batch. It would 
have been impossible to have given a lengthy heat treatment under these 
circumstances. 

At first only a few alloys were made up, with widely different com¬ 
positions. From their X-ray powder photographs a rough idea was obtained 
of the probable positions of the single-phase areas. More alloys were then 
made up, with the object of defining these areas more exactly. By a process 
of trial and error, the phase boundaries gradually assumed their final 
state. It was found that sufficiently good results could be obtained with 
composition intervals of about 2*5 atomic % even where there were features 
of special interest. Where the diagram was less detailed less alloys were 
required. It is instructive to note that if the alloys had all been made up in 
advance at these intervals, 741 specimens would have been needed. By 

* We have just received an account of the structure of nickehaluminium- 
magnet-steel, which agrees with the present work (Kiuti 1937 ). 
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using the method of trial and error this number was reduced to 130 . Most 
of these specimens are situated near to phase boundaries. 

Each powder photograph checks up the lump annealing. If there is 
segregation, a bad photograph is obtained. The lines are diffuse, showing 
that the material does not have a uniform lattice spacing. Sometimes the 
phase rule is not obeyed. There may be four or more phases present. 
Such discrepancies are usually removed by changing the temperature of 
lump annealing. Only in exceptional cases, where there is a reaction 
occurring below 600 ^ C., does this method not lead to a complete solution. 

In the final heat treatment, the alloys were lump-annealed for about 
three days at 1300 *^ C. unless otherwise stated. The powders were cooled 
down to room temperature at about 10® C. per hour starting at 900 ° C. 
unless another tem]>erature is given in the appropriate table. 

The X -ray powder photographs were taken in a camera of 9 cm. diameter, 
using either Cu Kol radiation or (^o Ka radiation. The choice was based on 
considerations of wave-length, absorption coefficient and atomic scattering 
factor. Cobalt gives accurate spacing measurements for all the body- 
centred cubic alloys, on account of the high angle of the 310 reflexion. The 
absorption coefficient is low, esi>ecially for the iron-rich alloys. A specially 
useful feature is the ability to distinguish between iron and nickel atoms, 
in spite of the small difference in atomic number. For most other radiations 
the scattering power of nickel is only about 1 part in 14 greater than that of 
iron, with cobalt radiation the difference may amount to as much as 25 % 
at high angles. 

Copper radiation has a more limited application. The shorter wave¬ 
length is disadvantageous for the more complicated structures, which are 
found in the aluminium-rich alloys. Its chief use was for the lattice spacing 
measurements of the face-centred cubic alloys, which do not give suitable 
lines with cobalt radiation. 

The ternaky diaoeam 

The ternary diagram for the whole Fe-Ni-Al system is given in fig. 4 . 
The circles represent the compositions of alloys which have been in¬ 
vestigated, the scale being in atomic percentages. Different areas are shown 
in the following way; single-phase, two-phase, and three-phase fields are 
separated by definite boundaries. Single-phase fields have curved boun¬ 
daries and are left blank; in two-phase fields the directions of the tie-lines 
are indicated; three-phase fields are unshaded triangles. Within some of the 
aingle-phase fields, there are subdivisions which refer to the superlattioes 
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and ferromagnetic properties. The limits of superlattice structures are 
shown by broken lines; the magnetic boundaries, which are the limits of 
ferromagnetic properties at room temperatures, are indicated by chain- 
dotted lines. The diagram includes a key to the nomenclature of the phases, 
based on the type of structure. 


Ni 



Atomic % A1 

FlO. 4 , Tho iron-nickel-alumimuin system. Alloys cooled at 10^ C. per hour. 

-superlattice boimdariee; a face-centred cube; 

magnetic boundaries; aj super lattice like NijAl; 

body centred cube; 

O single-phase alloys; /?, superlattice like FcjAl; 

3 two-phase alloys; /?, sujjcrlattice like FeAl or NiAl; 

# thretvphase alloys; m magnetic alloys; 

n non-magnetic alloys. 

The diagram shown in fig. 4 includes the whole of the ternary system. 
The aluminium-rich corner is, however, not fully described in the present 
paper. There are a large number of small phase fields having nothing in 
common with the face-centred cubic and body-centred cubic fields 
which are the main subjects of the present investigation. The evidence for 


The iron-nickeUaluminium ternary equilibrium diagram 363 

the phase boundaries at the aluminium-poor end of the system is sum- 
marijKed in Tables I-V, and explained in the text. In the two-phase and 
three-phase alloys the relative proportions of the different constituents were 
as far as possible estimated from the intensities of the lines. 

Table I. X-ray powder photographs op Fe-Ni-Al alloys. 
Face-centred cttbxc 


Atomic 

(composition Ajjproxiraato Kemarks 


Phase 

fields 

Fe 

Ni 

AI 

jxroportions 
of phases 

Lattujf) 

Hpacings 

Radiation 

(see 

footnotes) 

a 

16 

80 

6 

— 

3*6428 

Cu, Co 

N 

a 

22*5 

75 

2-6 


3*5469 

(!Ju, Oo 

LN 

a 

35 

60 

6 

...... 

3*6700 

Qu, Co 

LN 

a 

64 

32 

4 

— 

3*5866 

Ou, Co 

N 

OL 

57 

38 

5 

— 

3*6886 

Cu, Ck) 

LN 


5 

85 

10 

— 

3*6404 

ai, Oo 

LS, a 


10 

80 

10 

aj 6 

3*5435 

Cu, Ck> 

FF, SS 

ai + aj 

12*5 

76 

12'6 

aj 1 

aj 2 


Ou, Co 

FF, L8S. b 

a^-f a; 

20 

70 

10 

3 

otj 3 


Ou 

FF 


25 

70 

6 

a; 2 

3*5573 

Cu. Co 

L8 


25 

67-5 

7*6 


— 

Ou, Co 

S 


17-5 

70 

12-6 

— 

3*5621 

(;u 

(S', a 

a, 

5 

76 

20 

— 

3*6664 

(M 

S 


10 

70 

20 

— 

3*6736 

Cu, Co 

(S', 6 


16 

66 

20 

— 

— 

Ou, Co 

8 


30 

60 

10 

— 

3*6750 

Cu, Oo 

8 

ax 

40 

60 

10 

— 

— 

Co 

8 


L, a photograph was takt?n in a larger tJamora. 

(S', suporlatti(»e lines were obBerved, which were stronger with Co radiation 
tlian with Cu. 

SS, two supcrlattico patterns wore ohnervetL 
N, no fiuperlattice linos wore visible with (either copper or cobalt radiation. 

FF^ two face-centred cubic patterns were observed. 

+ in this two-phase area, aj is used to distinguish th© constituent with the 
larger lattice spacing and greatcar A1 content. 

а, lump-annealed at 1200^ C. 

б , lump-annealed at 1250” C. 


The facb-oentekd cubic a-niASE field 

The face-centred cubic a-phase held of hg. 4 includes the face-centred 
cubic a-alloys of the nickel-aluminium system, as well as the face-centred 
cubic iron-nickel alloys (usually called y). After slow cooling, the binary 
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mokel-aluminium alloys form two separate face-centred cubic phases. In 
the nickel-rich phase the structure is random; Ni3Al has an ordered structure, 
with the nickel atoms at fact^ centres and the aluminixim atoms at cube 
corners. In the ternary a-solid solution, these phase fields are both linked 
up to the face-centred cubic iron-nickel alloys. They must therefore be 
regarded as parts of a single-phase field, with a miscibility gap, as in the 
phenol-wator-acetone system. 

In the binary nickel-aluminium system, the miscibility gap corresponds 
to a change from the disordered sti-ucture (a), to the ordered structure (aj) 
of NijjAl. In the ternary system this is no longer the case. On either side of 
the gap, the alloys are ordered, nickel tending to go into face centres. In 
the two-phase area the two constituents diflbr in composition only. For 
convenience the aluminium-rich constituent is called a^, to distinguish it 
from the aluminium-poor constituent aj. The two (ionstituents can be 
recognized on the X-ray photographs by their different lattice spacings. 
The dimensions increase almost proportionately to the amount of added 
aluminium, with a break corresponding to the tniscibility gap. Duplex 
alloys are characterized by a doubling of the high-order reflexions, including 
the superlattioe lines. 

Within the face-centred cubic phase field a broken lino is drawn to dis¬ 
tinguish the ordered from the disordered structures. This boundary is of 
course only valid for a j)articular heat treatment. Under the conditions 
of the experiment, the ordered structures in the a-phase field do not include 
the composition FeNig. At least 4 atomic % of aluminium is needed tq give 
a superlattioe. To extend the range of ordered structures, it will probably 
be necessary to heat the alloys for long periods at temperatures below 
600 ” C. It may then be possible to form a superlattice at the composition 
NisFe. 

Least aluminium is needed when the nickel content approaches 75 %. 
Here the structure may be regarded a^NijFe in which a little iron is re¬ 
placed by aluminium at cube corners, all face centres being filled by nickel. 
Iron and aluminium are interchangeable at cube comers, Ni^^Al having 
just the same type of structure as NigFe. Along the line NijAl-Ni^Fe the 
superlattice is of the general type NigX", where X is either A1 or Fe. In 
comoboration, the superlattioe lines are comparatively strong with cobalt 
radiation, which accentuates the difference in scattering power between 
nickel and iron, and weak or absent with copper radiation which reduces 
this difference. 

The same type of 8uj>erlattice extends far beyond the line of compositions 
where the nickel content is exactly 75 atomic %. The nickel atoms at &oe 
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centres may be replaced by iron and the iron or aluminium atoms at cube 
comers may be replaced by nickel. In general, the distinction between 
nickel and aluminium atoms is much more rigorous than between'nickel 
and iron. Nickel keeps as far as possible to face centres; aluminium as far 
as possible fills cube corners. The iron atoms are more accommodating, 
making up the balance on either side as required. This rule is probably valid 
throughout the whole range of the structures. 

Table II. X-ray powder photographs of Fe-Ni-Al AU-iOYS. 

Face-centred cubic and body-centred cubic 


Atomio 

composition Approximate Kemarks 


Phase 

-- 

—— 

-- 

prop< 

irtions 

Lattice 


(see 

lields 

Fo 

m 

A.I 

of pliases 

spacings 

Radiation 

footnotes) 

a. + fi 

66 

30 

5 

a 

200 

3*6841 

9 

9 

N 





A 

1 




a + /?* 

75 

20 

5 

a 

4 

3*6816 

Cu, Co 

N 




A 

1 



N 

iX + fi 

90 

7-5 

2-5 

a 

] 



N 





A 

10 

2*8618 

Co 

N 

«+/?a 

00 

32-5 

7-5 

a 

25 

3*5821 

Cu, Co 

LN 






1 



S 

a + fit 

62*5 

36 

12-5 

a 

3 

3*6868 

Cu, Co 

N 



* 

A. 

1 




a,+A 

60 

40 

10 

“i 

20 

3*6857 

Cu 

S 





A. 

I 

2*8654 

Co 

S 


30 

66 

16 


76 

3*5823 

Cu, Co 

s 





A. 

1 



s 

*!+/?! 

20 

60 

20 


20 

3*6813 

Cu 
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A. 

1 

2*8658 

Co 


Cti+fit 

6 

70 

26 
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3*6772 

Cu, Co 

s 




A. 

1 



s 

«!+/?, 

25 

50 

25 


2 

3*6850 

Co 

s 




A. 

5 

2*8658 


s 

«!+/?, 

16 

66 

30 


1 



s 





A. 

7 

2*8638 

Co 

s 

«!+/?, 

12'5 

55 

32-5 


1 



s 





A. 

60 

2*8660 

Co 

s 


L, Sf N have the same meaning ae in Table I. 

* The lattice spacing Hhows that the alloy i« on the boundary of the tliroe-phase 
field. 


The lattice Bpaoinge of the a-phase alloya are least for pure nickel. The 
increase on addition of iron and aluminitun follows on the same general 
lines as in the binary systems iron-nickel and nickel-aluminium. There are 
maxima near Ni,Al and not far from 40 atomic % of nickel in the binary 
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niokel-iron system. The corresponding maxima in the ternary system are 
only slightly displaced. The rise in spacing from pure nickel to the two 
maxima is fairly regular, but beyond these points there is a sharp drop to 
the phase boundary. This irregularity makes it difficult to use spacing 
measurements to fix the phase boundaries. 

TaBLK in. X-RAY POWDER PHOTOGRAPHS OF Fe-Ni-Al ALLOYS. 
B0Dy-(1ENTBED CUBIC 

Atomic 

cornpoBition Position Remarks 


Phase 

fields 

Fo 

Ni 

A1 

on 

diagram 

Lattice 

spacings 

Radia¬ 

tion 

(see 

footnotes) 

Boimdary 

50 

20 

30 

On boundary of 

2-8834 

Co 

S. F 
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12*5 

25 

+ field 

2-8820 

Co 

8, a 

/9. 

75 

5 

20 
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2*8845 

Co 

SF, b 

/9. 

68-75 

6*25 

26 

Near ^ 

2*8835 

Co 

SF 

A 

55 

15 

30 

Near 

2*8868 

Co 

S 

A 

68*4 

5-3 

26*3 

Near 

2*8893 

Co 

SF 

A 

65 

5 

30 


2*8884 

Co 

S^F 

A 

70 

2*5 

27*5 


2*8896 

(^0 

8\F 

A 

72*5 

2*5 

25 



Co 

S^F 

A 

47*5 

20 

32*6 

Near 

2*8861 

Co 

8 

A 

35 

30 

35 

Noar/? + /^, 

2*8804 

t.’o 

S 

A 

30 

35 

35 

Near 

2*^795 

Co 

8 

A 

25 

46 

30 

Near aj 4* 

^•8691 

Co 

8 

A 

17*5 

50 

32*6 

Near 4 - 

2-8671 

(^0 

S 

A 

10 

55 

35 

Near ajH-A 

2-8658 

Co 

8 

A 

5 

57*5 

37*5 

Near aj + 

2-8649 

Co 

8 


S indicates a suporlattioe of the type (like BVAl or NiAl). 

indicates a superlattico of the typo (like FogAl). 

F indicates the presonce of a small amount (up to 5 %) of a face-centred cubic pattern 
which is also found mixo<i with F’osAL It is isomorphous with a structure found 
in the Fe-ALC system and with Fe^N, It only appears when pure A) is used. 
Commercial aluminium suppresses this phases. It coimot be represented on the 
ecpjilibrium diagram, and never exceeds about 5 % of tlie total. 

а, Iump-anrieal<id at 1400'’ (A 

б , lump-annoalcd at 1250® C. 

With the heat treatment given in the present series of experiments, the 
limits of the a-phase were fixed from a series of powder pliotographs showing 
only a trace of the body-centred cubic pattern. With the 9 cm. camera, it is 
possible to detect about 1 part in 300 of the body-centred cubic phase, in 
equilibrium with the face-centred cubic phase. 

All the ternary face-centred cubic alloys which we have examined aro 
ferromagnetic. There are however, in all probability, two amflU non¬ 
magnetic regions in this }»ha8e field. One borders on Ni,Al, the other 
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touches the three-phase field, a4</?4-y?a. This can be deduced from the 
following facts. The binary alloys near NigAl are non-magnetio. It seems 
probable that neighbouring ternary alloys will behave in a sipiilar manner, 
though the nearest ternary alloys which we have examined (e.g. FeNii^Al*) 
are strongly ferromagnetic. That the face-centred cubic constituent of 
the three-phase a -f >9 -f /Sj alloys is non-magnetic may be deduced from the 
behaviour of the three-phase alloys richest in this constituent. Both 
Fea^NijjAIj and FcftNiaAl are scarcely magnetic after cooling to room tem¬ 
peratures. On the other hand, the neighbouring single-phase a-alloy 
FejflNigAl and the two-phase alloys FeigNi^Al and Fe24Nij3Al3 are strongly 
ferromagnetic. The magnetic boundary is therefore at the tip of the a-phase, 
where it touches the three-phase triangle. 


The body-centked ottbic /y-PHASE field 

In fig. 4 the body-centred cubic y?-phase field consists of a wide area 
extending on either side of the line FeAI-NiAl, together with a narrow 
tongue stretching along the binary iron-aluminium edge of the diagram to 
pure iron. 'The two main areas constitute the and regions, which are 
partially separated by the area. The three regions differ only in atomic 
distribution. /? has the atoms at random; in cube centres differ from cube 
corners; in alternate cube corners are different. The area is further 
subdivided into a ferromagnetic region m and a non-magnetic region n. 
All p and p^ alloys are ferromagnetic at room temperature. 

The greater portion of tlie body-centred cubic phase field belongs to the 
p^ region. The ideal formula for this type of structure is AAl, where X is 
either iron or nickel. There are no limits to the miscibility of FeAl and NiAl. 
For example, Fe3NiAl4 and FeNiAla and FeNigAl^ are all solid solutions in 
which aluminium fills cube corners and cube centres are taken up by a 
mixture of iron and nickel atoms. There is no further regularity in the 
distribution of the iron and nickel atoms, at least in the slowly cooled state. 

This simple type of solid solution is of course only possible when there 
are exactly enough aluminium atoms. When there are fewer than 60 % 
of aluminium atoms iron and nickel are found to behave in a dissimilar 
manner. The missing aluminium atoms at cube comers are replaced by 
iron rather than by nickel. As far as the atomic proportions will permit, 
nickel goes to cube centres, while aluminium occupies cube corners. The 
iron atoms are distributed between centre and comer positions to make up 
the correct atomic composition. As far as we know, at present, these alloys 
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(with less than 50 atomic % of aluminium) have two atoms per unit oeD, 
but we have not yet made density measurements on all the ternary alloys. 

When there are more than 50 % of aluminium atoms, the ternary alloys 
probably behave like the binary nickel-aluminium alloys with excess of 
aluminium. The aluminium atoms are then confined to cube corners, the 
deficiency of nickel atoms being no longer replaced by aluminium in cube 
centres. For the most part, iron-nickel-aluminium alloys with more than 
50 atomic % of aluminium also appear to have less than two atoms per unit 
cell. The lattice spacing drops steeply as the deficiency increases, just as in 
the binary nickel-aluminium system. 

The lattice spacings of the /^-alloys behave in a very irregular fashion, 
and are uiu’eliable for fixing the f)hase boundaries. There is scarcely any 
range of comyjositions over which a linear relationship exists. The maximum 
lattice spacing is found at the composition P'eAL Thetice it falls first steeply 
and then gradually to NiAl. The line FeAl-NiAl corresponds approximately 
with a ridge of high spacing values. With much more or less than 50 atomic % 
of aluminium, the spacing drops. Space is lacking to give a full description 
of all the complicated changes in lattice spacing which occur in the 
phase. A more detailed account wdll be published later. 

In the field, the magnetic boundary at room temperatures 

follows a remarkable curve. Starting near Fe 2 Al, which happens to be a 
point of minimum lattice spacing in the iron-aluminium system, the limit 
of fen'omagnetism at first moves towards NiAl. The aluminium-rich 
alloys are naturally the non-magnetic ones. Before reaching the nickel- 
aluminium binary edge of the diagram, the magnetic boundary swings 
round at right angles, moving in the direction of pure nickel. Here the iron- 
rich alloys are ferromagnetic, those containing little iron being paramagnetic 
only, as far as we could tell from a cursory examination. 

ytfjL alloys are related to FegAI. In the ideal superlattice, cube centres and 
half the cube corners are iron. The aluminium atoms go in alternate cube 
corners. In the binary alloys, it is possible to add more aluminium to this 
structure, replacing more of the iron atoms at cube corners. In the ternary 
alloys, nickel also replaces some of the iron atoms. For example, FeggNiAl^j 
and rei 3 NiAle both have the FcgAl type of structure after slow cooling. 
With a little more nickel, the structure changes to the type, like FeAl, 
where the only distinction is between cube centres and cube corners as a 
whole. For example, Fei 8 NiAl 5 has this type of superlattioe. 

In this part of the system, both binary FeAl alloys and ternary FeNiAl 
alloys exliibit an unexpected feature. Small traces of another constituent, 
not shown on the phase diagram, have been found whenever the composition 
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lies close to FejAl. The amount of this constituent varies with the purity 
of the aluminium used for making the alloys. Contrary to expectation/ 
purer aluminium gives more of the extra phase. In a formet investigation 
(Bradley and Jay 1932), when less pure aluminium was used, only the 
normal body-centred cubic pattern was found. The extra phase is face- 
centred cubic, with a lattice spacing about 3-7 A. In this it resembles Fe^N 
or FcsAlC. There is, however, no reason to suppose that the alloys contain 
an appreciable quantity of either nitrogen or carbon, so that there must 
be another explanation for the occurrence of the phase. 

Table IV. X-eay powder photographs of Fe-Ni-Al alloys. 

Two body-CENTRED CUBIC LATTICES IN EQUILIBRIUM 
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If, as in Table I. 

Ft as in Table III. 

D, the dc-doubiets of 220 and 330 are each split into two components. 

the superlattioe lines indicate in addition to (see text), 
a, lump-annoaled at 1260® 0. 

5, lump-annealed at 1400® C. 
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Alloys ooOTAmNo two body-centkep ctjbio lattices (/5+/?g) 

A comparison of the new diagram (fig. 4 ) with Koster^s diagram, shown 
in a simplified form in fig. 3, indicates that the two-phase area found by 
Koster is to be divided into four separate phase fields. This is possible on 
account of the remarkable shape of the body-centred cubic phase field. 
After slow cooling, alloys such as Pe2NiAl break up into two constituents, 
one is of the p ty})e, the other of the type. The two-phase field 
really a miscibility gap in the body-centred cubic region. 

Koster had already recognized that these alloys had a duplex structure, 
but he thought that one constituent was face-centred cubic, whereas after 
slow cooling both are body-centred cubic. It would, of course, have been 
impossible to establish this fact from a microscopic study alone, unchecked 
by X-ray evidence. From our powder photographs, we have clear proof 
that two body-centred cubic lattices are present in many different alloys. 
For example, the 310 reflexions from FeeNLAl, FcaNiAl, FoaNiAl, FeNiAl 
and F©7Ni7Alfl all show two sets of Kcc doublet, corresponding to different 
lattice spacings. The 220 reflexion is also duplicated, whereas the reflexion 
from 330 and 221 is a clear-cut Ka doublet. Tliis proves that only one con¬ 
stituent (yJji) has a superlattice. The lattice spacing of the constituent is 
always greater than that of the p constituent. The intensity of the super- 
lattice lines increases steadily as nickel and aluminiuni replace iron. At the 
same time the intensity distribution in the 310 doublet becomes modified, 
the lines due to the /^-phase gradually weakening, while those due to the 
/?2-phase strengthen. In fact we are dealing with a typical two-phase field. 

The greatest difference in spacing between the p and p^ constituents, 
which is less than 0*4 %, occurs near FegNiAl. An X-ray investigation of 
some other aboya is not free from pitfalls. It is not always possible 
to recognize the presence of the second constituent. Even where the spacing 
differences are greatest, there is considerable overlapping of the Ka doublets. 
As nickel is replaced by aluminium, the difficulty increases. The lattice 
spacings of the two phases gradually become more and more nearly equal. 
Mnally there is not the slightest difference between them. It requires the 
cumulative evidence of all the two-phase alloys to show where the boundary 
lies on this side. 

In the iron-rich alloys, the boundary between the structures without a 
sui>erlattice {p) and the two-phase P + P^ area, was recognized by the strength 
of the superlattice lines Wonging to the p^ constituents. The presence of the 
superlattioe lines proved the existence of the P^ phase in such alloys as 
Fe^gNiAl and Fe3L7NiAl2. At first it was thought that these alloys were 
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single-phase, but calculation showed that if that were true the superlattioe 
lines would be too weak to be observed. The following considerations will 
show why a superlattioe line should be stronger in a two-phase alloy than 
in a single-phase alloy of the same composition. 

Let a homogeneous alloy of the type have a su perlattioe line of strength 
s. If it be diluted by addition of a second constituent, the superlattioe line 
will be less intense. Neglecting for simplicity any complications duo to 
absorption, the intensity will be directly proportional to the concjentration 
of the constituent. With x % of the coixstituent the intensity of the 
supeiiattice line will be xs/l 00. Now suppose that the diluting phase reacts 
with the constituent to form a single-phase alloy with the type of 
superlattice. Instead of the intensity of the superlattice line being reduced 
by the ratio a?/100, the structure factor will be reduced in this ratio. (It is 
supposed that the diluting phase does not contribxite to the superlattice 
after reaction.) Since the intensity is proportional to the square of the 
structure factor, the intensity reduction is in the proportion (x/100)®. The 
intensity of the superlattice line is therefore (a:/100)®a for the single-phase 
alloy against a;5/100 for the two-phase alloy. 

For example, the alloy FejgNiAl as a single-phase would have a super- 
lattice intensity not exceeding (1/10)® that of NiAl. This would be quite 
invisible. As a two-phase alloy, it might give a maximum superlattice 
intensity as much as 1/10 that of NiAl. Tliis could easily be observed. In 
fact, this alloy gives visible superlattioe lines and is therefore two-phase. 
The same is true of the aUoy Fei^NiAl^j. The intensities of the superlattice 
lines are such that these compositions must be well removed from the 
boundary of the two-phase area. 

The lattice spacing measurements also give an important clue to the 
position of the boundary. The spacing measurements within the two- 
phase field are on the whole consistent with one another, giving the general 
trend of the tie-lines. Within the single-phase field of the alloys, the 
spacings are more erratic. For example Fe^gNiAl^ is relatively liigh com¬ 
pared with FeiiNiAl4. Neither alloy could be conveniently fitted on a tie¬ 
line, which indicates that in all probability they lie in the single-phase 
field. 

Using such considerations, we decided that the phase boundary probably 
Tan in the manner shown in fig. 4. It is difficult to be sure whether any given 
alloy lies on one side of the boundary or the other* The spacing measure¬ 
ments cannot be used directly to make a quantitative estimate of the position 
of the boundary, on account of the superimposition of yS and yJ* lines. Only 
approximate estimates are possible, and except near the end of the phase 
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field, it is impossible to recognize the presence of the /?-con8tituent, as there 
is nothing to distinguish the lines from the lines. 

FcigNiAlg and t'es^NigAlig are probably in the two-phase field. The super- 
lattice intensities agree with this supposition. It is unlikely that the latter 
would have a suy)erlattioe if it were a single-phase alloy, since the com¬ 
position is little removed from the binary iron-aluminium alloys, which in 
this region are disordered. Fe^gNiAlj has quite a strong superlattice after 
slow cooling, which is considerably weakened after quenching from 900 ® C. 
This is also consistent with a position in the two-phase field, if it is supposed 
that the proportion of to fi is less at high temi)eratures. 

Table V. X-ray powder photographs of Fe-Ni-Al alloys. 
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S, superlattioe lines were observed. 
2>, OS in Table III, 


FeNiAl and Fe^Ni^Al^ are definitely two-phase, as is shown by the 810 
jac-doublet. There are two alloys which have unique magnetic properties, 
showing strong coercivity after slow cooling. These are Fe5NiaAl3 and 
Fe5NiAla* It is possible that they he exactly on the phase boundary. 
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The three-phase area 

The existence of the P^P% area leads logically to a three-phase region 
a+/?-!" /?2* f composition of each phase is invariant, provided 

that the temperature is kept constant. These compositions are given by 
the comers of the three-phase triangle, and are very susceptible to change of 
temperature. It is beyond the scope of the present work to give more than 
a hint of the direction in which the boundaries move as the temperature is 
raised. 

After slow cooling, the three-phase field includes at least five of the alloys 
which we have examined. It is more difficult to distinguish the two body- 
centred cubic constituents than in some of the duplex alloys. The lattice 
spacings are closer together here than in the case of FegNiAl. Nevertheless, 
there is no doubt of the two body-centred cubic lattices in such an alloy as 
^®5NisAl2. 

The three corners of the triangle are best fixed from alloys containing a 
large amount of one constituent and only a little of the other two. For 
example, Fea^NiaAl containing only a little of the a and pha-®©® gives the 
approximate position of the corner of the triangle which touches the >?-phase 
field. Fe^NijAl is nearly pure a; Fe3Ni4Al3 is almost pure The corners 
of the three-phase triangle are probably at Fe^gNigiAl,, Pe^oNi^Alj and 

Fe28Ni4iAl3j. 

After quenching from 800 ° C, different compositions were found for the 
three phases in equilibrium. The composition of the a-constituent is dis¬ 
placed towards the centre of the diagram; /? and probably come together. 
It is not improbable that finally a temperature is reached where the com¬ 
positions of the p and p^ phases coincide, so that the three-phase triangle 
disappears. The equilibrium will then be as shown in fig. 2. 

Each edge of the three-phase triangle is a tie-line. Any alloy lying on 
this line consists of a mixture of the two phases whose compositions are given 
by the adjacent corners of the triangle. Every two-phase field is covered by 
a family of such tie-lines. At first, in the neighbourhood of the three-phase 
triangle, the tie-lines run almost parallel to the corresponding edge of the 
triangle. Later they may change direction. For example, in the a-h/? area, 
the tie-Unes turn through a small angle and finally run parallel to the iron- 
nickel edge of the diagram. The change in direction is much more marked in 
the case of aj +p^ phase field where the tie-lines finally swing round to the 
direction of the nickel-aluminium edge of the diagram. In the /?+/?£ 
the tie-lines remain throughout roughly parallel to the corresponding edge 
of the three-phase triangle. 


V 0 I. CUCVI. A 


u 



374 


A. J. Bradley and A. Taylor 


The aluminittm-rioh alloys 

On]y a brief mention of the aluminium-rich alloys can be given here. 
There are seven small single-phase fields, separated by alternate two- 
and three-phase fields. Two of the phases occur in the binary iron-aluminium 
system and have i)ractioaUy no extension in the ternary diagram. They may 
be represented by the formulae FeAlg and FogAlg. A third phase which 
occurs in the iron-aluminium system stretches right into the interior of the 
ternary diagram. This includes the composition FegAl^ (not FeAla); here 
about one-third of the iron atoms are replaceable by nickel. 

Of the phases occurring in the nickel-aluminium system, Ni2Al3 although 
permitting considerable variation in the aluminium content, only dissolves 
about 2 % of iron. On the other hand, NiAlg, permitting practically no 
variation in the aluminium content, yet allows about one-fifth of the nickel 
atoms to be replaced by iron. 

One of the most remarkable features of the system is the isomorphism 
of the ternary compounds Fe^NiAlio and FeNiAl^ with structures found in 
the binary cobalt-aluminium system. A complete account of tliis system 
will be published shortly. At present we can only state that FegNiAljo has 
exactly the same type of structure as C02AI5, while FeNi AI9 has the structure 
of C02AI9. These facts indicate a parallel behaviour between cobalt-alu¬ 
minium alloys and ternary alloys containing iron and nickel in certain 
proportions. 

The structures of the two nickel-aluminium phases, NigAlg and NiAlg, 
have been described elsewhere (Bradley and Taylor 1937a). That of CojAlg 
will be published shortly. The relationship of FcgNiAl^o to the cobalt-alumi¬ 
nium alloy follows directly from the atomic grouping. That of FeNiAl^ to 
C03AI2 must await a solution of these structures. The three complicated 
structures corresponding to the iron-aluminium binary alloys still await 
solution. 
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Summary 

X-ray powder photographs of slowly cooled alloys of iron, nickel and 
aluminium have been used to construct a phase diagram for all compositions. 
The system falls into two distinct portions. Up to 50 atomic % of aluminium 
there are only body-centred cubic and face-centred cubic structures. Beyond 
50 % of aluminium, the diagram is extremely complex and will be described 
in a later paper. 

The face-centred (;u bic phase field includes superlattice structures related 
to NiaAl or NigFe (aj), as well as disordered structures (a). It encloses a 
miscibility gap w here two face-centred cubic superlattice phases (a^ and 
fitj) are in eqtiilibrium. As the iron content increases, the gap closes. 

The body-centred cubic phase field includes superlattice structures 
related to Fe^Al (/?i) and FeAl or NiAl There is a tw^o-phase field whore 
the iron-rich phase (without a superlattice) is in equilibiium with the 
/?a phase. In consequence, the[|systeni is much more complicated than had 
previously been supposed. Instead of a two-phase field separating the 
face-centred cubic and body-centred cubic areas, there are four separate 
areas, comprising three two-phase fields and a three-phase field. In the 
latter a face-centred cubic structure (a) is in equilibrium with two body- 
centred cubic structures and fi^). The two-phase fields are a4 
and respectively. The corners of the three-j^hase triangle are placed 

at the following compositions: a, 62, 31, 7; fi, 90, 7, 3; /?2» 28, 41, 31. (The 
numbers represent atomic % iron, nickel and aluminium respectively.) 
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Atomic rearrangement process in the copper-gold 
alloy CugAu. II 
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(Cowwiwwicaied by W. L. Bragg, F,R, 8 .—Received 24 Febrxmry 1938) 

[Plate 15] 

1 . Inteodttotion 

In a recent investigation (Sykes and Jones 1936) of the properties of the 
alloy CugAu we described the effect of the ordering process on the energy 
content of the alloy. The observed behaviour was found to be more com¬ 
plicated than was anticipated from the theoretical work (Bragg and 
Williams 1934; Peierls 1936), and the existence of a variety of metastable 
states of an unexpected type was established. The face-centred lattice of 
CugAu may be considered in terms of the four interpenetrating simple 
cubic lattices to which it is equivalent. When completely ordered one 
lattice contains nothing but gold atoms and the other three, copi)er atoms. 
As the alloy cools through the critical temperature gold atoms may segregate 
on any of the four lattices, consequently any individual crystal in the alloy 
will contain a large number of small volumes or nuclei, each of which has 
its own consistent scheme of order, but different nuclei will be out of phase 
with one another. The various metastable states observed ex|>erimentally 
are associated with the presence of these nuclei, since their rate of growth, 
which determines the rate of disappearance of disordered material from the 
boundaries, is small compared with the time of relaxation of the material 
inside the nuclei. The size of the nuclei can be obtained from the width of 
the 8U|>erIattice lines present in the X-ray powder diagram; this information, 
together with a number of specific-heat temperature curves, was used to 
determine the effect of the nuclei on the energy content of the alloy. It was 
shown that the experimental results were consistent with the assumption 
that the nuclei in the individual crystals were separated by narrow boun¬ 
daries (from about one to two atomic distances in width), the atoms inside 
the nuclei having the equilibrium degree of order at the temperature of 
the experiment. 

The electrical resistance of an alloy in equilibrium depends on the degree 
of order; the presence of nuclei corresponding to a metastable state intro¬ 
duces an extra resistance which is a function of the size of nuclei. The present 

r 376 ] 
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paper describes experimental work carried out to determine the relation 
between the size of the nuclei and electrical resistance. The results show that 
at any given temperature the extra electrical resistance is inversely pro¬ 
portional to the size of the nuclei, that is to the number of boundaries, 
provided the linear dimensions of the nuclei are more than 20 atomic dis¬ 
tances. The quantitative relations between nuclei size on the one hand, 
and resistance, lattice spacing, and intensity of 8 U|)erlattice lines on the 
other, are consistent with the view that the boundaries are quite narrow. 
By cold working the material it has been found possible to produce specimens 
in which the sizes of both nuclei and crystals are of the same order. The 
rate of growth of nuclei in the cold-worked material is appreciably slower 
than in the annealed material although the resistance for a given size of the 
nuclei is almost the same. Using the well-known expressions given by the 
wave theory for the resistance of a metal (Mott and Jones 1936 , p. 268) the 
probability of reflexion of the conduction electrons at the boundary of the 
nuclei has been deduced from the experimental results and is about one- 
tenth (assuming one conduction electron per atom). 

2 . Experimental w^ork 
(a) Preparation of the apecmens 

All the material was taken from a single ingot of the alloy melted in 
vacuo by Messrs Johnson Matthey. It was cold drawn into one coil of wire 
1 mm. diameter and analyses made from 8 ami)les taken from both ends of 
the coil. The results were 50-84 % Au and 50-82 % Au, the difference being 
of the order of the analytical error. The mean analysis 50*83 % Au by weight 
is 25-0 % Au by atoms. At 1 mm. diameter the wire was annealed for 
4 hr. at 950"* C. to remove coring. X-ray examination, using the radiation 
of nickel which allows one doublet to be examined under a high degree of 
resolution, showed that coring had been completely removed. The surface 
of the wire was rubbed with emery pa|>er to remove a thin layer which had 
become slightly impoverished of copper by evaporation, and the coil then 
cold drawn down to 0-4 mm. diameter, the size used for experimental 
work. 

Since sharp X-ray powder diagrams suitable for intensity measurements 
had to be obtained from the wire the effects of cold work (which give rise 
to diffuse diffraction haloes) had to be removed without producing a crystal 
size in excess of 10 -“ cm. (otherwise spotty rings would result). The necessary 
heat treatment, which was critical, was found by trial and error and con¬ 
sisted in an anneal at 560° C. for 30 min. in vacuo. The resulting material 
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referred to later as standard material was very homogeneous: the resistivity 
did not vary by more than ± 1 |>art in 1000, and the lattice spacing of 
the X-ray specimens was uniform within ± 1 part in 20,000, the limit 
of measurement. 

The above procedure, which is rather complicated, was found to be 
essential and indicates the precautions which must be taken with this 
alloy, in order to produce 8amj)Jes which give identical values of resistance 
and lattice spacing. 



(b) Method 

The method of investigation is best described by consideration of the 
resistance*temperature curves of the alloy. In fig. 1 the curve A BCD is 
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the equilibrium resistance tem|)erature curve: ABF is the curve obtained 
if the alloy is quenched in water from a temperature corresponding to the 
point A. At room temperature (F) the alloy is completely disordered (see 
fig. 2, Plate 15). If the quenched specimen is reheated to 350° C. (point 0) 
ordering sets in and the resistance gradually falls until it reaches the corre¬ 
sponding point X on the equilibrium curve. The mechanism is somewhat as 
follows: Segregation of gold atoms starts from centres and proceeds until the 
growing nuclei touch, furtlier diminution in resistance then occurs as certain 
favoured nuclei grow by absorption of others. Finally, when the nuclei are 
very large (fig. 5, Plate 15), i.o. when each crystal has its own coherent 
scheme of order the |)oint X is reached. Throughout the annealing treat¬ 
ment the temperature is kept constant and the whole change in resistance 
is caused by the growth of the nuclei during the atomic rearrangement 
process. By quenching specimens heat treated at constant temperature 
for varying periods of time the relation between the size of the nuclei and 
the electrical resistance can be determined, measurements of both variables 
being made on the same specimen. (The late of growth of the nuclei is in all 
cases so slow that no appreciable change can take place during quenching. 
At room temperature the alloy is effectively frozen.) 

The experimental arrangements were as follows; A number of wires 
0*4 mm. diameter and 12*5 cm. long were sealed off in evacuated glass 
tubes, which were mounted on long glass rods. A furnace, having a uniform 
temperature zone of suitable length, was heated to the temperature of the 
experiment, say 346° C., and allowed to become steady, the temperature 
being controlled by means of a sensitive regulator. An additional furnace 
was heated to 400° C., the specimens inserted and allowed to come up to 
temperature, in order that their structure should be completely disordered. 
They were then withdrawn and after a period of a few seconds inserted into 
the furnace running at the steady temperature. In this way steady con¬ 
ditions were obtained in a minimum time. 

At suitable intervals of time, chosen to produce equal changes in resist¬ 
ance as checked on a pilot specimen in the fimiaoe, specimens were with¬ 
drawn and quenched in water. The resistance of the specimens was measured, 
and then a piece of wire was out off and the X-ray powder diagram required 
for the determination of nuclei size was obtained from it. Wire was pre¬ 
ferred to powder for the X-ray work throughout, as it enabled both types 
of measurement to be made on the same specimen.* Experiments were 

♦ A preliminary experiment showed that nuclei size determinations on wire and 
powder given the same heat treatment agreed within the limits of experimental 
error. 



carried out at three different temperatures, S76, 346 and 298*^ C., and 
total annealing periods varied from 13 hr. at 376° C, to 400 hr. at 298° C. 


(c) Measurements of nuclei size 

The X-ray photographs were taken in a 9 cm. camera using the 
radiation of copper. The ordered structure of the alloy CugAu is rich in 
strong superlattice lines (cf. figs. 3, 4 and 5, Plate 15) and the size of the 
nuclei can of course be determiiied from any one of those lines using the 
formula 

A COB i Y 

f' — _fll:: 

/? ’ 

where e is the apparent particle size of the nuclei, referred to subsequently 
as the nuclei size; A the wave-length of the radiation used; x twice the 
Bragg angle of the reflexion; and /} is the true angular breadth of the line. 
Bq, the observed breadth of the line, is obtained by integrating the total 
intensity over the line and dividing by the maximum intensity, this in¬ 
formation being obtained by microphotometry from the X-ray film, is 
obtained from by making certain corrections for finite slit width, size 
of specimen, doublet .separation, etc. These various corrections were 
carried out by the method recently developed (Jones 1938 ). 

The apparent nuclei size obtained from different lines is not the same, 
in particular the size calculated from the 100 reflexion = 1 is ai>preciably 

larger than that for the other reflexions. Careful consideration of typical 
films showed that lines = 5 and 6 gave good agreement with lines 
= 5 ! 13 and 14 for sizes for which reasonably accurate results could be 
exj»ected from all the lines on the same film. Consequently when the 
nuclei size was very small (fig. 3) measurements were made on lines = 5 
and 6 , and when it was large (fig. 4) measurements were confined to lines 
- 13 and 14. 

The experimental conditions are very favourable for accurate measure¬ 
ments of nuclei size, since the normal breadths of the lines in the absence of 
broadening, which are required to correct Bq to ytf, can be determined directly 
from the main lattice lines on the same film. In the case of certain specimens 
examined in the cold-worked condition this was not the case, as the cold 
working produces a broadening of the main lattice lines as a result of grain 
refinement and lattice distortion. The “normal'* breadth for the cold- 
worked Specimens was assumed equal to that given by the standard wire, 
as all specimens were the same diameter and were photographed under the 
same exi>erimental conditions. In this way both the apparent crystal size, 
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oaloukted on the assumption that the whole of the bi^adening was due to 
grain refinement, and the nuclei size was determinecL 
The reproducibility of the measurements between 50 and 260 A for the 
standard material was found to be ± 5 %. For the cold-worked material, 
the possible error is greater due to the uncertainty in the correction already 
mentioned. The absolute accuracy of the determinations of the size of the 
nuclei will be considered in some detail later in this pa[)er. 


3. Expbrimkntai^ results 
(a) Effect of nuclei size on resistance 

Fig. 6, curves 1, 2 and 3, shows in graphical form the results obtained at 
the three different temperatures for the standard material, the resistivity 
being plotted against 1/e, where e is the nuclei size in Angstrom units. The 
resistivity of the disordered material as quenched is 11 *6 ohms/cm. cube, 



1. 298® C. X 

2. 846® a X 

3. 376® C. X 

4. 376® C. A Cold worked, 


o n 1 Specimens free from cold work: 

?; s"-c: X 
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so that the three curves should approach this value asymptotically as the 
nuclei size diminishes. For large values of e the experimental points lie on 
straight lines which have been j)roduced to 1 /e = 0. The intercept on the 
resistivity axis should correspond to the resistance of the material in which 
the size of the nuclei is comparable with the size of the individual crystals of 
which the specimen is composed, i.e. the equilibrium value. Equilibrium 
conditions are most rapidly attained by soaking the specimens just below 
tlie eriticial temf)erature at say C. for a period of 50 hr,, during which 
time the nuclei grow to a size comparable with the crystal size; the specimens 
can then be cooled fairly rapidly and they still remain in equilibrium. In 
this way an equilibrium value for 300" 0. can be obtained in J 00 hr., whereas 
at least 1000 hr. would be necessary at a constant temperature of 300” C. 
For example, the point A on curve 1, fig. 6, corresponds to an annealing 
period of 400 hr. at 298” C. and is still a long way from the equilibrium 
value. The points marked 0 (corresponding to I/e — 0 were obtained using 
the special heat treatment process described and are very near to the 
corresponding points given by the intersection of the lines. (The equilibrium 
values increase with increasing temperature as the degree of order itself is 
a function of tem}3erature.) 

The measurements at 376” C. were also carried out on cold-worked 
samples, the cold-worked and standard specimens being treated together. 
Curve 4 gives the results obtained and is comparable with curve 3, 
fig. 6. At the commencement of the experiment (e = 0) the resistivity is 
11-7 X 10^® ohms/cm. cube, i.e, about 2% more than for the standard 
material due to the increased resistance associated with lattice distortion. 
As the annealing proceeds curves 3 and 4 approach each other and the same 
equilibrium value, and in the region of nuclei size greater than 100 A the 
two curves coincide, indicating that the resistance is a function only of the 
nuclei size and is independent of cold-working effects. 

(5) Bate of growth of nuclei 

Fig. 7 shows relation between nuclei size and time for the cold-worked 
and standard materials at 376” C. The rate of growth is very much slower in 
the cold-worked material, a very unusual result, inasmuch as most metal¬ 
lurgical processes proceed faster in cold-worked than in annealed material. 
In this particular instance, however, there appears to be no reason to doubt 
the result shown in fig. 7, since the specimens were made from the same 
material and heat treated at 376” C. simultaneously. 

The behaviour of the standard material at 346 and 298” C. was similar 
to that shown in fig. 7 for the experiment at 376” C. Various attempts to 
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^nd a simple relation between the nuolei size and time have been made but 
were unsuccessful, and we conclude that the rate of growth is not a simple 
function of either the size of the nuclei or the material in the boundaries. 



Pig. 7. Growth of nuclei at 376“ C. 

(c) Lattice speu^ing and nuclei size 

Fig. 8 gives the results obtained at 346° C. These are referred to in 
§4. 

(d) The. effect of nuclei size on the intensity of the 
superlattice lines 

Although the breadth of the superlattice lines increases with diminishing 
nuclei size and the lines appear fainter, the integrated intensity falls off 
relatively slowly. The ratio of intensities of line Z’A® = 14 (a superlattioe 
line) to line Sh^ = 16, a main lattice line, has been determined from the 
films obtained on specimens heat treated at 376° C. The ratio changes from 
1'05 for a nuclei size of 105 A to 1'26 for a nuclei size of 670 A. 

4. DiSCUSSIOK of BXFEBIHEKTAIi RESULTS 

The various experimental results recorded in § 3 enable certain specu¬ 
lations to be made as to the behaviour of nuclei and their boundaries. Let 
us assume that the nuolei have the equilibrium degree of order at the 
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temperature concerned, and that the boundary material is fully disordered; 
further, that the nuclei are cubic in shape and equal in size. 

In our previous paper (Sykes and Jones 1936 ), using this simplified model, 
we showed that measurements of energy content were consistent with the 
conclusion that the boundaries were only two atomic distances wide, viz. 
7*5 A, over the range of nuclei size from 40 to 280 A. Measurements quoted 
in §§ 3 (c) and 3 (d) are also in agreement with this conclusion. 

The intensity of the superlattice lines will be proportional to the amount 
of ordered material present. On the assumption that the boundaries are 
7*5 A wide we have calculated the ratio of ordered material for nuclei 
670 A in length to that for nuclei 106 A in length to be M9. The ratio of 
intensities of corresponding 8 U{)erlattice lines is 1*20. 

To a first approximation the volume of the unit cell of material containing 
nuclei will be directly proportional to the relative amounts of ordered and 
disordered material present. Using the experimental values obtained for 
the lattice spacings of the alloy in equilibrium at 346° C. and the completely 
disordered material we have calculated the lattice spacings for various 
sizes of nuclei, again assuming the boundaries are 7*5 A. wide. The results 
are shown in fig. 8 marked ©, and are in very good agreement with the 
experimental curve. 



Nuclei size 
Fia. S 

Whilst the agreement between experimental results and those predicted 
must be considered to be rather fortuitous in view of the number of simpli¬ 
fying assumptions made, there can be no doubt that the boundaries between 
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nuclei (once the nuclei have attained a size of 40 A or so) are narrow, 
probably about 7*6 A wide. 

The relation between resistance and nuclei size shown in fig. 6 cannot 
be satisfactorily explained on the hypothesis that the resistance is directly 
proportional to the relative amounts of ordered and disordered material 
present. If this were the case, then for nuclei sizes of 75, 135 and 200 A the 
width of the boundaries necessary to account for the observed change in 
resistance would be 11 , 40 and 60 A, i.e. the boundaries necessary are much 
too wide, and further they increase in width with increasing nuclei size 
which is a most improbable result. Consequently it can be concluded that 
the extra resistance introduced by the presence of nuclei is not primarily 
associated with the amount of disordered material present. 

The wave theory of metals suggests that the extra resistance may be due 
to the scattering of the conduction electrons at the boundaries, and the 
linear relation between resistance and reciprocal nuclei size (see fig. 6) can 
be interpreted on this basis, since the total scattering will be |>roportional 
to the number of boundaries per unit length, i.e. to the reciprocal nuclei 
size. The effective scattering power of the boundary will diminish for small 
nuclei sizes, i.e. when the material is more or less disordered, as the dis¬ 
tinction between boundary material and ordered material must vanish. 
Consequently the slope of the curves in fig. 6 should decrease with decreasing 
nuclei size, which is in agreement with the experimental result. 


Beflexion of X-rays from nuclei 

If the boundaries are of the order of two atomic distances wide, then 
some further explanation is required to account for the marked stability 
of structures containing nuclei, and we have put forward the hypothesis that 
the various nuclei are antiphase, otherwise they would rapidly coalesce. 
Dehlinger ( 1935 , p. 154), in discussing the similar case in CuAu, disagrees 
with this conclusion, his objection being that the intensity of the superlattice 
lines reflected from conglomerations of antiphase nuclei should be much 
smaller than the values observed in practice. General considerations would 
suggest that the energy reflected from nuclei (in phase or antiphase) should 
be proportional to the total scattering power of the material present. The 
line breadth and the distribution of energy as a function of the angle of 
reflexion will vajy, of course, with the configuration of the nuclei. As the 
disordered material will scatter into the general background we expect the 
intensity of the superlattice lines to be proportional to the amount of 
ordered material present. 
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According to our conception of nuclei the arrangement of atoms on the 
001 plane is as shown in fig. 9. The four typical sites in the face-centred unit 
cell are marked a, b, c, d, and repetition of each site produces a simple cubic 
lattice. The four types of nuclei are marked A, B, C and D, and only the 
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atoms immediately adjoining the boundaries are considered to be dis¬ 
ordered. The behaviour of a linear chain of nuclei is probably similar to that 
of a number of diffraction gratings of identical spacing joined in such a way 
that the interval between gratings is an integral number “n” times half 
the spacing. Calculation shows that the interaction term will vanish for 
a large number of such gratings if the number n is ust as likely to be even 





Atomic rearrangement process in a copper-gdid alloy 387 

as odd, and the intensity of the beam reflected from the composite grating 
is equal to the sum of the intensities reflected from the individual gratings, 
The three-dimensional problem is more complicated and exhibits certain 
peculiarities. It is clear from fig. 9 that for the 100 reflexion nuclei A and B 
are in phase, since alternate planes have the same scattering power; on the 
other hand, for the 010 reflexion they are out of phase. Similar considerations 
apply to C and D and to reflexions from all planes giving rise to superlattice 
lines. 

We have worked out the interference functions” (Laue 1926 a, h\ 
Jones 1938 ) for a crystal coiiqjosed of two nuclei of equal size. From these 
functions the angular intensity distributioti in the reflected X-ray beam 
can be easily calculated for cases where two Millerian indit^es are zero, and 
the results are shown diagrammatically in fig. 10 . 
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If the nuclei are in phase in the direction of the line joining their centres 
(which has been taken peri>endioular to the 100 plane), then for the 100 
reflexion they behave as a single nucleus of twice the size, for reflexions at 
right angles they behave as individual units (nuclei A and B). If they are 
out of phase in the 100 direction, then for tliat reflexion they produce 
zero intensity at the usual maximum, but two adjoining maxima (nuclei A 
and ( 7 ). The intensity reflected jier nucleus is the same and independent of 
whether it acts in phase or out of phase with its neighbours. Thus whilst 
we have been unable to carry out the calculation for the general case we 
are of the opinion that the evidence supports the hypothesis that the nuclei 
we constituted in four different ways in spite of Dehlinger's objection. 
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Acivul aize of nwhi 

Since adjoining nuclei may act in phase the values of the size of the nuclei 
obtained by X-ray methods will be larger than the true values. The prob¬ 
ability that any nucleus is in a chain n nuclei long is as follows: 

Length of chain 1 2 3 4 5 6 7 

Probability 0-446 0-296 0-148 0-066 0-027 0-011 0-004 

The maximum intensity of the line produced by a chain n nuclei long is 
w* times that of a single nucleus. Using the probabifity figures given above 
we find that the maximum intensity of a line reflected from a block of 
material containing many nuclei of identical size will be 1-98 times that 
observed if all the nuclei acted independently. The apparent size of the 
nuclei as determined by X-ray methods is therefore approximately twice 
the true size.* This further strengthens the arguments put forward for the 
narrow boundary. 


Detailed consideration of fig. 6 

The wave theory gives the following formula connecting resistivity and 
the mean free path of the conduction electrons (Mott and Jones 1936 , 

p. 268). 

hi LVl 

A’ 

where p is the resistivity, h is Planck’s constant, e the electronic charge and 
N the number of conduction electrons per c.c. Assuming that there is one 
conduction electron per atom and expr^essing p in microhms per cm. cube 
and A in Angstrom units the formula is* 

p = I-45X 10«i. 


For material where the nuclei size is large compared with the width of 
the boundaries we may write 


1 

A 




where e is the nuclei size, 1 /s the number of boundaries per unit lengthy 


♦ There is, of course, an additional factor, in the same direction, which depends 
on the size distribution (Jones 1938 ), but this is generally neglected in all measure¬ 
ments of particle size by X-ray methods. 
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and r the probability of an electron being reflected at the boundary. Con¬ 
sequently 

p. 1-46x10^1+0, 

the first term giving the resistance of the completely ordered alloy and the 
second term the additional resistance introduced by the nuclei. 

The slope of the curves (fig. 6) allows r to be determined, dpjd j is 

1*66 X 10+® over the straight portion taking into account the fact that the 
true value of e is half that plotted, and r, the reflexion coefficient, is therefore 
0*11. As the resistivity of the completely ordered copx)or-gold alloy 
(4 X 10-® ohms/cm. cube) is roughly twice that exj)ected from a mixture of 
the constituent metals it is possible that the number of conduction electrons 
per atom may be appreciably less than in either copper or gold. The value 
of 0-11 should therefore be regarded as a lower limit. Alternatively it may 
be concluded that the number of free electrons per atom in the copper-gold 
alloy is not less than 0*1. 

For large nuclei the slopes of the curves plotted in fig. 6 are the same 
within the limits of experimental error. This suggests either that the re- 
sistanfee of the boundaries is independent of the equilibrium order inside 
the nuclei, or that the equilibrium degree of order does not vary appreciably 
in the range of temperature concerned. The first alternative is unlikely. 
Intensity measurements of superiattice lines obtained using samples in 
equilibrium indicate that the degree of order in material quenched from 
just below the critical temperature is about 80 % that of material very slowly 
cooled to room temperature. The difference in degree of order over the 
range of temperature 296-376° C. is thus quite small, 10-15 %. 

The effect of cold work 

The interesting result obtained from the cold-worked specimens is that 
the relation between resistivity and nuclei size is the same as for the annealed 
material. This shows in a very clear way that the scattering*power of the 
nuclei boundaries is of quite different order from that of either the grain 
boundaries or the local irregularities supposed to exist in cold-worked 
crystals. 

The differing rates of growth in the two types of material is not easy to 
understand. The properties of cold-worked crystals are associated with 
defects in the regular lattice pattern and nuclei growth across such defects 
might conceivably be difficult. The strain energy involved in lattice dis¬ 
tortion is 80 small, however (0-1 oal./g.), compared with the ordering energy 
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(6 oal./g*) that it is doubtful whether an explanation on such lines is forth¬ 
coming. Wire drawing produces a fibrous structure (which is partially 
removed by annealing), and this, if sufficiently enhanced, would account 
for the difference in behaviour of the two materials, since in the cold-worked 
specimens growth would be limited to one direction. The values obtained for 
the apparent particle size in the 100 direction (fig. 7), indicate that this is a 
possible explanation. 

Our thanks are due to the Metropolitan-Vickers Electrical Co. Ltd,, for 
providing the facilities for this work, and in particular we are indebted to 
Dr A. P. M. Fleming, C.B.E., Director and Manager of Research and 
Education Departments, for his personal interest in the investigation. Part 
of the experimental work was carried out in the Physical Laboatories of the 
University of Manchester, and we thank Professor W. L. Bragg, F.R.S., for 
his kind interest and encouragement. 

Summary 

The relation between the size of nuclei and electrical resistance has been 
determined for the co})per-gold alloy CugAu in both the annealed and 
cold-worked states. The experimental results are interpreted, using the 
hypothesis that nuclei are antiphase with narrow boundaries. For large 
nuclei a linear relation, between resistance and the number of boundaries 
per unit length, is found from which the reflexion coefficient of a single 
boundary has been deduced. This reflexion coefficient is the same for both 
cold-worked and aimealed material, although the rates of growth of the 
nuclei in the two cases differ considerably. 
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The statistical mechanics of condensing systems 

By Max Born and Klaus Fuchs 
Edifiburgh 

{Communicated by E. T. Whittaker, F,R.8,—Received 1 March 1938) 

Introduction 

J. E. Mayer ( 1937 ) has published, together with some collaborators, 
several papers under the same title as the present one.* We consider these 
pajKJrs as a most important contribution to statistical mechanics, and this 
opinion was shared by the International Conference held in Amsterdam, 
26 November 1937, in commemoration of Van der Waals’ birth. 

One of the present authors gave to this meeting a rei>ort on Mayer’s 
work (published in Physica, 1937 ) which was followed by a vigorous dis- 
cussion on the question as to whether Mayer’s explanation of the pheno¬ 
mena of condensation is correct. Doubts about this point were raised by 
the referee, because it is difficult to comprehend how a method of approxi¬ 
mation such as that of Mayer, starting from the gaseous state, can lead to 
the discontinuity of the density on an isothermal curve which corresponds 
to condensation. The usual methods for treating the equilibrium of two 
phases introduce the equation of state of both phases and derive the con¬ 
dition for their co-existence. Mayer’s theory does nothing of this kind, but 
treats all possible molecular arrangements with their proper weight, as if 
there were only one phase. How can the gas molecules “know” when they 
have to coagulate to form a liquid or solid? Mayer’s mathematical method 
is too involved to make this point quite clear. 

We have devoted a considerable effort to control and clarify these calcu¬ 
lations, making ample use of the theory of complex functions, and we 
believe that we have succeeded in showing rigorously, and in a somewhat 
simpler way than Mayer himself, that his statements are completely 
correct. And we have succeeded by our method in going a little farther, 
in so far as we can derive the conditions for co-existence of several phases 
(triple point). We have had the privilege of corresponding about these 
questions with Professor G. E. Uhlenbeck (Utrecht, Holland), to whom we 

• We have to thank Dr Mayer for sending us the manuscript of another paper 
(written in collaboration with S. F. Harrison) before publication; this article wliich 
has meanwhile appeared ( 1938 ) contains the most complete presentation of his 
theory. 
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owe sereraJ important hints for simplifying the proofs. ♦ We pu blish here the 
whole theory with complete proofs, so that the reader need not refer to 
other pufahcatione on this subject. 

But we shall confine ourselves to presenting here the general theory as 
far as it can be developed with the minimum of arbitrary assumptions. The 
detailed discussion of phenomena in the neighbourhood of the critical point 
by Mayer and Harrison ( 1938 ), based on a special assumption about the 
irreducible integrals (defined in § 2 ), will therefore not be considered here. 


1. The partition pttnction 

We consider a system of equal particles (molecules) which act on one 
another with central forcjes. 

If Hip, q) = T{p, q) -f V(q) is the energy of the system, T and V being its 
kinetic and potential part, the thermodynamic properties can be derived 
from the partition function 




(M) 

where 

••• = dx„dy^dZn). 

(1-2) 

The assumption of central forces, V{q) — T leads to 



Qr = [[•••[„ n {1+/(»•«)} 

JJ J NM>S>\ 

(1-3) 

where 

/ii = 

(1-4) 

or 


(1-6) 


The usual procedure consists in evaluating the lowest terms of this series; 
the first sum corresponds to collisions of pairs of molecules, the second to 
triple encounters, etc. It is evident that this method is valid only for rarified 
gases and can never lead to a satisfactory theory of the condensed state. 

♦ After finishing this paper we have received a manuscript of Professor Uhlenbeck 
and Dr B. Kahn, “On the theory of condensationwhich will be published in 
Phynca. We have to thank the authors for sending ns this paper which is 
supplementary to our own work, chiefly concerning the extension of the theory 
to quantum statistics. 
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Mayer's intention is a formula holding for any density. He uses, there¬ 
fore, another principle, first adopted by Ursell ( 1927 ), for ordering the terms 
in (1‘5). To illustrate his idea we write down any product of the/^^ as it 
appears in the terms of (1*5), for instance 

/l2/23/46/67/78/68’ 

As only those parts of the phase space contribute to the integral for which 
the distances of all pairs of molecules which appear in the term are small we 
can describe the contribution of this term by saying: it consists of one 
cluster of two molecules (4, 5), ttm of three (1, 2, 3 and 6 , 7, 8 ), whereas all 
other molecules are “free'', or form clusters of one molecule. 

To each cluster of I molecules there belongs an integral 

= ( 1 - 6 ) 

where the factor l\ has been added for convenience and the integration is 
extended over the configuration volume of all but one of the I molecules, 
since evidently the integration over the last one yields simply the factor 
V (volume). 

Each term of consists of clusters of 1 molecule, clusters of 2 , 
Wg clusters of 3, etc., where 


Iwii + 2^2 4- Smg + ... = Ulrni = N 


is the total number of molecules. As the I ! [Dermutations of the molecules 
in a cluster and the permutations of the equal clusters of these 
molecules correspond to the same arrangement, the weight of this is 

..._= iv! n —~— • 

(1 !)”*i(2!)"**... nilIm,!... V 


Therefore we get ~ = 2TT . ~ r 



(Nvbi)”‘‘ 


(1-7) 


where 



( 1 - 8 ) 


is the volume per molecule. 

We shall consider first the integrals b, and then evaluate the partition 
function by means of a complex integration. 
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2 . ThEOEEM on toe EBDCCTION of CLiTTSTEB intbobam* 

For a given cluster of size I there are a number of configurations, char¬ 
acterized by a product of the/,^, such that this product cannot be split into 
two factors 

tft V 

'^nin% ... i> ...» 

with one common index only. The sum of the corresponding integrals over 
the configuration space, divided by — 1)! (for convenience) is defined as 
the irreducible integral 

The simplest irreducible integrals are 


where 


A * ^7rr^fir)dT, 

/^32 Jjy/l2/l3/l4/28/24/84^^I^^2^^S* 


( 2 * 1 ) 


( 2 * 2 ) 


They correspond evidently to the following figures of bonds*'; 




whereas figures as 




belong to reducible integrals. 

We shall say: an irreducible integral A belongs to an ‘ ‘ irreducible cluster * * 
(of size V4-1) with the index v. It is useful to consider p of the v+ 1 mole¬ 
cules of the cluster as numbered (1, 2,v) and one unnumbered; this last 
one is then used for “connecting** the irreducible cluster to another one 


* This theorem has been found and proved by J. E» Mayer and Maria Goeppert- 
Mayer; but no complete proof has been published. We think that our proof is 
somewhat simpler than that which we tried to reconstruct from Mayer's indications. 
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by identif 3 dng it with a numbered particle of the other cluster. We define 
below such an aggregate of v numbered particles of an irreducible cluster of 
size 1^4* 1 as an ‘‘incomplete cluster”. 

Each cluster of the size I can be considered as composed of irreducible 
clusters of the indices = 0,1,2,1, where the irreducible cluster of 
index v may appear times. Therefore we can write 


l\bt = (2-3) 

where the factors l \ and v \ are only a consequence of the definitions of the 
bi and 

Each term of (2*3) is the integral of a product of the/^^ of the form 

Fi 1 F F F F (2*4^ 

multiplied with the number of possibilities ...) of interchanging 

the particles without destroying the form of the integrand. 

As integration over the particles / 1/2 * i^iS'kes the corresponding 

integral factor of {2-4) independent of p, we count p not to the first incom¬ 
plete cluster, but in the example (2*4) to the third; in the same way we 
count the particle q to the third, r to the fourth, etc. Then in the last factor 
the last particle z plays a special role. We define the “incomplete clusters” 
which compose the given one, by the groups ...) of number , (mj Wg...) 

of number and so on, but for the last ... z) of number -f 1. Then 
the number of possibilities of distributing the I particles over the incomplete 
clusters of 1 particles is given by 

nw^n(7;)r>;„+i’ 

V P 


where we have split (r>„ +1)! into the factors vj{v„ + 1). We remark here 
that any arbitrary cluster can be taken as the “last” one (with index vj. 

PiiPi, /tj, ...) is therefore the factor (2*5) multiplied by the number k of 
possibilities of connecting the incomplete clusters. We define /*,>•••) 
as this number k divided (for convenience) by i’„+ 1. Then (2-3) can be 
written 






9{PvP .) 


"a+l 


( 2 - 6 ) 


In forming the factor (2*5) we have taken into account that two irre- 
duoible clusters of the same index can be exchanged, i.e. we have counted 
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as identical such distributions of the particles over the incomplete clusters 
which are obtained by exchanging all particles of two clusters of equal 
index. We must therefore now consider two {K)ssi bill ties of connecting the 
incomplete clusters, wliich are obtained by exchanging two clusters of the 
same index, as different. For this reason it is more convenient to introduce 
a different notation. We numerate the irreducible clusters in any order from 
1 to m, where m is the total number of irreducible clusters, and characterize 
any configuration by the indices of the irreducible clusters 
where several p^ luay be equal. Then 

m 

(2-7) 


and q is now to be considered as a function of the Pf 

q = q(v^, ('a, I'J. (2-8) 

We assume now that the I particles are distributed over the incomplete 
clusters in a definite way. Each irreducible cluster—say of index p^^—con¬ 
tains p^ numbered particles (those of the incomplete cluster) and one un¬ 
numbered particle. (In the example (2*4) p is the unnumbered particle 
of the first cluster, q that of the second, and so on; only the Pf^+ 1 particles 
of the ‘Tast” cluster are all numbered.) We ‘‘attach’’ one irreducible cluster 
p^ to another Pj by identifying the unnumbered particle of the irreducible 
cluster p^ with any numbered particle of the irreducible cluster p^. 

We consider first the simplest case of forming such attachments between 
the irreducible clusters in a simple chain. We start with the “last” cluster 
containing + 1 numbered particles and attach another cluster which 
can be done in p„ + 1 different ways, since we can identify the unnumbered 
particle of the cluster with any one of the p„ +1 particles of the last 
cluster. Correspondingly we obtain a factor Pf^, when we attach a third 
cluster Pf, to the second and so on (compare fig. 1 a). The total number of 
possibilities of forming such a chain in any given order of the irreducible 
clusters is (j^„-f l)IJ»^v, (i4^a, i=^a;), where p^ is the cluster attached last. 

We obtain the same product (t^a^ I)n^o (t+ t + a:), if we exchange the 

m " 2 clusters in the chain, keeping the clusters and p^ fixed. Dividing 
by p„ + 1 we obtain as contribution to q 


( 2 - 9 ) 
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We take always the cluster as the starting point for the process of at¬ 
taching; but it is not necessary to attach just one cluster to v^^y we may 
attach two or more. If two clusters are attached to —say Pf, and — 
one obtains a chain in which the cluster p^ is not at the end, as shown in 
fig. 16. 



Fio. 1 


In general we are not confined to attaching each cluster to the im¬ 
mediately previously attached cluster, but we can attach them to any one 
of the previously attached clusters, starting a “side-chain”. In this case 
the factor may appear several times, though the total number of factors 
is always equal to tn — 2, since after m - 1 steps all clusters are attacheti and 
a factor ^ always cancjels. (In the ease illustrated in fig. 1 c, for example, 
we obtain (*^a + ^noted that p^^ + 1 appears always instead 
of p^; the following formulae should be understood in this sense. Therefore, 
q can be written as the sum of s\ich products 

. . = ( 2 - 10 ) 

fH i 

/(wt; n,is here the number of irossible arrangements in which n, 
blusters are attached to the cluster i',, n, cluster and so on, and 

»o +1 to the cluster >> 0 + 1 (since one factor i'„+1 is cancelled, cf. (2'6)). 






39S 


M. Bom and K. Fuchs 


We shall prove by induction that 

/(m; Wj, n .) = 


(m-2)! 


( 2 - 11 ) 


For m ~ 2 or 3 this formula has already been proved; for in this case it reduces 
to the formula (2-9) for a simple chain. We, therefore, assume (2*11) is true 
for all values of m smaller than and prove that then it also holds for 
We first consider — 1 clusters leaving aside one of the clusters at the 
end of the chain or of a side-chain (i.e. a cluster the index of which does 
not appear in the product). Since there are at least two such clusters, we 
can avoid leaving aside the cluster We now connect these nto—1 

clusters in such a way that factors appear; however, since one cluster 
is missing there will be one factor less—say the factor Uj, which appears 
— 1 times instead of rij times (wliere % ^ 1). The number of possibilities of 
doing so is according to (2*11) 




(mo-3!) 


where we have written n^/ny! for l/(ny- 1)!; in this form it also holds if 
ny = 0. The last cluster is now to be attached to the cluster j'y supplying the 
missing factor Vy. Summing over all j we obtain 

/K; w.) * yyt/ r’ 

Since ^Wy = miq- 2 (compare (2-10)) we obtain formula (2-11), which thus 
is proved. 

Inserting (2'11) in (2'10) we obtain 

Vt .vj - 2(«»-2)!n^ = (|vy)»-*. 

Remembering that in each formula must be replaced by +1 this ex¬ 
pression is according to (2-7) 


q{vi, I'g, .... vj = 

Inserting this expression in (2-(i) and observing that » m, we obtain 
jfinally the 


Theorkm ; Each duster integral can be split into a sum of products of irredtusible 
integrals corresponding to the formula 


b, 


“ I'lU 

y 

Zpfip -l-l 


{IP,Y 


V 


( 2 . 12 ) 
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3. InTBGEAL RKPEB8BNTATION AND ASYMPTOTIC BiXPBBSSIONS 


The formula (1-7) for and formula (2*12) for 6, are of the same type: 


F{M, I, x „...) = in^^r = *)• 


mi I 


With this notation these two formulae can be written 


(3-1) 


1^ = F(N, N, vb„ vb„...) = F{N, N, vb),' 
1% = F(i-1,1, ...)=^F{i-i,i, /?).; 


These expressions can be represented by complex integrals for which 
asymptotic expressions for large I can be derived. 

The functions F(M, /, x) are the coefficients in the expansion of 

exp(/ra;^g*') 


in a series of powers of 
obtain 


For, expanding the exponential function we 




m /tp V 

£ ftp—*m 


iiji 


Here the second sum is to be taken over all sets of values of the for 
which Ejn^ = m. Since the factor w I cancels m appears only in this restriction 
for the values of the and summing over all w, the restriction is removed. 
We can therefore write 




/ip 




We now take together all sets of values for which =* Jlf; we can 

V 

then take in front of the sum over n^, and obtain 


M fty y 
£yftp •= M 


Using the definitions 

©AiS; «i. *i. •••) = «)«=!; *4V 

I'-l 


(3-8) 
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and (3'1) we may write 




. /, a:)P. 


(3-4) 


Applying Cauchy’s integral theorem, F can be expressed as the integral 


F{M, I, X) = 


1 reJO(i(£.Jf) 


2m 


•f gJVf+l 


d^. 


(3-6) 


We thus obtain the integral representaiion for the F{M, I, x) 

F{M, I, x)= i ^ '*£ dg, (3-6) 

where the integration is to be extended over a path inside the region of 
regularity of exp(/(?o(^, x)) enclosing the point S = 0. It is obvious that the 
exponential function is regular inside the radius of convergence of x) 
with the exception of the point ^ ~ 0. 

We shall now derive the asymptotic expressions for the integrals (3*6) 
by the method of steepest descent. We shall choose as path of integration a 
circle around the origin and therefore write 

g « di - iZe^, 

Substituting these expressions in (3*6) the integral can be written in the 
form 


27rJ_, 


1 


_ j^r+» 

" 27rJ_, 

fiZe^*) = IO^{Ze<*,x)-M\n(Ze^). 


(3-7) 


We now choose the radius of the circle of integration Z such that the 
functionof in the exponent has a maximum at the real axis (for 
0 =B 0). Since according to (3'3) 

^ [0,(Ze<^ *)] = X), (3-8) 


d<j> 

we obtain as equation for Z 

™/(Ze*^)] =»[/<?,(Z,z)-Jlf] = 0, 


& 


or 




(8-9) 




401 


The statistical mechanics of condensing systems 

The point Z on the real axis is a saddle point of the function /(g); /(g) has 
a maximum perpendicular to the real axis and a minimum parallel to it. 

The higher derivatives of /(g) at the saddle point with regard to ^ can 
easily be obtained, taking into account the relation (3*8); one finds 


and wft can write (3-7) 

F{M, /,x) = ^«/®J^’'exp|^-/G*(Z,ie)5iV2 + / f W,(Z, a:) ^/vlj 
Substituting = y^lOJ2 we obtain 


r ® n * 

xj + I '^J'’G^(Z,x)f/yHIGt/2yi*jdy. (3-10) 

V 2 


If I is large all terms in the exponential except are negligible and the 
integral can be extended from ■“ oo to -f oo with negligible error. The integral 
is the well-known error function and yields a factor ^Jn;* substituting 
according to (3*7) for/(Z) we obtain the asymptotic expression 


F{M, I, X) = pr^27r7«7Z, X)}’ 


(311) 


In neglecting all terms in the exponent of (3*10) except we have assumed 
tacitly that the are of smaller order than /. This need not be the case; 
in general we must add the condition 


1 10,{Z,x) 

v\[IO^{Zlx)/2yi^ 




(3*12) 


♦ Wo have neglected here the possibility that other maxima might occur apart 
from the maximum at ^ = 0. However, if all are positive it can be shown quite 
easily that these maxima will contribute negligible amounta. For the exponent of 
the integrand in (3*10) can be written: 

f(Ze^^)-f{Z) = /i>^Z^[{co8 -1) -f I sin - tAf 

The real part of this expression is negative and of the order I, except for ^ 0. 
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Specializing for the two cases (3*2) we obtain from (3*11) 


Qr 

Nl 

vb) 

F(N, N, vb) = -zN^>^2nNQi(Z, vb)]’ 

N>1 

(3-13) 

Pb,= 

eid^p./n 

F(l-1, 1, Ji) - ^y^yf27rZGo(/», /?)}' 


(3-14) 


0^(Z, vb) = v'£ v^Z”, 


(316) 


1—1 




/?) = i 

v^X 


(316) 

p are 

defined by the equations: 




0,(Z, vb) - 1, 


(3-17) 


ffi(p./?) = 1. 


(3-18) 


h^s the same dimension as h^Vy namely that of it follows from (3*17), 
(3*18) that Z and p have the dimension of (or density). 


We shall use the notation 


1 

P' 


(3*n)) 


This volume, which def>ends on the temiwature but not on the pressure, 
will play an important role in the theory of condensation. 

The quantity Z, as given by (3*17), has also a simple physical meaning, 
which can be given only after deriving the thermodynamical properties of 
the system. 


4. THBBMODYNAMICAn PE0PKRTIK8 OF THE GAS 

The equation (3*13) enables us to express the thermodynamic potentials 
in terms of the series vb). Neglecting all terms but those of the 

highest order in N one gets 

= 6 / 0 ( 2 , vb)~]nZ, Gi{Z, vb) = 1. (4-1) 

The thermodynamical properties of the systems can be determined from 
the free energy A (as introduced by Helmholtz) which is connected with the 
partition function by the relation 

4 


(4-2) 
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If we introduce here the values (l-l) and (4-1) we get with R — kN 

The pressure is P = - ^}- (4-4) 

In the condensed state the 6^ may depend on v; but in the gaseous state 
we can assume them being indejjendent of ik Then the differentiation in 
(4*4) can be easily performed; from (3*15) one has 

Z^O,(Z)^G,,,{Z); 

therefore for A = 0 — Oi(Z) = 1. (4‘6) 

Now we get 

u|-{(?o(Z)-lnZ} = I b,Z‘’-\nZ) 



The last bracket vanishes according to (4-6), and one gets 


v~{G^(Z)-\nZ}==G^(Z). 

(4-6) 

Introducing this in (4*4) one finds the eqwtion of state 


PV - BTG^iZ), 

(4-7) 

Gibbs' thermodynamic potential is 



(4-8) 

From (4'7) one gets with (4'6) 



(4-9) 

The problem of finding the virial coefficients will be solved, if we 

can express 


0q{Z) in terms of the volume. This will be done in the next paragraph. 
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5. Determination of the virial coeffioients 

In order to find an expression of Oq(Z) in terms of the volume we consider 
the following functions 


xi, xj,,...) = x) 

where F is defined by (3*1); we prove the following 
Theorem 

cm 
SO 


S{m, 0) = 


where is defined by 
and 


' 1 for m = 0 
for m 4= 0, 


V=1 


( 6 - 1 ) 


(5-2) 


{5-3) 

(6-4) 


SO that 


X) = *)• 


( 6 - 6 ) 


We shall prove the theorem for small values of z; it then follows that it is 
valid in general. 

Inserting the complex integral (3*5) for the /"“functions in (6* 1) we obtain 

1 oo r-j X) 


where the path of integration must include the point g = 0. We choose the 
path in such a way that 


z 


T 


<L 


(5-7) 


This is possible for small values of z as shown below. We can now exchange 
integration and summation in (5*6) and obtain 


fmz. X) = 


2ffi jg-2eO»4)® 


d^, 


( 6 - 8 ) 


This integral has a singularity for a value where (5-8) is satisfied. The 
residuum of the singularity is obtained by inserting the derivative of Uie 
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denominator in (5*8) in place of the denominator; with (5*5) and (6*3) we 
obtain for the residuum 

If m “ 0, there is another singularity at 0 with the residuum — 1, Thus 
equation (6-2) is proved, provided there is one and only one point go inside 
the path of integration for which (5*3) is satisfied. 

Now, the function (^'^) 

has a pole of the first order at g == 0. This pole is surrounded by curves 
along which the absolute value of (5*9) is constant. Provided the absolute 
value is sufficiently high these curves are closed around g = 0; therefore, 
if I 3 ( is sufficiently small we can choose the path of integration according 
to (5*7) just outside the curve along which 


\ePa) 

' X 


1 


i^r 


in such a way that there is only one such curve inside the path of integration. 
On this curve there is one and only one point for which (5*3) is satisfied. 
From (5*3) we obtain with (5*5) 


dz 

z 




( 6 - 10 ) 


Multiplying (6'2) with (6-10) and integrating we find 


fmz', x)^ = #(m, 0) L_|L(i)Jdg. 


The left-hand side yields the series ffj* according to (5-1). The right-hand 
side gives for m > 0 


X) 


gJT 

7n 


m>0. 


( 6 - 11 ) 


For m = 0 the terras 1 cancel and we obtain with (6’6) 

^i(*) *) “ ®o(So> *)• (®'12) 

Repeating the integration in the same way, we obtain from (5*11) 

(6-13) 

m [jn j 

' pVx + w 


Vol.CUCVI. A. 


36 
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According to (3-2), (3’3) the series 0;^(z, vb) can be represented by H- 
functions: 

0^(Z.vb)^vH\^^(Z,p). (6-14) 

For A = 0, 1 we obtain with (5-11), (513) (with = y) 

Oi(Z, vh) = vH\{Z, fi) = yv (6-16) 

Q,{Z, vb) = vHl(Z, P) = - Go. i{y> P)\ = 

where y is given by (5-3) Z = (5*17) 

The root of the equation Oi{Z^vb) — 1 is, according to (5-15), given by 
(5*17) with 

y = i. (5-18) 

The equation of state can now be obtained by inserting (5*16) in (4-7) 

PV = RTG,{Z, vb) = i?T[l - I. (5-19) 

Thus the virial coefficients are given by the irreducible integrals multiplied 
with — 1.* 


0. Condensation 


The formulae of the last section can also be applied to the series 

For according to (3’2) these are again /?-funotion8. We obtain from (5’2), 
(6-12) and (5'3) (replacing 2 by r and |o hy z): 





(6-2) 

^^f^^HUr,vh)^G,(z,vh), 

(6-3) 

= j^~[l-G,{z,vb)], 

(6-4) 


♦ This theorem lias been proved independently by Mayer and Harrison, XJhlenbook 
and Kahn, and ourselves. The proof given here (which is, in fact, a special case of 
Lagrange*B theorem) is essentially that of Uhlenbock and Kalin; we are very gratefiil 
for being permitted to use this method which is simpler than the others. 
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whereas the corresponding expressions for the O^i^, vb) are, with (6-2), 
{5-16-5-17); 

Oo{z, vb\ = vH\{z, P) = yv {\- ©o. i(y, /?)] = 

Oy(z, vb) = vHl(z, P) = yv, (6-6) 

G,{z, vb) = vHliz, P) = . (6-7) 

2 = ^ [1 - G,{y, P)]. (6-8) 

We now use the fact that by delinition (1-2) the x O’!! positive. 
Professor G. E. Uhlenbeck has kindly communicated to us an idea due to 
Dr Kahn: The radius of convergence E of the power series in r (6*2) and 
(6*3) is determined by the theorem of Cauchy-Hadamard as 



This theorem supplies just the proper tool for handling the partition 
function. For, taking loganthms we find exactly the quantity which we 
need in order to obtain an expression for the free energy 

lim I In % = - In 1?. (6-9) 

Ar.^a,iV iV! 

Let Z be the value corresponding to we have with (6*4) 

lim In %f = 0„(Z, t^)-lnZ. («• 10) 

This equation is formally identical with (4* 1). However Z is here defined in 
a different way. 

Let US now consider a region in the a-plane siioh that 
(a) The 6x{z, vb) are regular; 
ifi) 0^{z,vb)^l. 

Then (6*4) defines a conformal correspondence of the g-plane and the r~ 
plane, and the series H^(r, vb) is regular in the corresponding region of the 
r-plane. If is singular, one of the conditions (a), (/?) must be violated. 
The reverse also holds; if (yS) is violated, it is obvious from (6*2) that 

26-2 
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has a pole. In order to show that £f Jj is singular if (a) is violated, we consider 
the two equations (6-3), (6'4) which we may write 

0^{z, vb) = H\(r, vb) 

Z T 


In the same way as above we find that if (7^(3, r6)Ji8 singular, either 
H%{ri vb) is singular, or 


//g(r, vb) = -- 1. 


( 6 - 11 ) 


Since all coefficients of Hg(r, vb) are positive (compare (1'2)) (6*11) can¬ 
not be satisfied on the positive r-axis. For the same reason the singularity 
which determines the radius of convergence R is on the positive axis. We, 
therefore, can choose a region inside the radius of convergence i?, including 
the positive axis from r = 0 to r = i?, in which there is no point for which 
(6*11) is satisfied. 

We can now conclude that this region is conformally represented by a 
region in the z-plane, in which the O^iz, vb) are regular. In particular the 
positive r-axis is represented by the positive 2 -axis and to the point R there 
corresponds a point Z which we can now define as the smallest positive z 
for wliich one of the conditions (a) and (/?) is violated. 

We now consider the equations (6-5)*“(0*8); in the same way as above it 
follows that if Oq(z, vb) has a singularity, one of the following conditions 
must be violated: 

(a) The Ox(yy fi) are regular; 

{b) Gi(y,/?)+!. 


The reverse argument is slightly different; we obtain from (6*6) and (6’7) 


y = l Gi(2, vb); dy = v j xb). 


( 6 - 12 ) 


If Giiy, P) is singular, either 0^{z, u6) is singular or <?,(«, vb) = 0. If 
0,(2, vb) = 0, it follows from (6-12) that = -oo. In that case it 

follows from the equation (6-21) (which we shall prove later) that dPjdV 
tends to - oo. We should have to deal with an incompressible body. We 
can exclude this case for physical reasons. 

We can now argue as before that to the point Z for which Ol^(z, vb) is 
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singular, there corresponds a point Y which is the smallest positive y for 

which either condition (a) or condition (6) is violated. 

Since the first coefficient of vb) is positive (6^ * 1) it follows that on 
the positive z-axis 

O^(z,vb)>0 forjZI^Z. (6*13) 

The equations for the gasPMua phase 
We shall first consider the case (/?). Then Z is given by 

vb) = vEvb,JJ^ ^ L (6*14) 

Since — 1, there will always be a root of (6* 14) inside the region of re¬ 
gularity for sufficiently large values of v. From (6*0) we conclude that the 
corresponding point Y is given by 

F = (6-16) 

V 

With (0*14) the expression (6*10) for the partition function is identical with 
(4*1). We obtain, therefore, all the equations of the gaseous state derived 
in the preceding sections, which in this way are proved to be valid in general 
since we have made no assumptions about the bi or provided we use the 
analytical continuations if the series in question diverge. (If some of the 
bf or are negative it is of course possible that the series diverge, but that 
the functions represented remain regular on the positive axis.) 

Oondenaatio7i 

Let Z be the smallest positive singular point of Oi(z, vb)^ whicli tends to a 
finite limit as z approaches Z 

lim Oi(z, vb)=^-, (6* 16) 

Since ©^(z, vb) increases monotonically according to (6*13) it follows that 
for v>Vg there exists a root of (6* 14) and we are in the region of the gaseous 
phase. For however, there is no root of (6*14) inside the region of 

regularity and Z is given by Z. 

Z^Z, v<Vg. (6*17) 

With (6*10), (4*2) and (4*4), we find 

PV - RTO^iZ, vb) - RTvEb,Z\ v < v,. 


(6*18) 
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Since Z does not depend on the volume it follows that P remains constant. 
Vg therefore is the condensation volume, v, can be obtained from (6-16) 

F = - (6-19) 

where ¥ is the point corresponding to 2. 

We now have to distinguish between two cases, corresponding to the 
two conditions (a) and (h). If the condition {b) is violated Y is the smallest 
positive root of the ecjuation 

( 6 * 20 ) 

In this case Y is identical with the quantity p defined by (3-18). If no such 
root exists inside the region of regularity of Gi(.v, /?), Y is the smallest 
singular positive point of Oi(y, /?). 

In the two cases the gas shows a distinctly different beliaviour as we 
approach the condensation volume. J'rom (5* 19) it follows that for the 
gaseous phase 

V^^,=^EnG,{Y,^)-11 y = (6-21) 

If Y is defined the root of (6-20) it follows from that definition that 
dPjdV tends continuously towards zero as v approaches t>,. 

If, however, F is a singular point, so that 0^{ 7, fi)< I, dP/dV is discon¬ 
tinuous for V - In order to obtain agreement with the observed facts, 
wo must assume that Y is a singular point. 

If the singularities F and Z are situated on the circle of convergence of 
the series Qj(z, vb) and ©ify,/?), the theory of (iondensation as presented 
here is in essence identical with Mayer’s theory; we believe the above con¬ 
siderations show without doubt that his theory is correct in this case. 

If, however, the singularities F and Z are beyond the radii of convergence, 
the equations for the gas hold beyond these radii and we have to introduce 
the analytical continuations of these series. 

The physicsal meaning of the quantities F, Z and R can now easily be 
seen. That of Y is clear from equations (6-15) and (6'19). The physical 
meaning of Z can be seen from (4-8); if we divide (4-8) by the number of 
molecules N and write R = Nk, we get 





F 

N' 


( 6 - 22 ) 
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Thu8 Z is connected with the thermodynamic potential per molecule, fi, 
which is defined as the derivative with regard to JV of the total energy JB 
as function of N, V, 8 

dE^/idN^TdS^PdV. (6^23) 

The function E is found from (4-8) 

E^A-i^TS^F-^PV^ T8 ^^N-PV+ TS. (6-24) 

The last expression can be interpreted as Euler’s condition for E being 
homogeneous in F, 8. 

Following a remark of Professor R. H. Fowler one can introduce a thermo¬ 
dynamical potential for which /a (or Z), F, T are the natural indej^endent 
variables, namely PV\ for, from (6-23) and (6*24) it follows that 

d(PV) - PdV-^SdT^Ndii, (6-26) 

For R finally we obtain a formula similar to (6*22). If we introduce the free 
energy per molecule a = AjN, then from (4*3) one gets with (6*4) 



a « AIN. 


7. Triple points and the criticai. point 

If the singularity P is on the circle of convergence of Go(y, fi), we can 
apply the theorem of Cauchy and Hadamard; with (6*19) we have 

i = V, =- lim (I /?, I p, 

I 

where lim denotes the upper limit of the limit points of the fi,. If there are 
several limit points we can relate to each of them a partial series so that 

V, = 1/7 = 

■ Vi-^ec 

Since dfiy/dT is continuous, it follows that in general dvJdT is continuous. 
A discontinuity will occur if a temperature exists such that the greatest 
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is the limit of two different partial series above and below T^, The vapour 
pressure can be obtained from (6-19): 


kT 





(7-2) 


dPJdT therefore is in general continuous except at the tem|>eratures 
which we may therefore identify with the triple points. 

If F is not on the dvole of convergence, we obtain similar formulae by 
applying the theorem of Cauchy and Hadamard to the series representing 
the analytical continuation of /^)* 

If at the triple point there are two crystal structures in equilibrium with 
the gaseous phase, (7*1) has a simple physical meaning. For the contri¬ 
butions to the integrals for large values of v come mostly from parts of 
phase space in which the molecules have some ordered arrangement. It 
appears from (7*1) that the partial series can directly be related to various 
crystal structures. 

Finally we shall consider the critical temperature ?]. where the con¬ 
densation volume itself is singular. It is obvious that this is impossible 
if Vf, is determined by (7-1). We must assume that there is a temperature 
region below the critical temperature in which F is determined by (6*20).* 
In this case may be singular, if we assume that (0*20) has two roots on 
the positive axis which coincide for T := and' vanish into the complex 
plane for T > T^. In this case we have 


and therefore from (6-21) 

d^P 


dV 




= 0, T = 


(7-3) 


(7-4) 


The considerations about the critical point must however be taken with 
reserve, as is apparent if we consider the question of how the volume of the 
condensed phase may be defined in the present theory. One might be 
tempted to identify the second root of fi) = 1 with this volume. 
However, there is no j ustification for doing so. Indeerl there is no possibility 
of defining the volume of the condensed phase in the present theory. We 
must assume that the condensed pheise is in that region where the theory 

* Mayor and Harrison (1938) have identified this region with the region between 
the oritioal temperature and the temperature whore the meniscus between the liquid 
and the solid phase disappears. 
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breaks down, i.e. where 6/ and are dependent on the volume.'*' For this 
reason the equations for the critical temperature may need modification. 


Conclusions 

We have shown that the exact evaluation of the partition function for a 
system of equal particles exerting central forces leads to the complete 
thermodynamics of a gas, including the phenomenon of condensation. One 
physical assumption had to be made from the beginning, namely that the 
coefficients of the partition function, which Mayor has introduced, the 
irreducible integrals do not depend on the volume. This is certainly true 
for large volumes, but not for the condensed phase. In spite of this fact 
the theory explains not only condensation but indicates even the possibility 
of the existence of different condensed phases. It appears, at first sight, 
astonishing that it is possible to obtain such far reaching results without 
knowing anything about the irreducible integrals We have, however, 
made full use of the fact that the partition function is positive, and this 
obviously imposes rather severe conditions on the As Mayer has dis¬ 
covered, the phenomenon of condensation is connected with the singularities 
of the series, which represent the thermodynamical pro(>erties, and as these 
series have coefficients depending on the the positivity condition men¬ 
tioned is just sufficient to determine the singularity and thereby the con¬ 
densation point. 
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Notation 

Q partition function. 

factor of Q due to the potential energy multiplied with N ! 
A “ E—TS Helmholtz’ free energy. 

♦ Mayer and Harrison (1938) have developed the expressions which have to replace 
the functions vb) in the cose that the 6| depend on the volume. It should he 
investigated wh^er those formulae lead to a description of the oondonsed phase. 
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J?’ = J + PF Gibb’s thermodynamic potential. 
V — VjN volume per molecule. 

hi cluster integrals. 

irreducible integrals. 

F(M, 1, xi, X, ...) = F(M, I, X) = 211 ^-■ 

mi I 


Hf(r,Xi,Xz ...) x) 


CO 


P~1 


00 



F(N-m, N,x) 


The symbols r, z, y are reserved for the following series: 

(а) H\{r, vb). 

( б ) 0^{z,t^). 

(c) OiXy,fi). 

R = radius of convergence of (a). (R is also used for the gas 

constant but there is no possibility of mistaking these two 
quantities.) 

Z, Y are quantities corresponding to R> 

Z = nearest singularity of the series (b) on the positive axis. 

F is a quantity corresponding to Z, 



An accurate determination of the range-distribution 
curve of the radioactive a-particles from *Li 

By C. L. Smith, B.A., Sidney Sussex College^ Cambridge^ 

AND W. Y. Chang, B.A., Jesus College^ Cambridge 

{Communicated by J. Z>. Cockcroft, F.R.S ,— Received 12 March 1938) 

The bombardment of lithium by deuterona has been shown by Crane, 
Delsasso, Fowler and Lauritsen ( 1935 ) and by Rumbaugh and Hafstad 
( 1936 ) to lead to the formation of a radioactive product which emits /S-rays 
and lias a half life of 0*88 sec. Recently, Lewis, Burcham and Chang ( 1937 ) 
showed that this emission of yj-rays is accompanied by a-particle emission 
which decays with the same period. 

These two disintegrations may be explained by the following chain of 
reactions in which the radioactive ®Li nucleus with a half life of 0-88 sec. 
disintegrates into two a-particles and an electron and neutrino: 

*Li « -f ^He + e + v. 

It is customary, however, to postulate the intermediate formation of an 
excited ®Be nucleus of very short life which disintegrates into two a-particles: 

*Li = ^Be-f e-f i', 

»Be = *He + *He. 

To explain their results on the disintegration of boron into three a- 
particles under proton bombardment Dee and Gilbert had suggested ( 1936 ) 
that an excited ®Be was formed as a short-lived intermediate product: 

+ = sBe*H-^He, 

»Be* ^He + *He. 

They postulated an energy of excitation of the excited *Be of about 
3 X 10 * e-volts with a “half width ’’ of 1 x 10 * e-volts. If the *Be produced 
according to the lithium reaction had this same excitation energy one would 
expect its disintegration to give rise to a heterogeneous group of a- 
particles, most of which would have ranges between approximately 1*0 and 
2*6 cm. Actually Lewis, Burcham and Chang found that the majority hod 

[ 415 ] 
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ranges less than 1 -5 cm., but a few had ranges up to 5 cm., and though their 
experiments were rather inaccurate, their results suggested that the number 
decreased continuously from 1*0 to 5*0 cm. range. They did not investigate 
the curve for a-particle ranges of less than 0*8 cm. (1*5 x 10 ® e-volts). If 
the ®Be formed in this reaction has an excittMl state at about 3 x 10 ® 
e-volts the yield of a-i>article 8 should fall off below 0*8 cm. (1*5 x 10® e-volts). 
Since that time Rumbaugh, Roberts and Hafstad ( 1937 ) and Fowler and 
Lauritsen ( 1937 ) have published number-range distribution curves for these 
a-particles. Rumbaugh, Roberts and Hafstad used counters and Fowler 
and Lauritsen used a cloud chamber, and the results of these two experi¬ 
ments are not in agreement. Both groups give curves which extend (in 
particle range) from about 0*5 up to 5 cm. The aim of the present paper is 
to describe experiments using counters which, we think, give a more 
accurate distribution curve for these a-particles. The portion of the distri¬ 
bution curve which we have investigated extends from 0*68 cm. up to 
ap})roximately 6*9 cm. 


Method 

In the first part of the experiments, for the determination of the curve 
from 0*68 up ta 5 cm,, thick Li targets were bombarded with about 100 //A 
of deuterons at a bombarding voltage of 550 kV. The investigation of the 
distribution of a-particles with ranges greater than 5 cm. is more difiBcult 
owing to the small yield at these ranges. For this portion of the curve 
therefore the recently erected high-voltage apparatus in the Cavendish 
Laboratory was used. With this apparatus a deuteron beam of about 
50/lA at 1 X 10 ® e-volts was available. This increased greatly the yield of 
a-particles. 

The lifetime being 0*88 sec,, intermittent activation and counting for 
periods of the order of a few seconds each is required. To enable this to be 
done continuously ”, a rotating shutter S was plac^ed in the path of the 
beam (see fig. 1 ). The shutter consisted of an aluminium disk 7*8 cm. in 
diameter and 0*3 cm. thick. A sector of 120 ® was cut out of the disk. This 
disk was rotated by means of a small induction motor M (as used in Fer¬ 
ranti” clocks). The spindle of the motor rotated six times per second, and 
the disk was driven through a set of reduction gears, 0, so that it rotated 
once in 6 sec. The motor and the reduction gears were placed in a cylindrical 
brass box above the tube containing the target and the driving spindle 
projected into the target box T. The shutter 8 was placed directly above 
one of the targets L of Li^O which was deposited on a piece of copper foil 
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and mounted on a target head H which could be water-oooled.TjFour 
targets could be rotated into the path of the beam by means of the ground 
joint J ■ 



Fio. 1. Apparatus. 


During each revolution of the shutter, lasting 6 sec., the beam bombarded 
the target for 2 sec. and was cut off for 4. The particles from the radioactive 
body formed during the bombardment were counted during the periods of 
4 sec. when the beam was cut off by the shutter. In order not to count the 
particles resulting from the following reactions: 

«Li + *D = *He + *He 
»Li + *D » *He+*He + bi 




418 


C. L. Smith and W. Y. Chang 

the amplifiers were short-circuited during the period of bombardment and 
the counting was carried out only during the time when the beam was not 
falling on the target. The switch used for shorting the amplifiers was 
operated by a cam C on the spindle driving the shutter. The leads to the 
motor and the shorting switch were taken out through a glass pinch P. 
The whole of the apparatus was sealed on to the bottom of the accelerating 
tube with Apiezon Q sealing compound and evacuated during the experi¬ 
ment. 

Two flat mica windows were arranged opposite the target to allow the 
particles to pass out into the air. The pianos of these windows were at right 
angles to each other, and opposite each window an ionization chamber was 
placed to count the particles. Each ionization chamber was connected to 
a linear amplifier and a “ scale-of-two ” counter. Opposite one window an 
ionization chamber was placed which was kept at a fixed distance from the 
target during the experiment. Opymsite the other window a differential 
chamber was placed and the range-distribution curve was determined by 
moving this chamber towards and away from the target. With this arrange¬ 
ment it was not necessary to know the target current, since the ratio of the 
count in the differential chamber to that in the fixed chamber gave the ratio 
of the number of particles with the range determined by the position of the 
differential chamber to that at a fixed range given by the position of the 
fixed chamber. Thus to determine the range-distribution curve it was only 
necessary to plot this ratio against the range as detennined by the position 
of the differential chamber, troubles due to fluctuations of the bombarding 
current being thus entirely eliminated. The mica window in front of the 
differential chamber had an air equivalent of 0-27 cm. The particles all 
lay within a cone making an angle of 10° with the direction at right angles 
to the bombarding beam. The window opposite the fixed chamber was of 
large aj>erture, since exact collimation was not necessary in this case, 
and was of 1*16 cm. air equivalent. The above arrangements were used for 
the investigation of the distribution of ranges up to 6 cm. 

The yield of a-partioles at higher ranges (ca. 6*7 cm.) is only 10“* of that 
at a range of 0*7 cm.; thus when the range distribution beyond 6 cm. was 
examined it was necessary to sacrifice the good collimation to some extent 
in order that a reasonable number of a-particles should be counted. A mica 
window subtending a larger angle at the target was therefore used and the 
bombarding voltage was increased from 660 to 900 kV. 

The differential chamber oountad all particles within a range of 0-27 cm. 
Thus each point in the distribution curve corresponds to a count of the 
number of particles within 0*27 cm. of the range indicated as abscissae. At 
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each setting of the chamber, approximately 1000 particles were counted in 
the differential chamber for ranges from 0’68 up to 6-6 cm. Beyond this 
range usually 300 particles were counted at each point except in the last 
0-8 cm. of the curve, where only 20-60 particles were counted per point. 

Results 

Kg. 2 shows the number-range curve which we have obtained for these 
a-particles. The ordinates are plotted on a log scale and the abscissae are 



Fio. 2. Differential absorption curve of radioactive a-particles from (^Li + *D). 
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plotted directly in ranges. This curve extends from 0*67 up to 6*5 cm. rajage* 
It appears from this curve that there is a linear relation between the 
logarithm of the number of a-particles and their range. 

Fig, 3 shows three curves. Curve 1 shows the distribution near the end¬ 
point of the a-particles under discussion, while curve 2 shows the distribu¬ 
tion near the end-point of the a-particles from the reaction 

’Li + 2 D-^He + 4He + in. (a) 

Curve 3 shows the distribution near the end-point of the a-partioles 
from the reaction 

’Li + iH = ^He + *He. (6) 

Curves 2 and 3 wei^ obtamed at a bombarding voltage of 300 kV. 



Scale reading In cm. 
Fio. 3. Distribution curves. 


I, distribution near the end-point of radioactive a-particles from (Li-f D). 

II, distribution near the eiid-point of continuous distribution of a-particles from 
Li 2a 4* H, 

III, distribution near the end-point of 8-4 cm. group of a-particles from (Li + 'H), 


From curve 1 we estimate that the end-point of the continuous dis¬ 
tribution of the radioactive a-particJes is at a scale reading of 3-9 ± 0*1 cm., 
and to determine its range we have compared it with curves 2 and 3 , 
Oliphant, Kempton and Rutherford ( 1935 ) have shown that, at a deuteron 
energy of 0*16 x 10 * e-volts, the continuous distribution of particles from 
reaction (a) have a maximum range of 7-8 cm. and that, for a bombarding 
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proton energy of 0*19 x 10* e-volts, the group of a-particles from reaction 
( 6 ) have a mean range of 8*29 + 0-03 cm. These two curves give for the 
maximum range of the radioactive particles 6-8 ±0-1 and 6-96 ±0-1 cm. 
respectively. Since the end-point of a group of particles can be determined 
with greater accuracy than that of a continuous distribution, we think that 
the range given by comparison with the 8*29 cm. group is more accurate 
and suggest that the a-particles from radioactive *Li have a maximum 
range of 6*95 ± 0*1 cm., i.e. an energy of 7*76 ± 0*06 x 10* e-volts. 

Discussion 

The curve we have obtained shows that radioactive *Li emits a-particles 
with a continuous range of energies from 1*2 x 10* e-volts (0*65 cm.) up to 
7*75 X 10* e-volts (6*95 cm.), and that in the range from 0*65 up to 6*5 cm. 
there is a linear relation between the logarithm of the number of a-particles 
and their range. If Ndx are the number of a-particles with ranges between 
X and x^dx this means that 

N = 

The characteristic of such a curve is the range interval in which the value of 
N diminishes by a factor 1 /e and from the curve we see that this is 0*745 cm. 

A comparison of our distribution curve with those of other workers (fig. 4) 
shows several interesting differences. Whereas previously a-particles of 
range greater than about 5 cm. had never been reported we have extended 
the observations to a range of 6*95 cm. and have shown that this is the 
end-point of the distribution of radioactive a-particles. This enables us to 
give a lower limit for the mass of *Li. Plotting our curve and those of other 
workers on the same graph we find that the curve given by Rumbaugh, 
Roberts and Hafstod ( 1937 ) agrees with ours down to the lowest observed 
point of the range 0*65 cm. and up to 5 cm. the limit of their observations. On 
the other hand, the curve obtained by Fowler and Lauritsen ( 1937 ) shows 
a broad maximum at an energy of 1*3 x 10 * e-volts. We can obtain no 
evidence for this maximum. However, owing to the decrease in probability 
of the mutual separation of two a-particles, i.e. the disintegration of a *Be 
nucleus, for low energies of the emitted a-particles one would expect the 
yield of a-partioles to fall off for very low energies but according to our 
measurements this does not occur at an energy greater than 1 * 2 x 10 * e-volts 
(0-65 cm. range). 

Consider the energy balance in the equation representing the radioactive 
disintegration 

»Li«*He + *He + e + v+(?. 
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On the assumption that the emission of a-particles of maximum energy 
corresponds to the emission of the electron and neutrino with zero energy we 
can calculate the mass of *^Li, since this will be the mass of two a-particles 
|)lu8 twice the maximum observed energy of the a-particles. This gives 



Range of a-particles in oni. 

Fio. 4. Differential absorption curves of the radioactive a-particles from 

CLi + *D). 

I, Smith and Chang» and Kumbaugh^ Roberts and Hafstad. 

IT, Crane and Lauritsen. 

8*0246 for the mass of *Li. However, our ctssumption may be wrong and 
a-particles of maximum energy may correspond to the emission of the 
(e -h p) with a certain amount of energy. In this case one has to consider the 
above mass of *^Li as a lower limit. From consideration of the energy balance 
in the equation 
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one can obtain an eBtimate of the upper limit of the mass ®Li. We have 
observed that *Li can be formed at as low a bombarding voltage as 370 kV. 
The proton must carry some energy away, but assuming that the proton 
receives no energy at all we can estimate the mass of **Li, and this estimate 
will be an upper limit, since if we take into account proton energy it can 
only decrease the estimate of the mass and not increase it. By this means 
we obtain the upper limit of the mass of **Li to be 8-0262, and we can now 
definitely state that the mass of **Li lies between the limits 8-0246 and 8*0262. 

That the proton is certainly emitted with only a small energy has been 
shown by Rumbaugh, Roberts and Hafstad who bombarded Li with deu- 
terons at a bombarding voltage of 850 kV. and were unable to find any 
protons with a range greater than 2*7 cm. which could be ascribed to the 
above reaction. This suggests that the energy release in the above reaction, 
is certainly less than 0*27 x 10® e-volts. From our value for the lower limit 
to the mass of ®Li we find by substitution in equation (2) that the proton 
energy cannot exceed 0*25 x 10® e-volts. 

A few interesting conclusions concerning the ^-ray spectrum may be 
drawn from the a-particle distribution curve. Knowing all the. masses in 
the reaction 

we can show that the energy release is 15*6 x 10® e-volts, and since the proton 
is released with less than 0*25 x 10® e-volts energy the energy release in the 
reaction 

«Li = + + 

oanziot differ by more than 0*27 x 10® e-volts from 15*6 x 10® e-volts. Now 
considering the division of the available energy between the a-particles and 
the (e *f v) it is seen that if in the disintegration of a single ®Li nucleus, the 
(c-h take away energy E, then the energy to be divided between the two 
a-paiticles is (Q~E) “ (15*6 — £?) x 10® e-volts. Conversely, a-particles of 
this energy should give rise to a simple /(?-ray spectrum of maximum energy 
and therefore, as has been pointed out by others, a continuous distribution 
of a-particles would indicate that the /^l-ray spectrum was a complex one 
consisting of the superposition of an infinite number of simple )ff-ray spectra. 
On this picture one might exx)ect the a-particles to extend from zero energy 
in which the (e + r) took all the energy up to a maximum of 15*6/2 x 10® 
e-volts in which the {e -f v) are emitted with zero energy. The first point we 
notice is that since our a-particle oixrve does extend up to an energy of 
15'6/2x 10® e-volta » 7*8 x 10® e-volts, then apparently an (e-hv) can be 
emitted in nuclear processes with zero energy. 


27 -a 
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On this picture one would also expect the /?-ray spectrum to extend up to 
a maximum of 16-6 x 10* e-volts. Experimental determination of the curve 
indicates that the upper limit is at about 12 x 10* e-volts. This suggests 
that the a-particles emitted in this process have always an energy greater 

than X 10* e-volts = 1'8 x 10* e-volts. Since our curve for the a- 

A 

particle distribution extends well below this value this conclusion is un¬ 
acceptable, and we suggest that the /?-rays of maximum energy have not 
yet been observed. 

In conclusion we would like to thank Dr Lewis for many valuable sug¬ 
gestions and help during the first half of the experiment. We are also 
indebted to Mr P. I. Dee and Dr W. E. Burcham for similar assistance during 
the latter part of the work, which was carried out in the New High Tension 
Laboratory, of the Cavendish Laboratory. One of us (C. L. S.) would like to 
thank both the Department of Scientific and Industrial Research and the 
Governing Body of Sidney Sussex College for maintenance grants. 

SXJMMABY 

The paper describes a method for determining the number-range dis¬ 
tribution curve for the a-particles from radioactive lithium. These a- 
particles are shown to consist of a continuous distribution extending up to 
a maximum of 6-95 ±0*1 cm. (7‘75 ± 0-05 x 1()« e-volts). The shortest range 
observed was 0*65 cm. (1*2 x 10* e-volts), and in the region from 0*65 up to 
6*6 cm. there is a linear relation between the logarithm of the number of 
a-particles and their range. Comparison is mode with the distribution curves 
obtained by other workers and it is also shown that the upper limit of the 
energy of the a-particles explains the failure to observe the protons emitted 
in the reaction 

Upper and lower limits for the mass of *Li are calculated from the data 
and shown to respectively 8*0253 and 8*0246. 
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On the theory of scattering of light 

By Hans Mueller* 

Cavendish Laboratory, Cambridge 

{Communicated by R, H. Fowler, FM.S.—Received 16 March 1938) 

The Krishnan effect 

In a fteries of recent investigations R. S. Krishnan ( 1934 - 8 ) demonstrated 
the existence of a new effect which will be called the Krishnan effect. It 
relates to the state of polarization of the light scattered by certain liquid or 
solid media in directions normal to the incident beam. To describe the 
effect let us denote with 77 the plane parallel to the direction of observation 
and to that of the incident beam. Since in the experiment this f)lane is 



Fig. 1. Schematic representation of the four components of the Hoattered light. 

usually horizontal we denote by H the intensity of those scattered light 
components which vibrate parallel to this plane, and by F those vibrating 
normal to 77. In a similar manner subscripts h or v indicate whether the 
incident light vibrates parallel or normal to the plane. We distinguish 
therefore (see fig. 1 ) the four light components and Following 

Krishnan the depolarizations are defined by 

Ph “ Pv ^ Pv — + 

♦ Fellow of the John Simon Guggenheim Memorial Foimdation, on leave of 
absenoe from Massachusetts Institute of Technologyr Cambridge, Mass. 
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is the depolarization for natural incident light. For most liquids the 
observations give, in agreement with the theories of temperature scattering, 
hence ==: 1 , = 2 p,,/(l The Krishnan effect is the 

observation that in a number of liquid and solid systems 



= w+i. 

(1) 

and 

11 

(2) 


Krishnan has called ( 2 ) the reciprocity relation. All observations have given 
p)^<ly but none of the present theories exclude the possibility that pJ^ may 
assume values larger than 1 . 

The Krishnan effect has been observed for colloids (Krishnan 1937 ), 
proteins (Subbaramaija 1934 , ^ 93 S; Bamaiah 1937 ) and emulsions, for 
rubber solutions in various solvents (Gehmann and Field 1937 ), for oils, for 
mixtures of liquids if the mixing ratio and the temperature are near the 
critical point (Krishnan 19340 !, 1935 ), for the associated liquids of formic 
and acetic acid, and for glasses (Krishnan 19366 ). For colloidal solutions 
the effect can be explained with Mie's ( 1908 ) theory, if it is assumed that the 
particles are not spherical and have linear dimensions of the order of 
magnitude of the wave-length of light. Krishnan therefore concluded that 
all other substances which show the effect have a “colloid-like** structure, 
i.e. in liquids it is due to the formation of molecular clusters. Cluster forma¬ 
tion will indeed introduce additional density variations in the liquid which 
have not been taken into consideration in the theories of temperature 
scattering. These variations give rise to a new type of scattering which 
Krishnan calls “structure scattering”. Ornst^in and Van Cittert ( 1935 ) 
})ropo 8 ed that this type of scattering exists even in ordinary liquids and is 
responsible for the unmodified frequency component of the scattered light. 
The older work of Ornstein and Zemicke ( 1926 ) and of Placzok ( 1930 ) on 
light scattering near the critical i>oint cannot account for the Krishnan 
effect, because, as Gans has pointed out, it deals only with density scattering 
and neglects orientation scattering. Gans ( 1936 ) therefore developed a new 
theory of scattering by molecular clusters. He finds that the Krishnan 
effect requires the existence of optically anisotropic clusters which are 
strongly aspherical in shape. 

Gans* theory is not an entirely satisfactory solution of the problem, 
because it involves the assumption that the clusters are small in comparison 
with the wave-length of light. In a second paper Gans ( 1937 ) questioned the 
validity of Kri 8 huan*s reciprocity relation. However, the following con- 
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sideration shows that his objections are not valid. In Gans’ notation ie 
the mean square of the quantity (equation ( 10 ) of Oans’( 1936 ) paper) 

fz = i9i aaa*++ CsrsTs) 

where gi, and V are constants and the average must be formed by 
letting the direction cosines a^, assume all values compatible with 

arbitrary rotations of the clusters. If the calculation of Gans is carried 
through for an incident light beam which vibrates in the v direction {E^Ej^ 
in Gans’ notation), it can easUy be seen that is the mean square of 

f'x = (0'iaia3 + Sf2AiAs + £73riy3) 

^ ” 2 F (yi ■F ya)* • 

We notice that/^J. can be obtained from/^ by exchanging the subscripts 1 
and 2 . Such an exchange c^n have no influence on the mean square values 
of the two quantities. Hence, contrary to Gans’ second paper, it follows 
from his own theory that Krishnan’s reciprocity relation Vj, == must be 
valid.* 

Gans’ theory can give no explanation for the fact that pj^ is always found 
to be smaller than unity. It rather would lead one to expect that for most 
substances p^ should be larger than 1 , because pf^< 1 requires somewhat 
artificial assumptions concerning the geometrical form and the direction 
of maximum fluctuation of the optical anisotropy of the clusters (Vrkljan 
and Katalini 6 1936 ). 

More serious objections against the cluster hypothesis arise, if it is applied 
to explain the Krishnan effect in glasses. The recent X-ray investigations 
of Warren ( 1937 ) have eliminated the possibility for the existence of larger 
crystalline or quasi-crystalline units in glasses. Warren’s non-repeating 
network structure of glasses leaves no place for Krishnan’s “molecular 
aggregates, the size of which is not exceedingly small compared to the 
wave-length of light”. 

* In a letter Professor Gans has informed the writer that he arrived at the same 
ootkolusion, by the same method. I am indebted to Professor Gans for the permission 
to publish the above consideration. 
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KeISHNAN effect in TEMPERATITRE SOATTERINO 

It has generally l>een assumed that the light scattering which is produced 
by the temperature fluctuations could not give rise to a Krishnan effect in an 
isotropic and homogeneous liquid or solid. We should like to point out that 
this assumption is not necessarily correct. Wo can show that the tem¬ 
perature scattering in homogeneous solids must always show the Krishnan 
effect and that it might exist even for ordinary liquids. This statement does 
not, however, imply that Krishnan^s observation can be explained without 
assuming structure scattering. 

Since its inception the continuum theory of light scattering in liquids, as 
formulated in the fundamental paper of Einstein, has required only two 
modifications. The first is due to Gans, who, in order to explain the depolar¬ 
ization of the scattered light, introdiuied fluctuations of the optical aniso¬ 
tropy. The second change, due to Brillouin, introduced Debye's treatment 
of the temperature fluctuations and led to the discovery of the frequency 
change due to Doppler offecjt. Until recently these two modifications have 
not been combined. Brillouin's theory considers only density fluctuations, 
and the anisotropy fluctuations in liquids have not been treated by Bril- 
louin's method. 

Both modifications have one common characteristic. They borrow ideas 
from the field of crystal physics and apply them successfully to explain 
properties of liquids. It is therefore natural that, to understand the Krishnan 
effect, we should turn to the problem of light scattering in solids. 

In their theory of the temperature scattering in crystals Leontowitsoh 
and Mandelstamm ( 1932 ) have combined the ideas of Gans and of Brillouin. 
This interesting paper leads to a series of conclusions which the authors 
apparently did not realize. They give the following equation for the trans¬ 
verse scattering in an isotropic solid:* 


I 


-I- 4- 

A} 2 Lcu Cn CuX 


( 3 ) 


I is the intensity of the light scattered by 1 cm.® for natural incident light 
of intensity 1 , Aq is the wave-length of light, n is the refractive index, ore 
the elastic constants and are Pockers elosto-optioal constants. For 
isotropic solids 2044 =^^ 1-012 and 2 p 44 =pu-pij. K a solid shows no 
photoelastic effects, i.e. if it cannot be made optically anisotropic, P 44 = 0 . 


♦ This expression is obtained from equation ( 16 ) of Leontowitsoh and Mandeb 
Stamm (1932) by choosing r =: 1 and by taking into account that for isotropic solids 

<^11 “ “ 2^44. 
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Hence the first term plJc^x is primarily due to density scattering, and the 
other terms are due only to anisotropy or orientation scattering. 

In an earlier paper Gans ( 1925 ) derived another expression for the scat- 
tering in isotropic solids which dififers from (3) in so far as the expression in 
brackets takes the value 

L^'U ^ ^'11 

The difference arises from the fact that in the theory of Gans the fluctuations 
in neighbouring volume elements are assumed to be indej^endent of each 
other, while Leontowitsch and Mandelstamni represent the temperature 
motion by a set of standing elastic waves. Comparison of equations (3) 
and (4) shows that this fundamental difference does not alter the part which 
is due to density scattering, except for a small factor which is due to the 
circumstance that in equation (3) are the adiabatic elastic constants 
while in equation (4) they are the isothermal constants. This result is not 
unexpected because Brillouin ( 1922 ) arrived at the same conclusion. More 
important is the result that the two theories give different results for the 
scattering which is due to the fluctuation of the optical anisotropy. It 
signifies that the laws for the depolarization^ of the scattered light must be. altered 
if one takes into accou7it that not only the density fluctvationSy hut also the 
fluctuations of the optical ayiisotropy are not independent in neighbouring 
volume elements. I shall show that this change gives rise to the Krishnan 
effect. 

Leontowitsch and Mandelstamm obtain their result (equation (3)) 
through the addition of four terms, T\^ + JTfs + + Fl^. A careful study of 
their derivation reveals that these four quantities correspond to Krishnan’s 
components, as follows:* 

% “ 33 ~ F\^ = \p\J^u>\ 

Hu = T\^ - H, = rf3 = \p\Jc,,, f 

where a common factor of proportionality has been omitted. 

Hence it follows that temperature scattering in solids must satisfy the 
reciprocity relation Vu- and must show a Krishnan effect 

Ph - VulHu - K1/C44 = (1 “^)/(l"( 0 ) 

• The identification of the jr,-* with Krishnan’s oompommts is made with the help 
of equation ( 14 ) of the pa|)er by Leontowitsch and Mandelstamm (1932) and the mean 
equares are found from their equations ( 9 ). Another derivation of the above relations 
is presented hero in a later section (see equation { 14 )). 
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where <r is Poissonratio. In contrast to Krishnan*s results temperature 
scattering always must give />^ > 1 . 

An ideal liquid may be considered as a special case of a solid without form 
elasticity, cr = 0 , and without strain birefringence,= 0. For this limiting 
case equation ( 3 ) reduces indeed to the well-known expression for density 
scattering in liquids. An actual liquid, however, has a finite viscosity and 
shows streaming birefringence, though the latter effect is frequently too 
small to be observed. In a viscous medium shearing strains and transversal 
waves can exist, as Brillouin ( 1936 ) and more recently Lucas ( 1937 ) have 
emphasized. These authors have pointed out that it is difficult to account 
for the specific heat of liquids without assuming the existence of transversal 
waves, and Lucas has given new experimental evidence in support of this 
hypothesis. The transversal waves “of inertia and viscosity” of Lucas will 
give a contribution to the scattering of light because they create shearing 
strains, hence streaming birefringence and fluctuations of the optical 
anisotropy. 

For a viscous liquid the extrapolation to tr 0 is therefore not justified 
and P 44 does not vanish, but the latter must be replaced by a quantity 
proportional to Maxwell’s constant of streaming birefringence. 

Our knowledge of the temj)erature motion in liquids is too rudimentary 
to justify an attempt* to generalize the theory of Leontowitsch and Mandel- 
stamm to liquids. Still, the above considerations make it appear probable 
that the Krishnan effect might occur in ordinary liquids. The essential 
conditions for its existence are a high viscosity and strong streaming bire¬ 
fringence. Furthermore, the fluctuations in neighbouring volume elements 
cannot be independent. According to equation ( 6 ) we should expect that for 
temperature scattering the depolarization should always be larger than 
unity. 

Krishnan repeatedly has pointed out that all substances which show his 
effect also have an abnormally high viscosity and manifest flow birefringen ce. 
Theory and experiment agree in so far as both point to a very close correla¬ 
tion between these tliree properties. Similarly, the idea of cluster formation 
involves the assumption that the fluctuations are not independent in small 
volume elements. However, the experimental fact /?;^ < 1 is not compatible 
with the assumption that the effect is due to temperature fluctuations. It is 

* Since Cu/c** = (where and are the soimd velocities for longi¬ 
tudinal and transversal waves, equation (6) con also be written 
Lucas (1937) has shown that the velocities of his transversal waves depend on their 
frequency. If one introduces for Fjt the velocity of Lucas* transversal wave which 
produces scattering by Bragg reflexion one finds a value of of the order of magni¬ 
tude 10 ®. Tliis is, of course, quite impossible. 
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therefore necessary to introduce an additional hypothesis, which will be 
discussed in the following sections. 

SCATTERIKO OF LIGHT IN GLASSES 

It is impossible to account for the observed scattering in glasses by the 
theory of temperature scattering, for the following three reasons: 

(а) The observed intensities of the scattered light are about fifty times 
too large. According to the theories of Gans or of I.^ontowitsch and Mandel- 
stamm the scattering in solids should be about as strong as in gases at normal 
pressure. Actually the scattering power of glasses is found to be similar to 
that of most liquids. 

(б) Since Poisson’s ratio for most glasses (Schaefer, Bergmann and 
Goehlich 1937) is between 1 and ^ the depolarization />^ should, according 
to equation (6), have values between f and J. Krishnan’s measurements on 
seventeen glasses consistently give values which are smaller than 1. They 
range between 0*68 and 0 * 91 .* 

(c) The interferometric investigation of the light scattered by glasses 
shows no Doppler components (Ramm 1934; Gross 1930). 

In view of these facts various authors have expressed the opinion that 
the observed scattering is not a true property of the glass, but they ascribe 
it to the presence of impurities and haphazard inner strains (Schlieren). It 
is, of course, possible and oven quite probable that stich extraneous causes 
do reduce the accuracy of the data. However, the series of seventeen glasses 
investigated by Krishnan give results of remarkable uniformity and reveal 
definite relationships between intensity, depolarization and the chemical 
composition of the glasses. It is the writer’s opinion that these data eliminate 
any doubt that at least the predominant part of the light is scattered by the 
glass and not by haphazard strains or impurities. 

Having discarded temperature and cluster scattering in glasses it is 
necessary to find a new cause for the phenomenon. I propose the following 
hypothesis: 

The scattering is due to internal strains, but the origin of these strains is 
not an affair of pure chance. We assume that they are an intrinsic property 
of every glass and that they cannot be removed by any process of annealing. 
Their origin might be explained as follows: As a glass is cooled below its 

♦ Since in his earlier papers Krishnan used the definition the writer 

suspected originally that the reported values referred to this older (now abandoned) 
defixution. The reciprocal values f f wotild be in very good agreement with the 
observations. Mr iOrishnan kindly assured me that his values refer to the definition 



432 


H. Mueller 


softening point a part of the large density fluctuations existing in tlie liquid 
state are trap|>ed and ‘'frozen in'' in a way somewhat similar to the “frozen 
in’* dipole orientation in the formation of eleotrets. As the temperature is 
lowered further these strains gradually increase due to temperature con¬ 
tractions. During this process the strain distribution is altered. It conserves 
its randomness, but in addition to the original strains, which were all normal 
in the liquid, an additional random distribution of shearing strains is created. 

The strains represent a storage of potential energy.* Since the shearing 
strains are a secondary product we expect to find no equipartition of energy, 
but more energy is stored in the form of normal than of tangential strains. 

Tlu> internal displacements due to these strains are small. To account for 
the light scattering one must assume that they are not more than ten times 
larger than those created by the temperature motion. These strains can 
therefore not be recorded in X-ray investigations. Due to their random 
character they will not manifest themselves in photoelastic observations 
with crossed nieols. 

The light scattering due to these strains will be referred to as “strain 
scattering Strain scattering does not produce any frequency modification, 
because the strain distribution remains practically stationary. Possible 
time variation occur with the velocity of diffusion and can be neglected. 

Theory of strain scattering 

The calculation of the light scattering by a random distribution of elastic 
strains is not essentially different from that for temperature scattering. 
One could in fact obtain the results by a slight modification of the procedure 
given by Leontowitsch and Mandelstamm. However, the physical signi- 
ficanoeof the results becomes much clearer, and the mathematical considera¬ 
tions are greatly simj^lified, if the problem is solved by using Brillouin’s 
method. 

The displacements u{x,y,z) which are created by the strains can be 
i^epresented by a set of stationary plane waves 

u = EUk « ^A(k)Bin{kr). 

The wave vectors k have the length 27 r/A. In every direction there are three 
waves. One is longitudinal (A^k) = 0, and the other two are transversal 
( Arpk) = 0. For a unit volume the number of waves for which the k vector 
is within a solid angle dD and for which A is in a range dA is 3 z(A)dAdG, 
where z(A) 1/A*. 

• Their presence should influence the value of the speciflo heat. 
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The density of potential energy stored in a single longitudinal or trans¬ 
versal wave is 

respectively. 

For the case of longitudinal waves in liquids Brillouin (1922) has shown 
that only those waves contribute to the scattering in a given direction which 
have a wave vector k which differs very little, in magnitude and in direption, 
from that, given by Bragg’s law. The wave-length of this ‘‘Bragg wave ” 
is 

= Ao/2»cosv5^, (8) 

and its direction bisects the angle 2^ between the direction of observation 
and the direction opposite to that of the incident beam. A^ is the wave¬ 
length of the incident light, n the index of refraction. 

The result of Brillouin’s calculation can be given in the following simple 
form: If the incident light is plane polarized and of unit intensity the light 
scattered by a unit volume to a point at the distance 2? = 1 has the intensity 

/ = ( 9 ) 

The direction of vibration of the scattered light is that of the vector D^, 
V {kj^) is the density of potential energy of the Bragg wave, c is the reciprocal 
of the adiabatic compressibility. is the component normal to the 

direction of observation of a vector D = .£o, where £5 is the electric ampli¬ 
tude vector of the incident light and e is the amplitude of the variation of 
the optical dielectric constant as produced by a Bragg wave of amplitude 
A = 1 /A^. 

The fundamental relation ( 9 ) is derived by calculating first the scattering 
by a single wave and then integrating the contributions of all waves, by 
taking into account the distribution law z{A). 2(A) does not occur in the final 
result because the integration introduces a compensating factor A^. Bril¬ 
louin’s derivation assumes that e is a small scalar quantity. 

An elastic wave in a solid creates photoelastic effects, i.e. the variation of 
the optical dielectric constant is given by a symmetrical tensor 6'^co8(kr). 
A repetition of Brillouin’s calculations shows that this fact alters the results 
only in so far as c must be replaced by for longitudinal, and by C44 for 
transversal waves, and O must be defined os a vector with the components 

^ox 'h + / 


( 10 ) 
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are the components of the tensor which determines the amplitudes of 
timt variation of the oi)tical dielectric constant which is produced by a 
longitudinal or transversal Bragg wave with the amplitude A ^ 

There are three such Bragg waves to be considered. One is longitudinal 
andhas theenergy density The other two are transversal, U 

For one transversal wave the direction of oscillation Af can be chosen parallel 
to the plane //, for tlie other is normal to II. IJ is the plane parallel to 
the directions of incidence and observation. The tensors €y^ and hence the 
vectors D differ for the three waves. I distinguish the three cases by the 
subscripts L, t and T. A second subscript, h or v, indicates that the incident 
light is vibrating parallel or normal, respectively, to 77 . Finally, to describe 
the polarization of the scattered light, I resolve into two components 
1 )^ and parallel and normal to //. Hence the twelve vector components 
etc., which enter into equations (11) given below, are required. 


11 

{DIX + ^ W + ^ .1 

L^ll ^44 ‘44 J 

71^ 

"‘-AS 

^^44 *44 J 

Vf, = — 
AS 

L‘'ll <^44 *^44 J 

» _ 

" " AJ 

L^^ll *^44 ^^44 J 


These equations give the four components of the scattered light as the sum 
of the contributions due to the three Bragg waves. 

Since the wave-length of the Bragg waves is of the order of magnitude of 
the wave-length of light, it is justifiable to use the macroscopic laws of 
photoelasticity for the calculation of the tensor €y.. Pookers laws of acci¬ 
dental birefringence in i 8 < 7 tropic solids are given by six equations of the form 

®oP44y«> ?*44 

Cq = n® is the optical dielectric constant, are the elasto-optical constants, 
and = dujdx, y, = dujdz + duJBy are the elastic strains. 

For a longitudinal wave it is convenient to choose the a:-axis in the 
direction of the wave vector k. From u = =.4 sin to we find = .<411; cos to, 
and all other components of the strain tensor vanish. For a wave of amplitude 



( On the theory of $caitering of light 435 

-4 » 1/i the amplitudes of the variation of the optical dielectric constant 
are therefore, according to equations (12), 


4Pii* 

^yy ^ ^zz ” 

^yz ^ ” ^'xy “ 


( 13 ) 


Hence for a longitudinal wave the principal axes of this tensor are parallel 
and normal to the wave vector. 

For a transversal wave two of the principal axes of the tensor are in 
the plane which is parallel to k and A and they form the angles ± 45® with 
the direction of k. The components of the displacements along these axes 


are = -Wy 


== -r Bin k(X‘hy)/^j2, = 0, whence = \AkcQBkr^ 

Sy = 0 and equations (12) furnish 


^xx ~ ~ ^oi^44) 

^zz ~ ^vz ~ ^zx “ ^xy 

For the t wave the xy plane is parallel to the 11 plane, for the T wave it is 
normal thereto. 

From equations (10) therefore 

^Lx ^tx ^ 4P^A^Qxf Orj^x ~ 

^-^Ly ” 4PlZ^oy’ ^\y ^ “^PH^^Oy^ ^^Ty ~ ^PH^oy, 

where components of the electric amplitude vector in the 

respective syst/em of principal axes, Eq — I. It is now a simple matter to 
evaluate the twelve components for any direction of observation (see 

fig. 2). 



(a) Longiivdinal wave 

If JS?o is normal to 77, E^ = E^ = 0, = 1. Hence D,, == 7)^ = egpia 

is normal to 77 and to the direction of observation, so that 


If J?o is parallel to 77, = oo» f, = sin f, E^^O and 7)^ must be 

parallel to 77. Hence 


7)L-0* 
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and a simple calculation fumiahes 

I^L = eS(Piism»i{r-jp,aC 08 *iJr). 



Fio. 2 . Oraphioal determination of the vectors D which dett^rmine the scattering of 
light by elastic waves. In the npper figures for a longitudinal X-wave and a trane- 
versa! f-wave all vectors, excepting the dotted ones, are in the piano / 7 . The lower 
figures give a pei’speetivo for a transversal T-wave. Aq is the direction, the ampli¬ 
tude of the inoidont light. The direction of observation is inclined at an angle 2 ^. 

is the wave vector of the “Bragg wave”, A its ami)litudo. x, y, z are the principal 
axes of the tensor. 


(6) Transversal wave t 

If Eq is normal to 77 it follows from — 0 that = 0, whence 

If is parallel to 77, =» cog(^+45®), Ef^ = 8m(^ + 46®), and, since 

^xx =“ * Stf» readily be shown that I>, is parallel to the direction of 

observation. Hence the normal component vanishes and 
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Hence the t waves produce no scattering. This does, however, not imply that 
all transversal waves are ineffective for light scattering, as has frequently 
been assumed. The recent investigations of the optical diffraction by super- 
some waves in solids (Schaefer and Bergmann 1935 ; Hiedemann and 
Hoesch 1936 ; Mueller 1937 ) have definitely established the fact that trans¬ 
versal waves do create optical effects, and it will be found that the T waves 
give a contribution to the scattering. 


(c) Transversal vxtves T 

The X and y axes are at ± 45° to in the plane normal to 77. If Bq is 
normal to 77, = — B^^ = 1/^2, B^ = 0 and from 7>^ = 77^ = elp^jyj2 it * 

follows that has the magnitude and is parallel to the plane 77. The 
component normal to the direction of observation gives therefore 

= to Pu sin = 0- 

If Bq is parallel to 77, = B^y == sin ip'j^j2y hence 

^Tx ™ ^ ^0 7^44 sin ^/^2y = 0, 

which means that Dp ~ 6 gp 44 sin^ is normal to the plane 77 and therefore 
Dfff^ == 0 , « eg P 44 sin i/r. 


This completes the calculation. Of the twelve components only four do not 
vanish. Introducing their values in equation ( 11 ) and replacing - w® the 
final result is 




7 r®n® 74, 

Ag Cii 




'V) ^11 


( 14 ) 


„ 7r*n® Uj. . . , , 

^ 1 ) = Ta = 


The oomponents and are due to scattering by the longitudinal Bragg 
waveonly.i.e. they dependexclusively on the normal strains. The components 
and V|^, however, are created by the transversal T wave, hence they 
originate exclusively from those shearing strains which act in planes normal 
to the plane of observation IT. The reciprocity relation is valid not 

only for transverse but all directions of observation. In our theory this 
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relation arises from the fact that and originate from the same wave 
which has a particularly simple tensor.* 

For plane polarized incident Ught the light scattered by either Bragg 
wave is always plane polarized, but the planes of polarization are different 
for the light from the L and T waves. In the experiments it is usually not 
possible to separate these two light components. Hence the scattered light 
appears partly depolarized. 

The derivation of equations (14} makes no assumptions about the origin 
of the strains. Due to their general validity they are applicable to various 
problems of light scattering. 


Tkmpekature scattering in solids 


If the elastic strains are produced by temperature fluctuations the den¬ 
sities of potential energy are = \h2\ For transverse observation, 

ijr = 45'^, and, since Kliu—Pu) = we regain the result, equation (3) of 
Leontowitsch and Mandelstamm and verify the equations ( 6 ) which predict 
the Krishnan effect for solids. 


Since the thermal elastic waves travel with the velocity of sound the 
scattered light suffers frequency shifts due to Doppler effect. Since the sound 
velocities differ for the longitudinal and transversal waves the interfero¬ 
metric investigations should show four Doppler components ± and 
isotropic solids. If the incident light is polarized each com¬ 
ponent should also be plane polarized. The ratio of the Doppler shifts is 

^ a/( i—0-5-*0-6. The intensity ratio of the two sets of com¬ 
ponents is, for transverse observation, » — 

elastic measurements show thatp^g usually from 4 to 10 times larger than 
P 44 . Hence in the most favourable case fy is less, and usually much less, 
than 10 % of For other directions of observation the intensity ratio is 
still less favourable for the experimental investigation.! 


♦ Hiedeinann and Hoesch (1936) have fomid that the light diffracted by trans* 
versal waves has very simple polaris^ation projx^rties. This is duo to exactly the same 
cause which is responsible for the reciprocity relation, see Nath and Mueller (1938). 

t In a recent paper E. Hiedemann (1938) points out the reasons for expecting two 
sets of Doppler components in solids. He suggests that the unmodified frequency 
component observed in liquids might be due to transversal waves. However, in 
liquids must be more than 100 times smaller than p^, judging from the Maxwell 
constant of streaming birefringence. Hence this suggestion cannot explain the 
observed intensity ratios. Also the observed polarization of the unmodiffed line 
is contrary to this interpretation. 1 am indebted to Dr Hiedemann for the privilege 
of reading his manuscript. 
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For crystals the scattered light should consist of three pairs of Doppler 
components because there are three elastic waves of different velocities in 
every direction. All three can contribute to the scattering, except for special 
directions of incidence and observation. If these directions are chosen 
properly the intensities of all six lines can be made to differ very little. 
Investigations of this type on crystals (Gross 1930 ) could produce a great 
deal of new information. According to Landsberg ( 1929 , 1931 ) and his 
collaborators the light scattered from carefully selected crystals is largely 
due to temperature fluctuations. 


Strain scattering in glasses 

For glasses it is customary to replace the elasto-optioal constants by 
Neumann’s strain-optical constants q and p 

Pu = 2?/n, = 2p/n, = {q-p)Jn. 

Since the temperature fluctuations can explain only a very small part of the 
observed intensities we neglect them and assume that in Krishnan’s experi¬ 
ments one is dealing only with scattering by the hypothetical “frozen in” 
strains. For transverse observation (yir = 46°) the equations (14) furnish 


p = ^ i (1 qlp)^ 

i; ^Vp\-2<r^ 

(16) 

Fft Ur 1-a- 

" Ui r-2<r- 

(16) 

Hence - i(l-g/p)*, 

Ph 

(17) 

and the total intensity is 

Cii 

(18) 


According to equation (17) the ratio pjph depends only on the ratio of 
the strain-optical constants and is therefore independent of the magnitude 
or origin of the strains. This relation provides the most important test of 
our theory. We give therefore in Table I Krishnan’s measurements arranged 
aooording to the values of pjph- Unfortunately we do not know the photo- 
elastic constants of Krishnan’s glasses. A fairly large amount of photo- 
elastic data on other glasses ate available, but in most cases they give only 
the diiference p-q, while we require the ratio qip. This ratio is known only 
for one borate, one borosUicate and five lead glasses firom the meMurements 
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of Pockels (1906). His results and the values of pjp^, calculated from equar* 
tion ( 17 ), are given in Table II. Comparison of the pjpi^ columns of the two 
tables clearly reveals the validity of equation ( 17 ). All observed values, 
with the exception of two, fall within the range of the calculated ones. The 


Table I. Keisunan’s measurements on glasses. 

N IS THE INDEX NUMBER IN KrISHNAN’S PAPER 


N 


PH% 

I 

n— 1 

Composition, ovor 10 % of 

1 

16*3 

78 

0*8 

0*467 

SiO„ BjOa, AlaOj, K^O 

2 

14*6 

82 

1*0 

0*492 

SiOa, B* 03 , K^O 

3 

4-9 

72 

1-9 

0-602 

SiO,, K»0 

5 

4*5 

80 

0*9 

0*527 

SiO„ 

6 

41 

86 

1*2 

0*629 

SiOj, BjOs. Sb,0» 

12 

40 

83 

1*6 

0*698 

SiO„ PbO 

10 

3*7 

88 

1*3 

0*670 

SiOj. PbO 

8 

3*3 

91 

2*1 

0*646 

SiOj, PbO 

17 

3‘2 

87 

2*2 

0*786 

SiO„ PbO 

7 

31 

78 

21 

0*637 

SiO„ Na,0. PbO 

14 

31 

76 

— 

0*647 

SiOa, PbO 

16 

2-9 

87 

1*8 

0*713 

SiO„ PbO 

9 

2-6 

81 

1*8 

0*570 

SiOj, ZnO, BaO 

11 

2*6 

80 

1*6 

0*589 

SiO„ BjOs, BaO 

16 

2*0 

77 

1*9 

0*650 

SiO^BaO, PbO 

13 

2*0 

80 

2*4 

0*616 

8 iO„BaO, PbO 

4 

0*7 

68 

3*3 

0*609 

SiOg, BgOg. ZnO 



Table 

II. Strain scattering in glasses calculated 


FROM Pookel’s 

ELA.STIC AND PHOTOELASTIC DATA 

P.o/ 

P 


(T 

E 

Ph 

i-2<r 

1 

n- 1 

(^imposition 

0*178 

0*097 

0*187 

8*0 

6*2 

1*30 

0*69 

0*612 

SiO,, B,0„ NojO 

0*182 

0*110 

0*274 

4*8 

3*9 

1*61 

0-67 

0*607 

B,0„ A1,0 

0*187 

0118 

0*260 

5*6 

3*4 

1*60 

1*00 

0*645 

SiO„ B,0,. PbO 

0*195 

0*136 

0*222 

6*1 

2*4 

1*40 

1*00 

0*670 

SiO„ Pbo (S3%) 

0*206 

0*160 

0*224 

6*6 

1*2 

1*41 

1*00 

0*644 

8 iO„ PbO (62%) 

0*202 

0*185 

0*239 

6*6 

0-26 

1*46 

1*35 

0*761 

SiO„ PbO (67%) 

0*218 

0*237 

0*260 

6*0 

0*18 

1*64 

2*19 

0*962 

SiO„ PbO (80%) 


two exceptions occur for two very light borosilicates with refractive indices 
smaller than any of PockeFs glasses. In a theory of the photo-elastic eflFect 
the writer (1935, 1938a) has shown that p and q depend on the refractive 
index and two quantities and i,. The latter determine the change of 
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the optical polarizabilities of the atoms in an elastically deformed solid. 
They depend on the chemical composition of the glass. This theory gives 

g/p - (l+|r-Li)/(l-|r-ij), (19) 

where r (w®— l)/(n^-h2). The “optical deformabilities“ have the values 
Li « 0*6 to 1*0, Lj = 0*1 to 0 * 3 . From equations ( 19 ) and ( 17 ) one estimates 
that for the lightest glasses pJpf^ can reach values of about 15 %. Since the 
exceptions occur for the lightest glasses they must be considered as con¬ 
firming the theory. On the other hand, it is noted that among the last five 
glasses in Table 1 there are some with rather small refractive indices. All 
these glasses contain bivalent cations Zn or Ba. From the work of Fajans 
and Joos it is known that the valency of the cations has a marked influence 
on the polarizabilities of the anions. Henct^ it is natural to exi:>ect that they 
also influence the “deformabilities'". From equation (10) it is seen that a 
small increase of produces a large reduction of pjpt^y and the influence 
of the higher valent ions is therefore not quite unexpected. There are no 
I)hotoolastic data which could clear up this point. 

Equation ( 17 ) is a very general relation between the elasto-optical pro¬ 
perties of an isotropic medium and the depolarizations of the light scattered 
by the substance. It must be valid also for temperature scattering. An 
experimental verification, based on photoelastic and depolarization mea¬ 
surements on the same glass, is very desirable. The optical diffraction by 
supersonic waves offers new methods for the determination of the strain- 
optical constants (Bergmann 1936; Fues 1936; Mueller 19386). Since these 
methods furnish qjp in the most direct way they will facilitate the exiieri- 
mental verification. 

According to equation ( 16 ) does not depend on the photoelastio 
properties, but on Poisson’s ratio. Since there exists no theoretical nor 
empirical relation between the elastic and optical proj)erties (see Table II) 
we cannot expect any regularity of the pf^ values in the arrangement of 
Table I. The data do not show any. Table II gives the values of (1 * cr)/( 1 — 2 cr) 
for Peckers glasses. They are about twice as large as the observed Pf^ values. 
Hence equation ( 16 ) leads to the conclusion that for all glasses must be 
considerably smaller than This agrees with our expectation that there 
is no equipartition of energy for these strains. The observed fact pf^<l must 
mean that the shearing strains are smaller than the normal strains. 

Using equation ( 18 ) we have calculated relative values for the total 
scattered intensity. If Uj^ is assumed to be constant for all glasses it is found 
that I increases with increasing values of the elasto-optical constant p. 
Consequently glasses with a large value of pjp)^ can be expected to scatter 
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leas light than similar glasses with a small Krishnan’s intensity data 
confirm this result. All glasses with a small scattering power appear in the 
upper part of Table I, and all large values of I are associated with small 
values of pjpt^* 

These striking analogies between the calculated and the observed data 
are convincing enough to accept the interpretation of scattering by a 
random distribution of strains. They eliminate any doubt that one is dealing 
with a true property of the glass. 


Steucture scattering 

From the point of view of the continuum theory of light scattering there 
is no difference between a medium with internal strains and a substance with 
molecular clusters. We might indeed say that the strains provide the gloss 
with properties which make it appear as if it contained clusters. It is on 
account of Warren’s work that the clusters in glasses must be considered 
as fictitious. In mixtures of liquids near the critical point, however, the 
hypothesis of cluster formation is generally accepted. A ‘‘clustered” liquid 
can be considered as if it were a uniform medium in which internal strains, 
in this case due to intramolecular forces, have created local density varia¬ 
tions and local optical anisotropy. From the point of view of a molecular 
theory the origin of the Krishnan effect is probably not the same for glasses 
and for liquids, but since the wave-length of light is large compared to 
molecular dimensions the ordinary measurements on scattered light (ex¬ 
cluding spectroscopic investigations) do not permit to distinguish between 
the two cases. 

The essentia] assumption for the explanation of the Krishnan effect is 
not the existence of internal strains. The strains have been introduced only 
to evaluate the variations of the optical dielectric constant. Essential are 
the assumptions that those variations are described by a tensor 7^,^, and that 
these fluctuations are not independent for neighbouring volume elements. 
The second assumption leads to the rei)resentation by means of Fourier 
series or by a set of plane waves 

Vyt “ «».(*) C 08 (kr + (20) 

The phase angles must be introduced to take into account that the 
four components V^, Hj,, and V,^ need not be coherent. If the x axis points 
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in tho direction of k the isotropy of the medium requires that the tensor 
Cyg be of the form 

lac c \ 


c b 0 
c 0 b 


( 21 ) 


By adding the three tensors for the L, t and T wave, we see indeed that this 
representation is equivalent to that for strain scattering. All previous 
results hold if one substitutes 


a{k) = AiXk)k4'p^^; 
b(k) == AjXk)k4pi^, 
c(k) — Aj,(k)k4P\\-^ 


( 22 ) 


Taking into account equation (7) our results, equations (14), can therefore 
be given in the more general form 


//ft = Jtt* ~ (a sin® ^ — b cos® ^)®, 
'^0 

“ iff® j4C®Bm®vi^, 


and the depolarizations for transverse observation are 


/>„ - ic®/6*, 

Ph = 2c^l{a~b)^, 


PvIPh = J(1 - a/6)®, 


where a, b and c are the coefficients of the Fourier series (20) for 


(23) 


(24) 


k ^ 2nlAji — 4w’nco8^/Ao. 

. Equations (23) and (24) are valid for any isotropic medium in which the 
fluctuations of the optical anisotropy can be represented by a Fourier 
series. There can be little doubt that this is the case for liquids with mole¬ 
cular clusters. Within certain limitations this theory can also be applied to 
colloids. It can, of course, not be used for sols with metallic particles, but 
if the micelles are not much larger than the w ave-length of light and consist 
of a transparent substance, a Fourier series seems an adequate representa¬ 
tion of the variation of the refractive projjerties. It appears therefore likely 
tihat the theory may be valuable also for the study of certain colloids, 
proteins and resins. 
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The equations (22) correlate the Fourier ooefiScienta of the optical fluctua¬ 
tions to the internal strains and to the strain-optical constants* They are 
analogous to the Gans relation between the depolarization and the Kerr 
constant. While in (^ans* derivation the Kerr effect serves to evaluate the 
energy which is required to produce optical anisotropy, in our theory this 
energy is given by the elastic strains which can create the same effect. The 
data in Tables I and II are a verification of these relations for glasses. For 
viscous liquids a similar test ought to be possible if pjj, and P44 are inter¬ 
preted as the constants of streaming birefringence. The usual methods of 
measuringstT'oaming birefringence employ shearing strains and hence furnish 
only P44. Howevter, the recently discovered method for measuring PxxIPit 
in glasses by optical diffraction on 8uy)er8onic longitudinal waves can f)robably 
also be used for determining this ratio for viscous lic^uids. A test of the rela¬ 
tions reqxnres only the knowledge of Pn/Pi2» because it is sufficient to show 
that for transverse light scattering = J (1 -Pn/Pia)* (equation 17 ). 

From the observed fact < 1 it follows, according to equation ( 24 ), that 
in all liquids J(a —6) >0/^/2. This inequality can be understood by inter¬ 
preting the optical fluctuations as due to internal strains. Equations ( 22 ) 
give then i.e. it means that the normal strains are considerably 

larger than the shearing strains. As this should naturally be ex pe<^ted for any 
liquid, it is not surprising that the case p/, > 1 has never been observed. 

Measurements of the depolarization can give information almut the 
tenqierature motion in liquids. A more rigorous theoretical interpretation 
should take into account that the longitudinal and the transversal waves 
are damped (Lucas 1937) and that a part of the fluctuations cannot be 
represented by waves. 

Equations ( 23 ) verify again the validity of Krishnan*s reciprocity relation 
Tft - The necessary and sufficient condition for obtaining this law is that 
is a symmetrical tensor. Hence it holds for any liquid or amorphous 
solid, excepting those which are optically ac^ve.* 


STRtrCTOBjK ANALYSIS BY MBAK8 OF LIGHT 8CATTJSRING 

Gang* theory of the Krishnan effect makes the assumption that the 
molecular clusters are of uniform size and have a definite shape. In our 
representation the density and optical anisotropy vary continuously. Our 

♦ Krishnan ( 1938 ) attempts to prove that is a true reciprocity relation* 

i.e. that it can be derived by exchanging the role of source and observer. However, 
his proof is not rigorous b^atise it is based on i>tinciples of acoustics and not of 
electro-magnetic theory. 



On the theory of scaitering of light 445 

theory can give no information about the shape of the clusters, but it opens 
a new way for determining their average size. 

By using light of different wave-lengths and by varying the direction of 
observation the wave-length A;, = A^/2nco8^ of the Bragg wave can be 
altered continuously from about 30,000 to 1600 A, Hence, from measure¬ 
ments of the intensity of the three components and or //„ as functions 

of Aq and ^ the functions a(A^), 6(A^) and c(A^) can be determined for a 
large range of A^. For temperature scattering in solids no large variations 
of a, b and c can be expected because we have equipartition of energy and 
the dispersion of the elasto-optical constants is small. For strain- and 
structure-scattering, however, these functions may show large variations. 
If the fluctuations would follow the law of Ornstein and Zernicke a, b and c 
should, at the critical point, be proportional to A^^ and we would obtain 
their Ao^ law for the intensity of the scattered light. Since most observations 
do not agree with this law, further progress in the problem of opalescence 
can only be made by reversing the |)rocedure, j.e. instead of postulating the 
type of fluctuations, one should use the measurements for finding out the 
nature of the plienorncnoii. The data furnish a Fourier analysis of the 
optical variations and of the internal strains. From it we can gain informa¬ 
tion about the size of the clusters or of the colloidal particles. If, for instance, 
it should be found that a, h and c have maxima for A^? = d, it would be 
natural to associate this length with the average size of the clusters. 

This proposed structure analysis is very similar to the method of Zernicke 
and Prins (1927) for the X-ray analysis of liquid structures. It is obvious 
that scattering of visible light can furnish information about the coarser 
structure of matter by using the same mathematical tools which enable one 
to find the molecular structure of liquids and amorphous solids from the 
scattering of X-rays, 


Ao*” i-aW and Mib effect 

The dependeiuie of the intensity of the transversely scattered light on the 
wave-length has been the subject of a number of investigations (Andant 
1922; Bhatta Choryya 1923; Rocard 1928; Rousset 1935)- The critical 
opalescence of some liquids follows the A^^ law, but for many mixtures a 
law Aq*^, with w < 4 has been observed. At the critical point the depolariza¬ 
tions do not vanish, but they are so small that over 96 % of the total in¬ 
tensity is due to the component 

On the basis of our theory the A®* is satisfied if 6(A^) is constant for wave¬ 
lengths within the visible spectrum, i.e. if the clusters are much smaller or 
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much larger than the wave-length of light, or if there are no clusters, m < 4 
implies that 6 (Ax/) is an increasing function. Hence the clusters must be 
larger than Ao/n-^ 2 . The case w > 4 is not excluded by our theory. It could 
occur for a liquid with very small clusters. 

For observations in an arbitrary direction the components V„ and give 
the major contribution to the total intensity. In liquids a and b differ by 
very little (small streaming birefringence). Hence, in first approximation, 
the total intensity for observations in a direction 2 ^ is 


( 26 ) 

'^0 

If b(X^) is constant, i.e, for mixtures which satisfy the law, the intensity 
distribution is symmetrical with resj)ect to the direction normal to the 
incident beam, /{46^ -h a) = 7(45^^ — a). For liquids with m < 4 we must have 
6^ -- A^””* and obtain, since A^j = A<>/2n cos 


31/7 -* „ rcos(45'=^-a)T”^» 

7(45° --a) ““ f a)J 


(26) 


Hence if m 4 = 4 the intensity distribution is asymmetrical. For m < 4 more 
light is scattered forward, in the direction of propagation of the incident 
light, than backward. This effect is called the Mie effect. Liquids with m > 4 
should show a reversed or ‘‘negative” Mie effect. 

The conclusion that clustered liquids show a Mie effect if they do not 
satisfy the Aq^ law, is in excellent agreement with the observations of 
Rousset ( 193 s). For three critical mixtures Rousset verified the Aq* law 
and could observe no Mie effect. For the mixtures water-isobutyric acid and 
aniline-cyclohexane at their critical points he finds m *= 2*9 and 3-6, respec¬ 
tively. Rousset also measured the intensity ratios M for two symmetrical 
directions at 37^^ to the normal and found for the first mixture M = 2-24 
and for the second M = 1 * 66 . For a == 18*5° equation (26) would predict 
ilf = 2*15 and 1*32, respectively. The agreement is surprisingly good, 
considering the approximation involved. Since no other theory has been 
able to account for Roussel’s observations this result is a very strong point 
in favour of our theory. 

By using polarized incident light and observing the scattering through 
a nicol it is possible to study the Mie effect of each component IJ, and 
Hv - Kt will hare a Mie effect only if the A^* does not hold. must 
always show a positive Mie effect. The Mie effect of con be positive or 
negative. It is negative if the deviations from the law are small and if 
a < 6 . This case is of particular interest because it reveals a connexion 
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between Mie efFec3t and streaming birefringence. Equations (22) show that 
a<b when ^ 2jt>44<0, This is the case for most glasses (q-^p<0f 

see Table II) and for liquids with positive streaming birefringence. Hence 
it appears very probable that glasses and semi-solid substances with a large 
positive streaming birefringence should show an inversed Mie effect. This 
is perhaps the explanation for the '‘ scattering reflexion ” observed in resins 
(Coban 1935). 

All substances which have a Krishnan effect should show a Mie effect, 
though the latter will be very small if the depolarization is small. Since 
for critical opalescence p„ is usually less than 1 % one can understand that 
Rousset could not find a Mie effect in the mixtures water-triethylamine 
and nitrobenzene-hexane despite the fact that these mixtures have a 
Krishnan effect. 

If the dependence on is different for a(Aj^), and c{k^) the depolar¬ 

izations must have a dispersion (Krishnan 1936 c) and the angular intensity 
distribution can become very asymmetrical. The equations (23) could offer 
an explanation of the disputed “Plotnikov effect*’ for small angle longi¬ 
tudinal scattering (Coban 1935, Katalini^ 1937). 

This theory applies only to that part of the scjattering which is due to 
fluctuations which can be represented by a Fourier series. In ordinary 
liquids not all fluctuations satisfy this condition, as is shown by the appear¬ 
ance of the unmodified frequency component. The recent results of Raman 
and Rao (1938), which show that the Doppler components vanish for liquids 
with a high viscosity, are perhaps an indication that structure scattering is 
the predominant process in viscous media. 

SUMMAEY 

The Krishnan effect can be explained if the fluctuations of the optical 
anisotropy in the medium are not independent in neighbouring volume 
elements. By applying Brillouin’s method to longitudinal and transversal 
waves the Krishnan effect is calculated for arbitrary directions of obser¬ 
vation. It is found that the reciprocity relation is.always valid. Every 
substance which has a Krishnan effect should show a Mie effect. Both effects 
are related to the photoelastic properties in the case of solids, and to the 
constants of streaming birefringence in the case of liquids. 

The Krishnan and Mie effects must occur for temj)erature scattering in 
solids. In isotropic solids the scattered light must consist of two pairs of 
Doppler components, for crystals three different Doppler shifts can be 
expected. The Krishnan effect can occur in ordinary Uquids if Lucas' 
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transverBal waves give a noticeable contribution to the scattering. For 
temperature scattering the depolarization is always larger than 1 * 

A now theory of the scattering of light in glasses is proposed. It is based on 
the assumption that glasses contain a random distribution of '^frozen in*' 
strains. Slightly below the solidification temperature these strains are 
normal ones, but at lower temperatures shearing strains are created due to 
temperature contraction, is smaller than 1 because the shearing strains 
are always smaller than the normal strains. It is found that Krishnan's 
data are in excellent agreement with those calculated for glasses for which 
the photoelastic constants art^ known. 

Liquids with molecular clusters can be treated as if they were uniform 
liquids with a distribution of internal strains. They show p^ < 1 because the 
strains are predominantly normal ones. A relation between the Mie effect 
for critical opalescence and the deviation from the A"* law is found to agree 
with Roussel’s observation. 

It is pointed out that scattering data furnish a Fourier analysis of the 
optical variations within the medium and can be used to determine the size 
of molecular clusters and of colloidal particles. 

Gans’ theory of scattering by molecular clusters is discussed and it is 
shown that it agrees with Krishnan's reciprocity relation. 
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Self-consistent field with exchange for potassium 

and argon 

By D. R. Harteek, F.R.S., and W* Hahtrek 
{Received 16 March 1938 ) 

1. iNTRODmrnoN 

As already mentioned in a previous paper on the calculation of the self- 
consistent field with exchange for calcium (D, R. and W. ^Hartree 1938), 
wave functions more accurate than those calculated without exchange are 
required both for K+ and for Ar, and the calculations for calcium were 
carried out partly in the hope that it would be possible to interpolate with 
sufficient accuracy the difference between the wave functions calculated 
with and without exchange for K+ and Ar from the corresponding differences 
for Cl" and Ca++. 

The results showed that for the (Is), (2s) and (2p) wave function this 
interpolation would probably be satisfactory, but for the ( 3 s) and ( 3 p) wave 
functions it was not as straightforward as had been hoped, though even for 
the latter wave functions, estimates of the differences could be made which, 
while rather uncertain, w6uld probably give appreciably better wave 
functions than those calculated without exchange and taken without 
modification. 

In the solution of Fock's equations (Fock 1930) for the self-consistent 
field with exchange, a good deal of time and labour are usually spent in 
finding a fairly good approximation to the solution; when once such an 
approximation has been obtained, the process of improving it is often not 
such a very long and laborious one. And since an interpolation process, 
applied to the differences between the wave fimctions calculated with and 
without exchange, promised to provide already good approximations to 
three of the wave functions and fairly good approximations to the other 
two, for each atom, it seemed worth while to carry out a partial solution of 
Fock^s equations using the wave functions so found as the first estimates. 
For solutions of Fock’s equations have been evaluated for all the wave 
functions except (1«). For (Is) the effects of exchange terms are so small 
that the interpolation process is certainly reliable to the accuratcy required; 
the solutions for (2s) and (2jo) were evaluated to test the reliability of the 

r 460 ] 
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inteirpolation process as applied to them. The results of this test were satis¬ 
factory, and for Ar only the ( 3 s) and ( 3 p) wave functions were evaluated by 
actual solution of Fock’s equations, the other wave functions being deter¬ 
mined by the interpolation process. 

In previous calculations of the solutions of Fock^s equations, except for 
Ca+ and neutral Ca, we have started with estimates of the ZfJ^nl^nfV) 
functions, following the practice, in the calculation of self-consistent field 
without exchange, of starting with estimates of the Z^{nl^nl) functions. 
But since, when exchange terms are included, the number of Z^(nZ,n 7 ') 
functions is much greater than the number of radial wave functions P(«Z), 
it seems more economical to start from estimates of the latter functions. 
This point arose in an extreme form in the course of the calculations for 
Ca+, since for each state of the series electron only one P(nl) function is 
involved, whereas there are six Zjfc(ni,n 7 ') functions expressing the inter¬ 
action of the series electron with the six [n*V) groups of the core. This 
experience has suggested the wider use of estimates of radial wave functions 
rather than of Zf^ functions, and in the calculations here reviewed we have 
worked from estimates of radial wave functions throughout. 


2. The pkocess of intekpolation 

Calculations of the self-consistent field without exchange have been 
carried out for K+ (Hartree 1934) and for Ar (McDougall unpublished*), so 
that in order to obtain a set of initial estimates for starting the calculations 
with exchange, it is only necessary to interpolate the differences between 
the wave functions calculated with and without exchange. In most oases 
this is likely to be both easier and more accurate than interpolating the 
wave functions themselves, since the maximum value of the diiference is 
usually of the order of a tenth or less of the maximum value of the wave 
function. 

If P{nl\r) and P(nilr) are the normalized radial wave functions, 
calculated with and without exchange respectively, we will write 

AP{nl I r) P(nl | r)-P(nl | r); (1) 

also we will write for the radius of the principal maximum of | P(nl | r) (. 

Since, for each (nl), the quantity to be interpolated is not just a single 
value of some function of the atomic number N only, but a function of r of 

* We are indebted to Dr J, McDougall, of Leeds University, for supplying us with 
the results of his caloulations for atgon. 
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which perhaps thirty or fifty values are required, an interpolation process 
which is simple and easy to use is needed, and for this purpose we want to 
arrange the data in such a way that interpolation is carried out on quantities 
which vary slowly and nearly linearly with the atomic number N. 

If, for each (nl), the variation of A P with r were such that two constants 
A , B could be found for each atom so that A A P{nl | r) were the same function 
of Br for all atoms, the graph of this function would provide a very simple 
means of carrying out the interpolation. 

For a given configuration, this is in fact possible in the limit when 

the interaction (both Coulomb and exchange) between the electrons becomes 
small compared with the Coulomb interaction with the nucleus. To show 
this, it will be sufficient to take Fock’s equation for the (2s) wave function 
in the (!«)* (2^)* configuration of a four-electron (Be-like) system. This 
equation is (cf. I). R. and W. Hartree 1935) 

^ I »■) - 2yo(2fl, 2 a 1 r)} - P(2« j r) 

+ ?yo(l«.2«|r)P(l«|r) = 0. (2) 

Since the configuration is one of closed groups, no non-diagonal Lagrange 
multiplier is required; the wave functions P(ls|r) and P( 2 «|r) are 
supposed to be normalized. 

Writing Wr = <r ( 3 ) 

and dividing by N*, (2) becomes 

+ J'o(» 2 « I (t/N) P( 1« I <r/N) « 0. ( 4 ) 

Now let P(g){nl | er) be the hydrogen-like wave function in the field of a point 
charge N, normalized to J[P(h)(»^ | (7)]*dcr =. 1; this, as a fimction of <r, is 
independent of N. Also let 

Y I I <^t) 10’i)/fc(®'. <^i) d<ri, 

A(o-, O’!) “ if (ri<«r, 

* if <r<<ri. 


where 
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Then, to first order in 1 /jV, equation ( 4 ) and the similar equation for 
P(l 5 I (t/N) are satisfied by 

P{nl 1 (t/N) = 1 O’) + ^ Q{rd 1 0-)^, ( 5 ) 

where Q(nl | cr), regarded as a function of <r, is independent of N; Q{ 28 1 <r), 
for example, satisfies the equation 

[”{4l^n)o(l«.l«|o-) + 2y(H)o(2tf,2«|(r)} 

+ j O') — - ‘2s j tr)i(j£)(lfl j o^)/{|tj)(l81 o"), (6) 

and this equation does not involve N explicitly. The factor in ( 5 ) is a 
normalizing factor. 

The form of equation (6) shows that Q is the sum of contributions from 
the separate terms on the right-hand side of tliis equation, hence each of 
these contributions is a function of cr only. Now JP{ 2 s | r) is just the con¬ 
tribution to P{ 2 a I r) from the exchange term, and from ( 5 ) this is N*"* x 
[contribution to (?(2s|Nr) from exchange term]; hence, for large N, 
NMP( 25 |f), regarded as a function of <r =*= Nr, is independent of N. A 
similar argument applies to the contribution to Q from the other exchange 
terms in configurations containing more electrons. 

For finite N, a similar result would be expected to hold approximately, 
with N replaced by some screened value, and this suggests that for each 
(nl) it should be possible to find constants Sj and ^2 such that the graph of 
(N-Si)MP(»d[|r) against (N-a^)r is approximately the same for all N. 
Also Nr^ const, as N ^ oo; hence f 5 r finite N, (N—s^) would be expected 
to be approximately constant, and if, as seems reasonable, and 8 ^ are not 
far different, the graph of (N —dP(n/ [ r) against rjr^ would also be nearly 
the same for all N, and so suitable for interpolation. 

Actually since JP is small, and the range of N over which interpolation 
was to be carried out was also small, it seemed likely to be almost equally 
good to plot dP(w? ( r) against r/r^, and this is the form in which the inter¬ 
polation was actually carried out. The curves of/I P{nl \ r) against r/r^, both 
for Ca’^+ and Cl“ which formed the original data at the start of this work, 
and for K"^ and Ar calculated fiom the results of it, are shown in fig. 1 (a)™(d), 
and show the extent to which the results for the different atoms are brought 
into agreement by plotting in this way. 
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Fio. 1. Differences AP between normalized radial wave funotions calculated with 
and without exchange, plotted against rjr^^ where is the radius of the principal 
maximum of ] P | calculated without exchange. The results for different (n() wave 
functions are shown in separate figures a« follows: 

Fig. la 16 Ic Id 

ini) (2d) m (8d) (3p) 

and in each figure the results for different atoms are indicated as follows: 

. 0u+ -K+ —* — Cl- 

-:— Ca++ —•—•— Ar 

For (2p), and in part of the range for (2s), the curve for K*^ cannot be shown clearly 
distinct on the scale of the Egures, and has been omitted. Note the change 4 >f scale 
of r/r^ at r/r« = 1. 
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3. Process of solution of Fook’s equation 

The process of solution of Fock’s equations was similar to that previously 
described (D. R. and W, Hartree 1935 , 1936 a, 6 , c), except that the present 
work started from estimates of the radial wave functions P{nl | r) instead of 
from estimates of the ZjJjdt n*V j r) functions, as already explained. 

For K+, the interpolation of dP for ( 1 #), (2s), and {2p) was made assuming 
that the departures from a linear variation with N were negligible; that is 
to say, at each value of rjr^, AP for was taken as one-third of the way 
from the value for Ca++ towards that for Cl~. For ( 3 s), the fact that | dP | 
for Cl” is leas than for Ca^over a large part of the range, whereas by the 
argument of §2 it would be expected to be greater, suggested that the 
departures from a linear variation with N are considerable. It was not even 
certain whether |dP| would continue to increase, with decreasing N, 
beyond Ca+^ to K+ or perhaps further, before decreasing to Cl”, or whether 
the decrease had already begun at Ca++; a considerable, but quite unknown, 
non-linear variation of dP with N was also expected for the outer part of 
the (Sp) wave function. As a guess, dP for was taken as one-quarter of 
the way from Ca++ to Cl”, both for (3s) and (3p). This estimate proved to 
be successful beyond expectation, the maximum differences between the 
first estimates of dP and the results of the final approximation being as 
follows: 

(Is) (2s) (2p) (3s) (3p) 

0-002 0-001 0-002 0-005 0-006 

Similar interpolations for the values of were also very sucoessfuL 

Two approximations were first made to the solution of the (3s) and ( 3 p) 
wave functions, assuming the estimates of the others to be correct. Then 
solutions for (Is), ( 2 s), ( 2 p) were evaluated; these confirmed the estimates 
very closely, as shown by the results just quoted; then a final solution for 
the (3«), (3p) wave functions was evaluated. 

These results showed that for (Is), ( 2 «), ( 2 p) the process of interpolation 
of dP and of linearly in N, was reliable to the accuracy required, and, 

for Ar, calculations were carried out for the ( 85 ) and (3p) wave functions 
only. For the interpolation to provide the first estimates of these wave 
functions, dP for Ar woe taken os one-third of the way from K+ to Cl”; two 
approximations were sufficient to give the final results. The greatest differ¬ 
ences between the first estimates of dP and the results of the final approxi¬ 
mation were 0-003, both for (Ss) and (3p). 
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4. Results akb discussion 

The results for are given in Tables I (normalized wave functions and 
total 2Z^) and III (radial charge distribution), and corresponding results 
for At are given in Tables II and IV. Tables of contributions to if, corre¬ 
sponding to the similar tables for other atoms, are not given here, since the 
main use of these contributions to Z has been in forming initial estimates 
for the solution of Fock’s equations; as already explained, it seems better 
to start from estimates of the radial wave function P, so that these con¬ 
tributions to Z will not be required in future work. The function is 
likely to be required, however; 2Zp for K'^ will be wanted in any calculations 
of the wave functions for the optical terms of neutral K, and 2Zp for Ar will 
be wanted in any calculation of electron scattering. 

The differences AP between the normalized radial wave functions cal¬ 
culated with and without exchange are shown in fig. 1 , as already men¬ 
tioned. The corresponding differences for Gu+ are also shown, though 
since they refer to a configuration with the (3d)^® group in addition to 
the groups of the argon-like configuration of Cl * to Ca++, they would not 
be expected to agree quantitatively with the results for the argon-like 
structures. 

For ( 2 ^) and ( 2 p) the use of the plot of dP against r/r^ brings the results 
for the structures Cl*" to Ca^*^ into close agreement, which is not improved 
by multiplication by the factor {N —BUggested by the argument of § 2 , 
though the agreement of the results for with them is improved by the 
use of such a factor. For (3«) and (3p) the agreement is also good for < 1 , 
but not outside this value; this is not surprizing, since (3s)® and (3jp)* are 
the outermost groups of the argon-like configuration, and for the outer part 
of the wave functions the approximation of regarding the mutual inter¬ 
actions between electrons as small compared with the interaction between 
an electron and the nucleus, on which the argument of § 2 is based, is a very 
crude one. 

The results for K+ and Ar confirm the unexpected decrease of AP with 
decreasing N for (3s), for large r, already noted in the comparison of the 
results for CF" and , which at first sight seemed to suggest an error in 
one of these results, A qualitative explanation of this decrease has already 
been given (D. R, and W. Hartree 1936 A, p. 58). 

One application of the present results, namely, to the evaluation of the 
X-ray scattering factors for K^, has already been made by Brindley and 
Ridley ( 1938 ). 
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Table I. K+. Normauzkd radial wave ftootions/^-( nZ|f) 

CALCULATED WITH EXCHANGE, AND T = TOTAL 2Zj, 


Table of P v(nJ | r-)/r'+» 


r 

( Is ) 

{2s) 

{2p) 

w 

m 


0-000 

101-7 

46-41 

213*8 

16-295 

65*30 


0-006 

147-0 

42-17 

203-9 

13-895 

62*28 


O'OlO 

133-7 

38-24 

194-65 

12-695 

69-41 


0-015 

121-86 

34-60 

186-65 

11-39 

66-68 


0020 

llO-Oft 

31-23 

177-2 

10*27 

64-09 




Table of Py 

and 2 ' 



r 

(1^) 

m 

{2p) 

w 

m 

T 

0-000 

0 

0 

0 

0 

0 

38-00 

0-006 

0-736 

0-211 

0-006 

0-0695 

0-0015 

37-265 

0-010 

1-337 

0-3825 

O-OlOg 

0-126 

0*006 

36-625 

0-015 

1-826 

0-619 

0-042 

0-171 

0*013 

36*81 

0-020 

2-213 

0-6245 

0-071 

0-2065 

0*0215 

36-12 

0-03 

2-750 

0-767 

0-1465 

0*248 

0*0445 

33-82 

0-04 

3*039 

0-803 

0-236 

0-262 

0*072 

32-63 

0-05 

3-160 

0-784 

0-337 

0-254 

0*1025 

31-54 

0-06 

3*136 

0-716 

0-444 

0-230 

01345 

30-64 

0-07 

3-037 

0-612 

0-654 

0-194 

0*167 

29-61 

O-O^i 

2-883 

0-483 

0*663 

0-149 

0*200 

28-745 

0-09 

2-696 

0-336 

0-770 

0-098 

0-231 

27-93 

0-10 

2-490 

0-179 

0-872 

0*044 

0*260 

27-I65 

0-12 

2-068 

-0-145 

1-062 

-0-066 

0-313 

25-71 

0-14 

1-673 

-0-468 

1-226 

-0-171 

0*366 

24-36s 

0-16 

1-328 

-0-744 

1-369 

-0-264 

0*387 

23II5 

0-18 

1-039 

-0-992 

1-464 

-0-341 

0*407 

21-96 

0-20 

0-806 

-1-200 

1-643 

--0-402 

0*417 

20-865 

0-22 

0-618 

-1-366 

1-596 

-0-446 

0-417 

19*86 

0-24 

0-472 

-1-494 

1-628 

-0-471 

0*408 

18-93 

0-26 

0-368 

-1-686 

1-640 

-0-481 

0*391 

18-08 

0-28 

0-271 

-1-647 

1-636 

-0-478 

0*367 

17-29 

0-30 

0-204 

-1-680 

1-616 

-0-462 

0*837 

16*675 

0-35 

0-100 

-1-667 

1-623 

-0-379 

0*242 

16-02« 

0-40 

0-049 

-1-662 

1-388 

-0-262 

0*128 

13*765 

0-46 

0-023b 

-1-408 

1-234 

-0-101 

+ 0*006 

12*715 

0-50 

-O-Ollj 

-1-233 

1-077 

+ 0-068 

*0-120 

H‘8i5 

0-56 

0-0065 

-1-068 

0-926 

0-216 

*0*240 

U0I5 

0-60 

0*0025 

-0-892 

0-787 

0-864 

*0-364 

10*29 

0-7 

O-OOO5 

-0-612 

0-662 

0*616 

-0*649 

8*985 

0-8 

—* 

-0-405 

0-377 

0-798 

-0*697 

7*835 

0-9 . 

_ 

-0-262 

0-263 

0*912 

-0*799 

68I5 

1^0 


-0-167 

0-167 

0-969 

-0-860 

6*93 

hi 

— 

-0-105 

0-1095 

0-981 

-0-889 

6*175 

1-2 

— 

-0-066* 

O-O7I5 

0-961 

-0*892 

4*645 
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Table I {eomtiimed) 


Table of Pjf and T 


r 

(l«) 

(2») 

m 

m 

m 

T 

1*4 

— 

-0026 

0030 

0-860 

-0-846 

3-698 

1‘0 

— 

-0010, 

0-013 

0-726 

-0-769 

2-982 

1*8 

— 

-0004 

O-OOSj 

0-589 

-0-669 

2*596 

2*0 

— 

-0-0(5l, 

0-0025 

0-466 

-0-669 

2-367 

22 

— 

- O-OOSj 

O-OOi 

0-362 

-0-466 

2-212 

2-4 

— 

— 

O-OOOj 

0-277 

-0*388 

2-125 

2-6 

— 


— 

0-210 

-0*312 

2-073 

2*8 

— 


— 

0167 

-0*262 

2-042 

3-0 

— 

— 


0-117 

-0-203 

2-025 

3*2 

— 


— 

0-0865 

-0-162 

2-014 

3*4 

— 

— 

— 

0-064 

-0-128 

2-007 

3*6 

— 

— 

— 

0-047 

-OIOI5 

2-004 

3*8 

— 

— 

— 

0-034 

-0-080 

2-002 

4*0 

— 

— 

— 

0-026 

-0-0625 

2001 

4-5 

— 

— 

—: 

0*011 

-00335 

— 

6*0 

— 

— 

— 

0*006 

-0-018 

— 

5*6 

— 

— 

— 

0-002 

-O-OOOj 

— 

60 

— 

— 

— 

0-001 

- 0-006 

— 

6*6 

— - 

— 

— 

O-OOO 5 

- 0-0025 

— 

7-0 

— 

— 

— 

— 

-O-OOlj 

— 

7-5 


— 

— 

— 

- 0-0005 


^nl,nl 

267-66 

29-44 

23-49 

3-930 

2-341 

— 


Table II. Neutral Ar. Normalized radial wave functions 
i r ) calculated with exchange and T = TOTAL 2Z^ 

NOTE, Only the (3p) wave functions have been calculated by numerical in* 
tegration of Fook’s equations; the (1^), (2«), (2p), wave functions have been calculated 
by interpolation of AP between the values for Ca++, K**- and Cl“; see text. 


Table of I r)/f*+i 


r 

(Id) 

W 

m 

(3d) 

(8i>) 


0 

148*8 

42-26 

182-3« 

13-21 

60*97 


0-006 

136-0 

38-58 

174-35 

I 2 O 65 

48*73 


0-010 

124*3 

86-17 

166*8 

10-99* 

46*60 


0-016 

113*65 

32-00 

169-6 

10-00 

44*67 


0-020 

103*9a 

29-04 

162-7 

9-07* 

42*63 



>> 


Table of Pj, 

and T 



r 

(1«) 

• (2d) 

{2p) 

(3d) 

(8p) 

T 

0 

0 

0 

0 

0 

0 

36*00 

0-006 

0*680 

0-198 

00045 

o-oeo. 

0*001 

36*30* 

0-010 

1*248 

0-352 

0-016* 

0-110 

0-004* 

34*62 

0*016 

1-706 

0-480 

0*036 

0-160 

0*010 

33*96 

0*020 

2-079 

0-681 

0*061 

018I5 

0*017 

33*30* 
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Tablb II (continued) 


Table of Pjf and T 


r 

( 1 ^) 

( 2 «) 

{2p) 

W 

(3;^) 

T 

0*03 

2*608 

0-713 

0*126 

0*222 

0*035 

32*08 

004 

2*910 

0*769 

0*205 

0*239 

0*067 

30*955 

006 

3*047 

0*764 

0*294 

0*236 

0*082 

29*92 

0*06 

3*063 

0*716 

0*389 

0*219 

0*108 

28*97 

007 

2*906 

0*631 

0*487 

0*191 

0*135 

28*085 

0-08 

2*873 

0*522 

0*686 

0*166 

0*162 

27*26 

0*00 

2*712 

0*395 

0*684 

0*113 

0*188 

26*485 

010 

2*628 

0*268 

0*780 

0*068 

0*214 

26*75 

012 

2-141 

-0*036 

0-967 

-0*027 

0*260 

24*37 

0*14 

1*767 

-0*326 

M14 

- 0*120 

0*298 

23*10 

0-16 

1*433 

-0*697 

1-247 

-0*206 

0-329 

21*91 

0*18 

1*147 

-0*840 

1*355 

-0*278 

0*351 

20*795 

0-20 

0*906 

-1*048 

1*440 

-0*338 

0*365 

19-76 

0*22 

0*708 

- 1*221 

1*603 

-0*384 

0*371 

18-775 

0*24 

0*650 

-1*361 

1*546 

-0*416 

0*369 

17*87 

0*26 

0*426 

-1*468 

1*571 

-0*436 

0*361 

17*03 

0*28 

0*327 

-1*646 

1*580 

-0*443 

0*347 

16*265 

0*30 

0*261 

-1*697 

1*575 

-0*439 

0*327 

16-535 

0*86 

0*128 

-1*631 

1*616 

-0*389 

0*261 

13-975 

0*40 

0*065 

-1*570 

1*411 

-0*296 

0*175 

12*70, 

0*46 

0*082 

-1*448 

1*282 

-0*177 

0*078 

11*645 

0*50 

0*016 

-1*298 

1*143 

-0*044 

-0*023 

10*76 

0*66 

0*0075 

-M40 

1*004 

+ 0*093 

-0*124 

9-96, 

0*60 

0*0035 

-0*983 

0*870 

0*226 

- 0*222 

9*26 

0*7 

O-OOO, 

-0*703 

0*637 

0*465 

-0*399 

8*015 

0*8 

— 

-0*486 

0*463 

0*664 

-0*546 

6*90, 

0*9 

— 

-0*327 

0*316 

0*789 

-0*656 

5*91 

1-0 

— 

-0*216 

0*218 

0*873 

-0*736 

5*02 

M 

— 

-0*142 

0*148 

0*916 

-0*7^6 

4*23 

1*2 

— 

-0*092 

0*100 

0*924 

-0*813 

3*54 

1*4 

_ 

-0*038 

0*046 

0*875 

-0*814 

2*442 

1-6 

.— 

-0*016 

0*020 

0*779 

-0*771 

1*669 

1*8 

— 

- 0*0065 

0*009 

0*666 

- 0*705 

1*116 

2*0 

— 

- 0*0025 

0*004 

0*555 

-0*629 

0*746 

2*2 

— 

- 0*001 

0*002 

0*454 

-0*663 

0*495 

2*4 

.— 

-OOOO5 

0*001 

0*366 

-0*481 

0*328 

2*0 

— 

,—. 

0*0005 

0*293 

-0*414 

0*217 

2*8 

— 


,— 

0*232 

-0*365 

0*144 

3*0 

— 


— 

0*183 

-0*302 

0*096 

3*2 

— 

,— 


0*143 

-0*256 

0*068 

3*4 

— 


— 

0*112 

-0*216 

0*041 

8*6 

— 

.— 

— 

0*087 

-0*182 

0*027 

3*8 


,— 

— 

0*068 

-0*153 

0*017 

4*0 

— 

— 

.— 

0*052 

-0*128 

0*011 
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Tabls II (continned) 


Table of Pjf and T 


r 

(i«) 

(2^^) 

m 

(3^) 

m 

T 

4*6 


— 

— 

0*027 

-0*082 

0*004 

6*0 

-- 

— 

— 

0*014 

-o-onij 

0*001 

6*6 

— 

'— 

— 

0*007b 

-0*032 

— 

6*0 

— 

— ■■ 


0*004 

-0*020 

— 

6*6 


— 

— 

0 002 

-00125 

— 

7-0 

— 

— 

— 

O-OOl 

-0*0075 

— 

7*6 

— 

— 

— 

0*000^ 

-00045 

— 

8-0 

— 

— 

— 

— 

-0*003 

— 

9-0 


— 

— 

— 

-0*001 


10*0 

— 

— 

— 

— 

-OOOO5 


nt 

237*2 

24*6a 

19* I5 

2*666 

M81 

— 


Table III. K+. Chabge distribution 


Total radial charge density in atomic units U{r) = 2*^1 2(2Z+ 1) P5r{n/|r) calculated 
by self-consistent field (a) without exchange, ( 6 ) with exchange, and the difference 
SU{r). 



U{r) 

U(r) 

SU{r) 


U(r) 

U(r) 

SU{r) 

r 

(a) 

(b) 

(6)~{a) 

r 

(a) 

(b) 

( 6 )-(a) 

0 

0 

0 

0 

0*60 

10*38, 

10*10 

-0*28, 

0*006 

1*18 

1*18 

0 

0*66 

7*99 

7*82 

-0*17 

0*010 

3*90 

3*90 

0 

0*60 

6*31 

6*32 

+ 0*01 

0*016 

7*26 

7*26, 

0 * 00 , 

0*7 

4*76, 

6*14, 

0*39 

0*020 

10*685 

10*70, 

0*02 

0*8 

4*72, 

6*36, 

0*64 

0*03 

16*61, 

16*63 

0 * 01 , 

0*9 

6*26, 

6*01 

0*74, 

0*04 

20*26 

20*26, 

0 * 00 , 

1*0 

6*83 

6*54, 

0*71, 

0*06 

21*945 

21*95 

0 * 00 , 

M 

6*16, 

6*76, 

0*60 

0*06 

22*07 

22*09 

0*02 

1*2 

6*21 

6*65, 

0*44, 

0*07 

21*24 

21*28 

0*04 

1*4 

6*63, 

6*76, 

+ 0*13 

0*08 

19*93 

20 * 00 , 

0*07, 

1*6 

4*62 

4*61 

-OH 

009 

18*62 

18*64, 

0 * 12 , 

1*8 

3*66, 

3*30 

-0*26, 

0*10 

17*265 

17*44 

0*17, 

2*0 

2*63 

2*31 

-0*32 

0*12 

16*66 

16*96 

0*31 

2*2 

1*89 

1*56, 

-0*32, 

0*14 

16*885 

16*82, 

0*44 

2*4 

1-33, 

1*03, 

-0*30 

0*16 

16*19 

16*74, 

0*65, 

2*6 

0*927 

0*674 

-0*263 

0*18 

17*675 

18*22 

0*64, 

2*8 

0*637 

0*432 

-0*206 

0*20 

19*145 

19*83 

0 * 68 , 

3*0 

0*436 

0*274 

-0*161 

0*22 

20*64 

21*23 

0*69 

32 

0*292 

0*172 

- 0*122 

0*24 

21*60, 

22*26 

0*64, 

3*4 

0*196 

0*107 

-0*089 

0*26 

22*22 

22*79, 

0*67, 

3*6 

0130 

0*066 

-0*064 

0*28 

22*39, 

22*87 

0*47, 

3*8 

0*088 

0*040 

-0*048 

0*30 

22*16 

22*50 

0*36 

4*0 

0*067 

0*026 

-0*032 

0*36 

20*08, 

20 * 12 , 

+ 0*04 

4*5 

0*020 

0*007 

-0018 

0*40 

16*85, 

16*67 

-0*18, 

6*0 

0*007 

0*002 

-0*006 

0*46 

13*42, 

13*12, 

-0*30 

5*6 

0*002 

— 

- 0*002 
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Table IV. Netjtbal Ar. Chabgb distbibution 


Total radiation charge density in atomic units, V{r) = Z'.i 2(2{+l) F\^nl\r) calcu¬ 
lated by self-consistent field (a) without exchange, (b) with exchange and the 


difference SU{r). 



V(r) 

U(r) 

W(r) 

r 

(a) 

(b) 

(h)-(a) 

0 

0 

0 

0 

0*006 

I'OO, 

1-005 

0-00 

0010 

3*36 

3*36 

0-00 

0*016 

6*32fi 

6-33 

0005 

0*020 

9*405 

9*415 

0-01 

0*03 

14*805 

14-82 

0015 

0*04 

18-495 

18*605 

0*01 

0*06 

20*398 

20-405 

0*01 

0*06 

20*84b 

20*86 

0015 

0*07 

20*33 

20-36 

0*03 

0*08 

19*26 

19*32 

0-06 

0*09 

17*97 

18*07 

0*10 

0-10 

16*70 

16-845 

0145 

0-12 

14*82 

15*07 

0*26 

0-14 

14-09 

14-405 

0-375 

0*16 

14*39 

14-88 

0-49 

0-18 

16-375 

16 965 

0-68 

0*20 

10-67 

17-30 

0-63 

0-22 

17*99 

18*66 

0*67 

0*24 

19-16 

I 9 - 8 I 5 

0*665 

0*26 

20*01 

20*645 

0-635 

0-28 

20*605 

21-08 

0-675 

0-30 

20*645 

21-135 

0-49 

0-36 

19*63 

19-86 

0-22 

0*40 

17-275 

17*24 

-0035 

0*46 

14-385 

14*16 

0-225 

0*50 

11*51 

11-21 

-0-30 

0*66 

9*005 

8*74, 

-0*26 



mf) 

V(r) 

m{T) 

r 

{a) 

(h) 

(6)-(a) 

0-60 

7-04 

6*88 

-0-16 

0*7 

4*67 

4*815 

H-0-145 

0*8 

3*905 

4-345 

0-44 

0*9 

4*015 

4*645 

0-63 

1*0 

446 

6*145 

0*695 

1*1 

4-865 

6*64 

0*675 

1*2 

5-13 

6-745 

0-615 

1*4 

6*13 

6-62 

0-39 

1-6 

4-62 

4*78 

0-16 

1*8 

3-89 

3*865 

- 0*025 

2*0 

3*14 

2-99 

-0*16 

2*2 

2-48 

2*245 

-0-23j 

2-4 

1-929 

1*663 

-0*276 

2*6 

1-483 

1*199 

-0*284 

2*8 

1*133 

0*862 

-0*271 

3*0 

0-861 

0*613 

-0-248 

3-2 

0-661 

0*434 

-0*217 

3*4 

0-492 

0-306 

-0*186 

3-6 

0-371 

0-216 

- 0-156 

3*8 

0-278 

0-160 

-0-128 

4*0 

0*209 

0*104 

-0*106 

4-6 

0-101 

0*041 

-0*060 

5*0 

0-049 

0*016 

-0*083 

6*6 

0*023 

0*006 

-0-017 

6*0 

0-011 

0*002 

-0*009 

6-5 

0-006 

0*001 

-0*004 

7*0 

0-002 

— 

- 0*002 

7*6 

0-001 

— 

- 0*001 


5. DiaMAQKBTIC 8 U 8 CEPT 1 B 1 UTIB 8 

As mentioned in the previous paper on Ca (D, R. and W. Hartree 1938), 
one of the reasons for undertaking the solution of Fook’s equation for K-*- 
and Ar was to have results for the calculation of diamagnetic susceptibilities, 
in the hope that a comparison of the difference between the calculated and 
observed susceptibilities for Ar, and for the difference K+-Na+, might 
throw some light on the origin of these differences for ions. Some discussion 
of theee differences has already been given by Hoare and Brindley (1937). 



462 


D. R. Hartree and W. Hartree 


The calculated susoeptibilities for Ax and K^, and contributions to them 
for the different groups, are shown in Table V, and the totals are compared 
with the observed values. For argon, the “observed** values of —10* 
recorded by different investigators range from 18*1 to 25 * 3 ; the value here 
quoted in Table V is that of Mann (1936).* Earlier values have been 
discussed fully by Stoner (1934, p. 262 ); of them, Havens* (1933) value 19*2 
is regarded by Stoner as the most reliable, though perhaps 2 or 3 % as 
the measurements were made relative to oxygen, for which a possibly low 
susceptibility was taken when converting the measurements to absolute- 
values of susceptibility; with such a correction, Havens’ value agrees 
closely with Mann’s. For K*^ the observed values is that given by Brindley 
and Hoare (1935). 


Table V. Ar and K+. Diamagnetic susoeptibilities 



Ar 


K+ 

Group 

7^ 

2 ( 2 /+l)r* 

f* 

2 ( 2 /+l)r^ 

With exchange: ( 1 ^)* 

0010 

0*02 

0*009 

0-02 

( 2 «)« 

0‘201 

0*40 

0*117 

0*285 

(2p)’ 

0174 

1*045 

0-151 

0-90, 

(3«)* 

2‘848 

4*695 

1*881 

3*765 

(3p)« 

3*312 

19-87 

2*414 

14*485 

S.o.f. with exchange 

Total 

26-03 


19*41 

- 

1 rmj{r)dr 
'0 

5-15 


2-66 

S.o.f. without exchange 

Total 

3M8 


22-06 

Calo. with exchange 

- X 10 * 

20-6 


15-3 

Calo. without exchange 


24*6 


17-4 

Observed 


19*5 


14-6 


It will be seen that for argon the use of wave functions calculated with 
exchange leads to a marked improvement in the agreement between the 
calculated and observed susceptibilities; the calculated value still appears 
somewhat too high, but the difference is perhaps not much greater than the 
possible error of the observed value quoted. 

“Observed” values of susceptibilities for single ions are affected by the 
uncertainty arising from the step of dividing the susceptibility of a salt 
(either crystalline or in solution) into contributions from its positive and 
negative ions; a constant added to the susceptibilities of all positive ions 
and subtracted from those of all negati ve ions would have no effect on those 


♦ We are indebted to Professor Hass^ and to Dr Stoner for this referenoe* 
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of salts. On the other hand, the difference between the susceptibilities of 
two positive ions is unaffected by this uncertainty, and it is more profitable 
therefore to compare the calculated and observed values of such a difference 
than the values of the susceptibilities themselves. The present results for 
K^, the value for Na+ (D. R. and W. Hartree 19366, p. 61 ) calculated from 
Fock and Petrashen’s wave functions make such a comparison possible; 
the figures are 


(Xk+ Ifi® = 16*3 — 4*9 — 10*4 calculated 

= 14 * 6 — 6*1 = 8*6 observed 

(the observed values from the individual ions are taken from Brindley and 
Hoare (1935, Table VI)). 

It will be seen that the calculated difference is appreciably greater than 
the observed, though the disagreement is much smaller than when the 
susceptibility is evaluated from wave functions calculated without ex¬ 
change. Now for argon the calculated susceptibility is only very little 
different from the observed value, and it would be expected that the error 
in the approximation from which Fock’s equations are derived would be 
relatively smaller for a positive ion than for the corresponding neutral atom; 
sothedifferencebetweentheoalculatedandtruevaluesof — ^ 1^* 

for free ions would not be expected to be greater than 1 at most, whereas 
the difference between - A!Na+) ^ calculated for free ions and 

observed for crystals is nearly 2. Now it is known, both from diamagnetic 
susceptibilities aiid from packing considerations, that the outer part of the 
charge distribution of the Cl“ ion must be appreciably distorted in a crystal 
as compared to the distribution in a free ion. The present comparison of 
values of — (A'k^ "XNa ' ) distortion is also appreciable 

for the smaller and more tightly bound distribution of a positive ion. The 
assumption of appreciable distortion of the ions on packing into a crystal 
lattice does not, however, seem to explain the rather surprising result that 
for Na+ the calculated - x smaller than the observed value. 


6. Summary 

The differences between the atomic wave functions calculated by the 
method of the self-consistent field with and without exchange can in certain 
coses be plotted in such a way that the results for different atoms fall on 
approximately the same curve, which then can be used for interpolating 
between different atoms. 
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Wave functions so estimated, using the results already calculated for 
Cl" and have been used as the basis of calculations of the self-con¬ 
sistent field for and Ar. For all the {nl) wave functions have been 
calculated; the results showed that for Ar all but the outer [( 3 s) and ( 3 j ))3 
wave functions could be interpolated to adequate accuracy by the method 
mentioned. 

Results are given, and values of the diamagnetic susceptibilities calcu¬ 
lated and compared with observed values. 
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The problem of n bodies in general relativity theory 
By Sib Abthuh Edpinqtok, F.R.S., and (t. L. Clark 
{Received 22 March 1038 ) 

1, In a recent investigation of the problem of two bodies in general 
relativity theory, Prof. Levi-Civita (19376) has reached the conclusion that 
the centre of gravity has a secular acceleration in the direction of the major 
axis of the orbit towards the periastron of the larger mass. He gives an 
example of a binary star in which this acceleration may become detectable 
in much less than a century, perhaps even in a few years. 

Since the periastron slowly revolves, Levi-Civita’s result implies that 
the binary star as a whole spontaneously describes a circle of very large 
radius. There seems to be no obvious ground for regarding this as impossible; 
it is conceivable that an unsymmetrical system may radiate momentum 
by gravitational waves and so experience a recoil. But the behaviour is so 
peculiar as to inspire doubt; and we determined to re-examine the problem 
with a view either to detecting an error or to obtaining further light on the 
nature of the phenomenon. 

The conclusion of our investigation is that there is no secailar acceleration 
of the centre of gravity (§ 8). 

Levi-Civita’a algebraic calculations are not given in sufficient detail for 
us to locate the source of the divergence. It may be pointed out, however, 
that the null result is due to the mutual cancelling of a mimber of terms, so 
that a numerical slij) in the coefficient of one of the terms may be responsible. 
Our first calculation gave a positive result, with a coefficient differing from 
Levi-Civita’s but of the same order of magnitude. This was based on 
de Sitter's general formula for the line-element due to n bodies. We dis¬ 
covered, however, that de Sitter had made an error of theory in the calcula¬ 
tion of one of his terms (§2); and when this was corrected, the secular 
acceleration became zero. Do Sitter’s investigation is cpioted by Levi- 
Civita in his paper; but we have learnt by correspondencje with him that 
he did not take over the formula containing the error. 

For a system of two bodies our result confirms the usual assumption that 
the system as a whole has no spontaneous acceleration. We have not been 
able to generalize the proof to apply to n bodies. The obstacle is that, 
whereas in the two-body problem we use the approximate Newtonian 
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solution for evaluating small terms, in the nobody problem the corre¬ 
sponding Newtonian solution does not exist. 

Since de Sitter's formula for the line-element has frequently been referred 
to in the past twenty years, its amendment is of importance apart from the 
particular application to Levi-Civita's problem. In particular the calcula¬ 
tion of the equivalent mass of a system of particles now comes into line 
with the theory of the* equivalent mass of a system of continuous matter 
developed by Tolman, Whittaker and others (§ 4 ). Previously we had been 
puzzled by a failure to reconcile them. 


2. The first discussion of the field of n bodies was given by Droste (1916), 
Subsequently de Sitter (1916), making a minor alteration, used the result 
to investigate problems in gravitational astronomy. The error, mentioned 
in § 1, occurs on pp. 156-7 of de Sitter's paper. He has obtained (equation 
( 65 )) 

Kpf ( 2 * 1 ) 

and writes the solution as 


r = 


K CpdV 
47rJ r 


( 2 * 2 ) 


The equations (2*1) and (2*2) are most familiar to us as determining a 
potential in Euclidean space; but the solution is, of course, purely analytical, 
and does not depend on a geometrical representation of the variables 
^3 contained in V^. It must, however, bo remembered that when, as 
here, the space is non-Euclidean, r in (2*2) is a fictitious distance calculated 
as though X2, were Euclidean rectangular co-ordinates, and dV is 
similarly the fictitious volume dx^dx^dx^ of the element. De Sitter seems to 
have overlooked the latter point, and to have taken dF to be the natural 
volume; thus he assumes that “in a system of co-ordinates in which a body 

would be at rest would be the mass” (de Sitter’s p is the invariant 

density T). The natural volume is >J{giigi29zB) *d>Xj^dx^dx^, so that the 
correct formula for the mass is 

i9n9229Bi)^ i ( 2 * 3 ) 


subject to the usual correction (duly inserted by de Sitter) for change of 
mass with velocity. 

3 . It is well known that even the problem of two bodies has not been 
solved exactly in general relativity theory. The order of approximation 
aimed at by de Sitter and by Levi-Civita is to determine the accelerations 
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correctly to the squares of the poteutials or equivalently to the fourth powers 
of the velocities. Treating the Newtonian potential as of the first order, the 
order of the terms required to be retained in the is found to be as follows: 

^44, order 2; g^^, order |; the others, order 1. 

The usual method of first approximation (Eddington 1924, § 57 ) gives 
(/i= 1 , 2 , 3 ) 

" A + To* ^44 = 1 + ro. 

QfiX = 

where (3-2) 

The units are such that the constant of gravitation and the velocity of light 
are unity; (r^)^ is the velocity of the ith body, and is its distance (calculated 
as for Euclidean co-ordinates) from the point considered. 

This approximation is of the required accuracy except for f/44. To obtain 
the higher approximation 1/44 = 1 -f y, we use the exact equation furnished by 


( 3 d) 




and simi)lify it by inserting the first approximation for the g^,^, other than 
1/44, and also for g^^ when operated on by d/dt. {dy^Jdt consists of terms of the 

form . ^ and the second factor is of order | .) The equation for 

y is found to be (de Sitter 1916, equation ( 09 )) 


“ H 


Hnipo + 2po V*) + 



( 3 - 3 ) 


where denotes summation for Xi, Xg, ; Po invariant density (T), 
and V the velocity of matter at the point considered. The solution (obtained 
by de Sitter) is 





4 m 

U 


m.{ 


i 2^ _ 




W 


)• 


( 3 - 4 ) 


where is the distanoe between the ith and^'th bodies (the value 
being omitted in the ^-summation), and 


2i 



taken over the ith body. De Sitter, taking dV to be the natural volume, 
gives 


?< =■ m<(l-rj)‘. 


30-3 




468 A* Eddington and G. L, Clark 


But taking account of the factor in ( 2 * 3 ), the correct result is 

to the required approximation. The value of (7o)o 1 *®* Vo ovaluated at the 
ith body, is 

(yo)< = —22’^ (j + i). 


Hence by ( 3 * 4 ) and ( 3 * 5 ) 

7 = 7o + i7o + ^i( 


Sm^vl 


'Irui ^ mj 


-m-i 


d\\ 

0<V’ 


( 3 - 6 ) 


This differs from de Sitter’s value (p. 150 , equation ( 70 )) by having the 
coefficient + 2 instead of — 4 in the middle term in the bracket. 


4 . If we adopt a co-ordinate system in which the centre of mass of the 
system of n particles is at rest at the instant considered, so that L\ = 0, 

the found in § 3 give for the line-element at great distances 

ds^ = (- 1 +y^,) (d;rfda 7 ^) + (1 -f 7)da:J. ( 4 - 1 ) 

We define the mass of a system (at the instant considered) to be the mass 
M of an equivalent particle which gives the same line-element at great 
distances.* The line-element of the particle in isotropic co-ordinates is 
(Eddington 1924, § 43 ) 

= - (1 + if /2r)« {dx\ + + dzl) +1J ^ ‘^*4- 

Writing ” 2i//r, and expanding in powers of y^^, this gives 

ds* = ( - l + 7 j,/+...)(da;f + da:|+dx|) + (l+y^v/ + i 7 jf + -")«^4- ('*• 2 ) 

Comparing ( 4 - 1 ) and ( 4 ' 2 ) we see that y must approach yM + iVM at great 
distances. 

We have retained the second order term in because it is the 
counterpart of the term |yg in the expression (3*6) for y, and shows that the 
equivalence of the fields of the system and of the particle extends to the 
second order. But for the determination of if, the first order terms suffice; 
y§ is then negligible, and y must approach - 2ilf /r when the become large 
and equal to r. We then obtain by (3*6) 

M » 2; + 1 r, m, vf - 27 , r, ^ + Jr 7n< . ( 4 - 3 ) 


♦ The definition will be made mor<^ precise later. Meanwhile we contemplate a 
distance large from the point of view of our approximations, but not so large os to 
introduce an important time-lag of the potentials. 
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In the last term, 3 \/ 3 <* vanishes if the centre of mass of the system 
has zero acceleration; but we must not assume that this condition is fulfilled. 
Even if there is no secular acceleration, the centre of mass has usually an 
instantaneous acceleration. It is understood that the centre of mass is 
defined in the elementary way, using the rest-masses of the particles; a more 
complicated definition would be required if we wished to define a point which 
remains fixed during the motion, bearing in mind the relativistic variations 
of the masses of the particles. 

Accordingly the term rEm^ dh-Jdfi does not in general vanish. It can be 
interpreted as the correction for retardation of the potentials contained 
in 70* Denoting retarded values by square brackets, the expansion of a 
retarded potential in terms of present values is (Eddington 1924, p. 253 , 
equation ( 4 )) 


m 


m 

r 


+ i»S5-- 


(4-4) 


Thus in ( 3 - 6 ), — Em^dh'Jdfi could be written as [yj. 

We can therefore remove the last term of ( 4 * 3 ) by exercising a little more 
care in defining the equivalent mass of a system. First, we recognize that 
the comparison of fields at great distances determines the mass of the system 
at an appropriately antedated instant. Secondly, it is to be understood that 
the equivalent particle has the same acceleration, as well as the same 
velocity, os the centre of mass of the system. Then ( 4 * 2 ) must be corrected 
for the retardation of potential of the accelerated particle, or equivalently 
the retardation terms must be removed from ( 4 - 1 ). The mass is then 


if = + {4-6) 

and the formal diflSouIty, caused by the divergence of ( 4 - 3 ) as r->QO, is 
avoided. 

Let T, F be the kipetic and potential energies of the system. We have 

Hence ( 4 ' 6 ) becomes M = 2'm, + 3 J' + 2F. ( 4 - 6 ) 

It has been shown that in a system of gravitating particles (Eddington 1916, 
equation ( 4 )) 

I d^C 


2 T+F 


( 4 - 7 ) 
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where C is the moment of inertia of the system about its centre of mass. The 
whole energy of the borlies, including rest-energy, is 

E + (4-8) 


Hence by (4-6), (4-7) and (4-8) 


M + 


\dy 


(4-9) 


Thus, in general the mass of a system is not equal to the energy of the bodies 
composing it unless its moment of inertia is steady. 

The relation M ^ E appears in the work of Tolman, Whittaker and others 
on systems composed of continuous matter; but the supplementary term 
^d^Cjdi^ in non-static systems appears to be new. 


5. The of the field having been determined, the track of a body in the 
field is given by the geodesic 


da^ 


+ {«/?,//} 


ds ds 


(5-1) 


Before applying this to one of the bodies of the system we must remove the 
self-contribution of that body to the field. As Levi-Civita has pointed out, 
very delicate questions arise as to this “effacing principle”. 

In the first place, the field is non-linear and is therefore not a simple sum 
of contributions from the different bodies, so that the rule that the con¬ 
tribution of one body is to be removed is ambiguous. The adopted procedure 
is determined by the following considerations. When, after performing the 
differentiations in (5-1), we identify the current co-ordinates with the 
co-ordinates of one of the bodies of the system, vanishes and a number 

of terms l>ecomes infinite. It is clearly these terms which must be effaced. 
Therefore in {3-6) we omit the body itself in the i summation; but it is to be 
retained in the j summation in the double summation term. 

The justification for this different treatment of the i axidj summations is 
that the i-infinities are spurious, being consequences of treating a finite 
body as a particle. They should in any case be replaced by volume integrals. 
In the j summation, on the other hand, the treatment of the body as a particle 
remains valid. The effacement is therefore primarily a correction of an 
invalid approximation; but the assumption that the terms actually vanish 
requires justification. 

This argument removes any possible ambiguity as to how the effacement 
is to be carried out. On the broader question as to how far the effacement 
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principle can be logically or physically justified, we cannot enter here. It is 
connected with the problem of internal equilibrium of material bodies; and 
it is doubtful whether a final answer can be reached without a study of the 
combination of quantum and relativity theory. A large part W Levi- 
Civita's investigation ( 1937 a) is concerned with it; but we do not think that 
the difference of our results for the secular acceleration of the centre of mass 
of a double star arises at this point, for he concludes that, when there are 
two bodies only, it is certainly justified. 

(5. The equation resulting from (5*1) is* 


_ 5;?] (^2 + 2i>f -1ef + iurii) 

(7 1 - V f) {{x ~ X i) v„i - (*. - x^^) r ■} 14 ) 

“"Tr ^--—-j 






■‘i ^3 


rj ’ 


( 6 - 1 ) 


where ffi/j = I' - xj d^xjdfi, e.- = I’ (x,, - x,) 


(6-2) 


The summations £' are over the values a = J, 2 ,3 of the co-ordinate suffix; 
the summations 2 ' are over the n — 1 bodies of the system excluding the body 
whose track is being determined. The mass, co-ordinates and velocity of the 
latter body are denoted by m, x^„ ; its contribution hp .8 been separated from 

the summations and is shown explicitly in the last term. Quantities referring 
to the other particles carry suffixes i or j. 

The above equation corresponds to (82) in do Sitter’s paper. The last two 
terras are different on account of the emendation made in § 2 . Independently 
of this correction, there is an error (apparently a misprint) in the coefficient 
of the last term in de Sitter’s result. 


7 . We now consider a system of two bodies of masses wi,, tn^. The co¬ 
ordinate system is chosen so that the relative motion, on the Newtonian 

• In the double summationfi the value j = i is not excluded, except in the term 
where the exclusion is indicated. A simple rule (applicable throughout this paper) 
is to adopt the convention ^ 4 , » 00, and retain y = t in all double summtftions. 
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level of approximation is in the plane (aSj.x,). From (6*1) we obtain for the 
motion of the body of mass mg 

+ ^^\2r -W -r“*-+--"rS 1 

+--, (7 i; 


where r is the distance between the two bodies. 

On the right-hand side of (7*1) we may substitute the approximate 
Newtonian values 


_ m, 


ei 


m 2 dr 
mdf* 


Warfr Wo 

^■dJ’ = 







= ma(l—e^). 


where m « mi + mg, £ is the energy of the relative motion, and and 
also refer to the relative motion, i.e. 


Equation (7*1) then reduces to 


d%, 

di^ 


-4- 


r® 


r®l\ ^ m ^ ^ m Jr \ 2m* m*} 2 m* r*f 

, 4toJwij (a!^v,-x.v^)«. /4mJ 3m?m, 9miml\vjr 
+ .^2: + + (7*2) 
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Similarly we obtain for the acceleration of the other particle 


dt^ ~ r* 


n 




= „ 2m|\l -p/wifm, Smfm,** 


m\m^ w|\ 3wfmjA*i 


m 


4m 

m 


3m^ml 3wfw, \ 

n r® \ m* m* / r^di' 


2m* m*/ 2 m* r*) 

(7*3) 


8. The co-ordinates x,, of the centre of mass are 


m m 

Substituting from ( 7 * 2 ) and ( 7 * 3 ), we obtain 


so that 


(S-l) 






m» 


r./ 2m „ 3A*\ v^dr] 


It is possible at this stage to compare our result liath Levi-Civita’s 
(19376). Translating his equation ( 15 ) into our notation, it agrees with (8-2) 
except that he has - Swi/r instead of — 2w/r in the inner bracket. The 
secular acceleration found by him is attributable to this difference. 

We now take the axis in the direction of periastron of the relative 
orbit. Then 

1 1+60080 „ . a 

_ = —_—_ *, *rcos0, x. ssrsmo. 

r o(l-e*) * * 


Introducing the true anomaly 6 in (8*2) by the relation 

T^ddjdt = 6. =* .^{wM»( 1 — 6*)}, 


we hare 


d dx„ 
Wdf 


mim,(mi — m,) 

m*A 



Hence 


d {dXi\ WiWg(Wi —fflg) 

d0\ dt j m*h ~ 

_ J 2»i(l + eoo80) e. . 3m(l+coo80)*\ mesin*^) 
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We have to pick out the secular terms on the right-hand side of (8*3). 
Tliey are 


which is zero. Thus ^ purely periodic function of 0, so that the 

velocity dx^ldt is a constant plus a purely periodic function. There is there¬ 
fore no secular acceleration. 


9. The existence of a j>eriodic variation of the velocity of the cjentre of 
mass of a binary system ilhistrates our remark in §4 on the non-vanishing 
of It only means that the elementary geometrical definition of 

the centre of mass is too crude to furnish a dynamically fixed point undis¬ 
turbed by the relative motion. 

Sincic the present calculation, like those of de Sitter and Levi-Civita, is 
carried only to the second order, it does not exclude a secular acceleration 
of the third order. Since a secular acceleration implies radiation of momen¬ 
tum by gravitational waves, it is interesting to notice that in a comparable 
calculation of the radiation of energy by gravitational waves the efiFeot 
found was of the third order. The radiation of gravitational energy from a 
double star system has not yet been calculated to the third order; but for 
a spinning rod a third order radiation (i.e. involving v^) was found by 
Einstein (Eddington 1924 , p. 248). The investigation clearly establishes 
that no second order radiation of energy occurs; but there is some doubt 
whether the positive result for the third order radiation can be relied on, 
owing to uncertainty in the treatment of cohesive forces (Eddington 1924 , 
p. 25J). 

It is desirable to show that the secular acc^eleration here computed agrees 
with that which an observer would measure. The co-ordinates have been 
chosen so that at great distances from the system they approximate to 
Galilean co-ordinat^es. We can therefore surround the system with a sphere 
beyond which the deviation is negligible. The observer is outside the sphere 
and employs the Galilean co-ordinates. The acceleration will be determined 
from the observed change of spectral shift, which includes Doppler shift, 
Einstein shift, and change of length of the light-track due to the fluctuating 
metric. The change of Doppler shift, which corresponds to the accelerations 
here computed, is therefore not directly observable; nor can we, without 
arbitrariness, apply theoretical corrections to eliminate the other sources 
of shift, since these de|>end on the particular co-ordinate system adopted 
within the sphere. The periodic acceleration given by ( 8 - 4 ) has therefore 
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no absolute or observable significance; but it would be possible, with some 
labour, to compute an observable quantity, namely the periodic variation 
of the total spectral shift as seen by a distant observer in a specified direction. 
The coinputation is, however, of no great interest since the effect is far 
below the limits of practical detection. 

No such difficulty arises in observing the secular acceleration. Since the 
relative motion is found to be stable (§ 10 ), the Einstein shift and light-track 
correction fluctuate between narrow limits, and any secular change of the 
observed spectral shift must be shown in our equations as a secular change 
of velocity, 

10 . The relative orbit can also be determined from (7-2) and (7-3). The 
relative acceleration 

dfi dt^ dt^ 

is obtained by subtracting (7-3) from (7-2). It is unnecessary to give the 
details of a rather long calculation, since we confirm Levi-Givita’s calculation 
of the potential function { 19376 , p. 229, equation (I)) and agree with the 
results he derives. 
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Measurements with a half-pitot tube 

By G. I. Taylor, F.R.S. 

{Received 31 March 1938) 

The use of a half^pitot tul)e for measuring the surface friction of a fluid 
flowing past a smooth surface was introduced by the late Sir Thomas Stanton 
( 1920 ). The sketch, fig, 1 , shows how the method works. In fig. 1 , A is the 
half-pitot. This is a pitot tube set facing the fluid, one wall of which could, 
in Stanton’s apparatus, be raised or lowered. The other wall is the smooth 
surface over which friction measurements are to be made. The difference 
in pressure between the fluid in the half-pitot tube and fluid in a tube con¬ 
nected to a hole (C, fig. 1 ) in the surface is measured by means of a mano¬ 
meter M. To calibrate the instrument it was set up in a pipe through which 
fluid was flowing at a speed below the critical velocity. Under these con¬ 
ditions the distribution of velocity is parabolic across the section of the 
tube, and the tangential stress at the fluid surface is known. 



Fio. 1 


Stanton expressed his results in terms of an “effective distance” d*. 
This is the distance from the wall at which the velocity, v, is such that the 
pressure in the half-pitot, p, is equal to When d, the opening of the 
pitot, was large it was found that d'/d was approximately On the other 
hand, it was found that when d is very small d'jd increases. Stanton's 
measurements of corresponding values of d' and d seem to indicate that d' 
tends to a finite limit as d tends to zero, so that d'/d would, in that cose, 
tend to become infinite when d is very small. This conclusion cannot, 

[ 476 ] 
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however, be regarded as an experimentally established fact because the 
highest value of d'jd obtained in Stanton^s experiments was only 2*2. 

The idea that the pressure, jp, in a half-pitot is likely to. tend to a limiting 
finite value as d tends to zero was put forward on theoretical grounds by 
the present writer during a discussion of Stanton’s paper. If a represents 
the rate of shear of the fluid at the solid surfacje through which the half¬ 
pitot projects, the tangential stress/ = fia, //, being the viscosity. On general 
dynamical grounds it was thought that if the Reynolds number d^ccjp is 
very small the flow in the neighbourhood of the half-pitot must be deter¬ 
mined entirely by the balance of the viscous forces, the inertia forces being 
negligible. In this case the pressure in the half-pitot dejicnds only on // and 
a, and is independent of d. The limiting pressure, in a very small half¬ 
pitot tube must in fact be proportional to the tangential stress //a. 

Let = kf k/ia, (1) 

The constant k might be determined theoretically. In the work described 
below k was measured experimentally and found to be approximately equal 
to 1*2. It is hoped that the problem of determining k theoretically will 
attract the attention of some mathematician. 

Apparatus 

In order that a low value of d^ajp might be attained the working fluid was 
glycerine. The viscosity of the glycerine used was measured and found to 
be/i = 8*2 c.g.s. at 18" C. Its density was 1*20 so that v == 6*83. The annular 
space between two concentric cylinders 2 and 3 in. diameter was filled with 
glycerine. The inner cylinder was rotated at constant speed by a motor. 
The half-pitot consisted of a very thin rectangular brass plate set at a 
distance of 1 mm. from the surface of the outer cylinder by two sides and 
a back wall to which it was soldered. The fourth side of the box formed in 
this way was open and faced the stream of glycerine. The brass plate forming 
the top of the half-pitot was 6 mm. deep in the direction of fluid flow^ x 10 mm. 
in the transverse direction. It was slightly curved so as to form part of a 
cylinder concentric with the outer cylinder. Tubes were lead from the 
hall-pitot and from a small round hole cut in the outer cylinder to two sides 
of a mercury manometer. The level of the mercury was observed by means of 
a reading microscope. The general arrangement is shown in fig. 2. 

The manometer gives the difference in pressure between the fluid in the 
half-pitot and that in a hole in the solid surface through which the half¬ 
pitot projects. If the pressure in this hole is assumed to be the same as the 
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static pressure in the fluid, the manometer gives p, the pressure in the 
half-pitot. 

In making observations the rotational speed of the inner cylinder was 
maintained constant long enough for the reading of the manometer to 
become steady. The number n of revolutions per second and the reading x 
of the microscope were observed. 



Results 

The results are given in Table I and are shown in fig. 3, where x and n are 
plotted in a diagram. It will be seen that in the range covered x is pro¬ 
portional to n. The .dotted line shown in fig. 3 represents the relation 

xln « 0-72. (2) 

CahulaMon of k 

Calibration of the manometer and reading microscope gave p ==* 140a: 
dynes so that the experimental result (2) is 

pjn = 140 X 0*72 101 c.g.s. (3) 
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If r^, fj are the radii of the inner and outer cylinders the velocity of the 
fluid at radius r is 

2nnr\/ 


rnrf/ 

^\V-~rh 


The tangential stress, /, at the outer cylinder is 

/ = /*a = = 47r/t»rf(rJ-rJ)-i. 


Table I 


n rev./sec. 

X divisions 


d'ld 

2-85 

1-6 

0'035 

8-3 

3-25 

2 4 

0*048 

7*1 

3-5 

2-4 

0*061 

6-9 

3-7 

2-7 

0-066 

6*7 

415 

30 

0-061 

6*3 

516 

3-7 

0-076 

6*7 

6-30 

4-6 

0-093 

6*1 



Fio. 8 


In the present case r, » 1*0 in., r, = 1-5 in., so that rf(r| —rf)~* = 4/5 and 

/ - = lO OCn/t. (4) 

Hence from (3) (4) * - p// = = 1^. (6) 

The measured value of /t at 18° C. was 8-2, so that the final result of these 
measurements is 


plfak^ 1 ' 2 . 


( 6 ) 
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“ Effective ” opening of h(df-pitat 

The effective opening of the half-pitot tube is the distance d' at which 
= p =z k/i, and since v = ad' 

.-f±, <„ 

f-ys- 

Since oul ib the velocity of the undisturbed fluid at the level of the outside of 
the half-pitot (xd^jv is the Reynolds number appropriate to the half-pitot. 
The values of and d' jd corresponding with the present measurements 
are given in cols. 3 and 4 of Table I. 


Comparison mill Stanton's measurements 

Stanton measured the pressure in a half-pitot projecting from the wall of 
a pipe 0-2b9 cm. diameter through which air was flowing. These measure¬ 
ments were made with a series of values of the pitot opening d and at three 
mean air speeds, 955, 570 and 370 cm./sec. A selectig^i of Stanton's measure¬ 
ments* of d and d' are given in Table II. 


Tablk II. Stanton’s measuekments in 0*269 cm. pipe. 
Mean speed 955 cm./sec., a = 2-84 x 10 ^ 


d (mm.) 

0'()254 

0*0508 

0*0762 

01016 

01624 

0-2032 

0-3566 

d' (mm.) 

00500 

0-0737 

0*0813 

0-0940 

01143 

0-1372 

0*2006 

d^/d 

2-20 

1-45 

1*06 

0-925 

0-760 

0-59 

0-664 


1-31 

5*2 

10*8 

20-9 

47-0 

83-5 

266-0 


To compare Stanton’s results among themselves and also with the present 
results it is necessary to reduce them to a non-dimensional form taking 
account of dynamical similarity. For this reason the corresponding values 
of d^a/v and d'/d have been calculated. One set of these is given in Table II. 
This set and also the other two sets of measurements are shown on a 
logarithmic scale in fig, 4. Since the flow was laminar a, the shear at the 
surface of the tube, was given by the expression 

a - g/ velocity \ 

\diameter of tube/ ’ 

It will be seen in fig. 4 that Stanton’s observations are fairly consistent 
among themselves when plotted on a non-dimensional basis. They are also 


. ♦ Taken from Table VI, Stanton ( 1920 ). 
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consistent with the present observations in the sense that the curve through 
Stanton's points can be drawn tangential to the straight line through the 
points representing the present results. 



Some observations by Fage and FaJkner ( 1930 ) are also plotted on the 
same diagram. These observations were made with a flat channel instead of 
a round pipe. In this case the formula for finding a is 

^ _ J mean velocity \ 
xdistance between walis/ 


Rkfkkknoes 

Fage and Falkner 1930 Hep, Memor. Aero, Res, Qoinm.y Lond.^ No, 1316* 
8 tantx 5 n lyao Proc, Roy, 80 c, A. 97, 413. 
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The energy loss of penetrating cosmic-ray 
particles in copper 

By J. G. Wilson 

(Communicated by P. M, S. Blackett, F.R.S.—Received 10 February 1938) 

[Plate 16] 

1, Inthoditction 

Absorption measurements for cosmic-ray particles by the cloud chamber 
method have been made in heavy metals by Anderson and Neddermeyer 
( 1936 ), Crussard and Leprinoe Ringuet ( 1937 ), Blackett and Wilson ( 1937 ) 
and by Neddermeyer and Anderson ( 1937 ). Anderson and Neddermeyer 
have confined their attention to particles of low energy and give ( 1937 ) 
reasons for supposing that particles of differing absorption proj) 6 rties exist 
in this region (E < 4= x 10 ** e-volts). This result is only partially confirmed 
by more recent work (Blackett 1938 ) which shows that for E <2 x 10 ® e-volts 
the mean energy loss of all particles and the distribution of losses among 
the particles are in accord with the predicted behaviour of electrons, and 
that there is no appreciable numl>er of particles at this energy with non¬ 
electronic absorption properties. It is only for energies above 2 x 10 ® e-volts 
that two different kinds of particle are found. In this region the very few 
absorbable particles are probably normal electrons, while the penetrating 
particles differ in some way from normal electrons but apparently 
l>ecome indistinguishable from them when the energy falls below about 
2 X 10® e-volts. 

Measurements of the absorption of the particles in the region where 
penetrating particles predominate have been made by Blackett and Wilson 
over an extended range, while Crussard and Leprinoe Ringuet have 
measured the energy loss of particles of a mean energy about 8 x 10 ® e-volts 
and report a mean loss which is in accord with the measurements of Blackett 
and Wilson. Upon the nature of these penetrating particles there is not at 
present complet/e agreement. It is now generally believed that the particles 
are more massive than electrons and that they radiate acicording to the 
classical (Bethe-Heitler) formula appropriate to their mass. 

The present measurements of the energy loss in copper cover almost the 
same energy range as those already reported for lead. Since the energy loss 
is much smaUer than in lead, accuracy of measurement and freedom from 

[482] 
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systematio error in the results are of great importance. Accordingly, de* 
tailed consideration is given to the treatment of a set of data consisting of 
the photographs of tracks in a magnetic field. 

2. The expekimbntal method 

The elimination of the large track distortions which have usually been 
associated with the use of metal plates in a cloud chamber has already 
been described (Blackett and Wilson 1937). The conditions which were 
then found satisfactory for measurements with a plate 1 cm. thick are also 
effective when a thicker (2 cm.) plate is used. The freedom from distortion 
as measured by the highest detectable energy is somewhat lower in the 
present series, and this is probably the direct result of the distortion of the 
gas motion by so large an obstacle. 

The track photographs were taken by means of an aluminiml glass mirror 
placed at an angle of 46 “ to the axis of the chamber, covering a strip of the 
chamber 10 cm. wide by 24 cm. The measurable part of the tracks extended 
right up to the metal plate at one end and almost to the edge of the metal 
piston at the other, a length of about 10 cm. on either side of the plate. 

The purely optical distortion of track images was quite large owing to 
the fact that a pair of T.T.H. //2 lenses of 50 mm. focus of standard type 
were used in place of the specially corrected 36 mm. lenses employed in 
the previous work. This large distortion, which is a function of the perpendi¬ 
cular distance of the track from the optical axis of the camera, was a draw¬ 
back which probably outweighed the advantages attending the use of 
longer focus lenses. It was found convenient to refer the distortion arising 
from actual deformation of a track in the chamber to the horizontal co¬ 
ordinates of its midpoint above and below the plate. These two distortions 
were therefore separated, and the appropriate corrections to the measured 
track curvatures were applied separately. The optical distortions over the 
whole chamber were measured from photographs of a series of fine stretched 
wires placed inside, the chamber. Measurements of a series of tracks photo¬ 
graphed in zero magnetic field and interspaced in time with the main series 
of photographs, in conjunction with the optical distortions already deter¬ 
mined, gave the values of the residual chamber distortions. 

The probable error of the corrected curvature of the tracks forming the 
main series of photographs in a. field of 10,000 gauss is represented by a 
maximum detectable energy of about 1-2 x 10^® e-volts; the error of tracks 
of low energy is rather greater. The energies quoted throughout the paper 
are those appropriate to a particle of electronic mass. 


3X-a 
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3. Detkbmination of the kelativk enebgy boss 

In the case of copper, electrons up to an energy of about 5 x 10® e-volts 
suffer a loss of energy due to ionization which is appreciable in comparison 
with that due to radiative processes, and it is thus convenient to define the 
relative energy loss, M, so as to exclude the ionization loss. Then for all 
energies the smallest j^osslble value of R is zero, and the whole observed loss 
can be compared directl y with predicted values for the radiation loss. R is 
therefore defined for a thickness t of absorber by 


t . 


( 1 ) 


where E^ is the energy loss per cm, due to ionization; in this form, the 
maximum value of R, corresponding to the complete stoppage of the particle 
decreases at low energies. 

The individual measurements are grouped in suitable energy ranges, and 
the mean energy, mean relative energy loss and the probable error of the 
energy loss for each range are determined. The grouping may be carried out 
either in terms of the measured energy of the incident particles, or of the 
mean measured energy in the two halves of the chamber, but for practical 
purposes, owing to the considerations referred to in the following paragraphs, 
the factors determining the choice of energy grouping are found to differ 
in the regions of high and of low energy. 

The notable feature of the energy-loss spectrum in the low-energy region, 
both in the previous observations for lead and in the present series of 
measurements for copper, is the rapid transition from high absor|)tion 
below a certain energy to very much smaller values at greater energies. In 
a series of measurements in which many particles in the region of high 
absorption lose a large fraction of their energy, the grouping of tracks 
according to their mean energy will tend to make the transition appear 
much more gradual than is in fact the case; for a particle which enters the 
chamber near the upper energy limit of high absorption and which almost 
stops is referred to a mean energy group at half this limiting energy, while 
smaller losses of particles of the same incident group are referred to markedly 
higher energies. The grouping of particles according to the incident energy 
is not open to this objection. 

In the y.)resent series of photographs, measurements at high energies, 
where the absorption is small, were required, and accordingly a thick plate 
was used. Consequently, the low-energy particles suffered large losses, jsuftd 
so the tracks were grouped according to their initial energy. The group of 
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high^t energy selected in this manner extends to an incident energy of 
8 X 10** e-volts. 

In the high-energy region, the observed mean relative energy loss is 
small compared with the spread of individual values due to the probable 
error of measurement, and a method of grouping must be used in which 
this probable error does not lead to systematic error in the mean value. 
Such an error does in fact occur when the tracks are grouped according to 
their initial energy. For then the mean relative energy loss of tracks for 
which the initial energy has l>©en underestimated will fall below the true 
value, and, moreover, the tracks will be incorporated in a group of lower 
initial energy. Equally, tracks of which the initial energy has been over¬ 
estimated will give rise to unduly high values of the relative energy loss, 
and will be included in a group of higher energy. The precise effect upon the ‘ 
observed energydoss spectrum depends upon the maxinium detectable 
energy and upon the actual incident energy spectrum. In the present case 
the effect is to give abnormally low values of R at energies of about 10* e-volts, 
and higher values at greater energies. 

For energies greater than about 5 x 10** e-volts the observed relative 
energy loss is both small and varies slowly. Under these conditions the 
grouping of observations according to mean energy on both sides of the plate 
is appropriate for two reasons; the probable error of the energy adopted is 
reduced by a factor l/-^2, and the systematic error outlined above is very 
much reduced. 

In the present series of measurements the tracks have therefore been 
grouped according to incident energy up to 8 x 10** e-volts and from 
5 X 10 ® e-volts upwards according to mean energy. The two metliods thus 
overlap in a region where neither is open to serioiis objection, and here the 
results are in agreement. 


4. The distribution of energy loss for classical electrons 

The distribution of energy losses for the approximate theoretical intensity 
distribution of emitted Taxation has been treated by Heitler (1936, p. 225 ; 
of. Bhabha and Heitler 1937, p. 436). The approximation is good for 
E> 25 x 10® e-volts. Then considering only radiative losses, the probability 
that a particle after passing through I cm. of material has an energy e~^ of 
its initial energy is given by 

1 
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where l/A© ^ lSNZ\^a, and where r(llA^) is a normalizing factor* For 
lead, A0 “ 0*40 cm., and for copper » 1*3 cm. Then from (1) 


so we have 
where a = 
Hence 



e~^dy == 


2 


da 

0 +^) 2 ’ 


and BO 


w(a) da = 2 


da 1 

7W^)(l+a)^ 




l</Ao-l 


( 2 ) 



Fio. 1 . Bisiribution of energy losHOft of electrons due to radiative collisions. The 
unit of thickness, Ao, is that defined by Bhabha and Heitler ( 1937 , p. 438). Curve 1 , 
I = = 0*33 cm. leod. Curve 2, I - I 6 A 0 « 0*64 cm. lead or 2*0 cm. copper. 

Curve 3, /« 2*6Afl = 1*0 cm. lead. Curve 4, i = 5*0 sc 2*0 cm. lead. 


While the purely radiative losses considered do not provide a pictnre of 
the complete stoppage of an electron (this would of course appear in an 
exact treatment taking into account the loss of energy due to ionization), 
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the electrons which are observed to be stopped have certainly suffered very 
large radiation losses. In fig. 1 the distribution of relative energy losses, 
equation (2), for a series of plate thicknesses is shown. For large relative 
energy losses, the effective linear path of the particle will be greater than that 
measured on account of the increased scattering at low energies. Thus 
experimental observations will tend towards curves appropriate to larger 
thicknesses of absorber in the region of jBl/2 = 1, and an increase of the 
probability of very large losses is therefore to be expected. 


5. Thjb oompakison of obsebvbd bneboy loss with the 

THEORETICAL VALUE FOR ELECTRONS 


The mean radiative energy loss of electrons is given (Heitler, 1936, 
pp. 172 , 221 ) by 


lAR 

E dx 


4.NZh‘l 

”137"^ 


log(183Z~*4-f) 


( 3 ) 


for Ef> 137 Z~* me®, where the symbols have their usual meanings. 

We may compare the observed mean energy loss in excess of that due to 
ionissation with this value by writing for the observed particles 


1 dE , 

Edx ' 

If we ignore straggling 

where E^ and E^ are the initial and final energies of a f)article passing 
through a thickness x of absorber. 

Since from (1) R = (2/a:) 

itfoaow.th.t 

For Rx^l,k ^ It+ EilEl ; ^ is a direct measure of the raaliative energy loss 
only when Sz^^l, 


6. The measueed ekeboy loss in copper 

The region of high relative energy loss at low energies has not been 
studied in detail, since measurements were only made in a 2 cm. copfter 
plate; to make a more thorough study of this region it would be necessary 
to use a much thinner plate. Throughout the experimente three counters, 
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of which one was below the cliamber, were used to control the expansions. 
Tliis counter arrangement introduces a bias against large energy losses ^by 
the deflexion of very slow emergent particles away from the counter below 
the cloud chamber, but in the present series of tracks this effect is quite 
negligible. For example, under the experimental conditions, a particle of 
energy 3 x 10 ® e-volts which loses 90 % of its energy suffers a total deflexion 
of only about 1 cm. before reaching the counter under the cloud chamber. 
The counter is 10 cm. in length, and the net effect, on the chance of a particle 
being recorded, of deflexion away from and towards the lower counter is 
very much less than 10 %. For smaller losses the bias will be less. The total 
effect would thus be quite small for the distribution of losses of classical 
electrons (tig. I, curve 2 ), and inappreciable for less absorbable particles. 


6 * 1. The curvature correction from zero field measurements 

The curvature corrections for chamber distortions were determined 
from forty-eight measured tracks in zero field which were interspaced in 
time with the main series of tracks. The residual random curvature errors 
of these tracks after all corrections had been applied showed negligible 
systematic deviation, being 4-0*01 ± 0*20 m.~^ and -f 0*02 ± 0*20 in 
the upper and lower halves of the chamber. In fig. 6 (b) the distribution of 
C for these tracks is shown and the probable error of this distribution is 
given. The conversion factor to an energy scale was E — ( 2 * 64 /( 7 ) x 10® e- 
volts, where C is the curvature in measured on the photographic plate; 
thus the maximum detectable energy was, for both halves of the chamber, 
1*3 X 10 ^® e-volts. 


0 *2. Measurements in the magnetic field 

The main series of ])hotograph8 consists of 143 measured tracks photo¬ 
graphed in a magnetic field of 10,000 gauss passing through a 2 cm. copper 
plate; for the majority of these there was no heavy material above the 
chamber, but for about twelve tracks 2-7 cm. of copper was over the chamber. 
These tracks form a complete energy spectrum under the experimental 
conditions, and were selected for measurement solely on considerations of 
jjhotographic quality. The tracks with measured energy below 5*5 x 10* e- 
volts are included directly in the energy-loss spectrum, those of higher 
measured energy provide a aeries of measurements from which any difference 
of behaviour between the chamber distortions in the presence and absence 
of the magnetic field can be deduced. Applying, in the usual way, the 
curvature corrections obtained from zero field tracks to correct the field 
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tracks, such a difference will increase the probable error of measurement 
and introduce spurious additions to the measured relative energy kisses 
which will be correlated with the sign of charge of the particles. 

The maximum detectable energy was determined for the magnetic field 
photographs by two separate methods. It was found to be rather smaller 
than was deduced from the zero field photographs. 

The first method is as follows. Nineteen tracks were observed which 
apparently changed sign. This projierty defines a group of tracks of high 
energy for which the real curvature is less than the error of curvature 
measurement. Assuming that none of the particles has suffered a measur¬ 
able energy loss, the probable error of cmwatiire measurement, dC, is 
easily shown to be approximately expressed by 

ri p 1 

* n 


where n is the number of tracks, each being measured above and below the 
plate. The measured value of 2 '(( 7 | for these nineteen tracks gives 
AC =5 0*30 m. and so a maximum detectable energy of 0*9 x 10^® e-volts. 
No case of a particle of low energy changing sign was observed. 

Secondly, in the group of particles of medium energy (2 x 10*^ < JE' < 5 x 10* 
e-volts), the spread of the observed values of R due to errors of measurement 
is still much larger than the true mean value (figs. 3 and 6 (a)). It may be 
assumed that particles which appear to gain energy (i.e. with negative R) 
have all a true value of R small compared with the observed value, and that 
the observed distribution of apparent gains of energy is entirely due to errors 
of measurement. It may be deduced that the probable error of curvature 
measurement, d C\ of a single track is given, from tracks in this group which 
appear to gain energy, by 


AC 




where 0 is the mean curvature of the group, djB is the probable error of 
these tracks (from 0), and t is the thickness of the plate. From sixteen 


Tabm I. The maximum detectable energy 


Method 

(1) if = 0 tracks top half of chamber 
Lower half of chamber 

(2) Tracks changing sign of curvature 

(3) Tracks 2 << 6 x 10^ e-volts, measured 

ourvatii^e decreasing 


1*3 X 10^® e-volta 
1-3 X 10"* e-volts 
0*9 X 10“ e-volts 
1*1 X 10“ e-volts 
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tracks in the group which appear to gain energy AC = 0'26 and the 
maximum detectable energy is therefore l-l x 10^® e-volts. 

The various determinations of the maximum detectable energy are con¬ 
sistent and are summarized in Table I. 

6 -3. Difference of behaviour of the chamber mth and without 
the magnetic field 

The systematic error of curvature which distinguishes tracks photo¬ 
graphed in the magnetic field from those in zero field was deduced from 
forty-one high energy tracks with — 1*0<C< +l‘0m.“'^ assuming that 
the true curvature changes of this group were small. It was only possible 
to ascertain the error in the measured change of curvature at the plate, as 
the parts of this error appropriate to the separate halves of the chamber 
cannot be estimated from the data available. The tracks of twenty-one 
positive particles gave a change of curvature of +0*22+ 0-11 m.”^, and 
twenty negative particles + 0*26 ±0*11 m. for all forty-one particles the 
change was 0*24 + 0 07 m, (on the photographic plate). 

The mean value of the relative energy loss for a group of tracks, all of 
about the same energy, containing equal numbers of positive and negative 
particles will not be appreciably affected by this source of error. When 
particles of either sign predominate, however, the mean relative energy 
loss will be displaced. Particles of a single sign which lose no energy will 
show a value, AR of the relative energy loss given by 

AR^ACjC, 

where C is the mean curvature of the tracks and AC is the systematic 
curvature error between the two halves of the chamber. When large real 
losses of energy occur, this relation requires a small correcting term because 
B is not a linear function of change of curvature. The positive and negative 
particles of each energy group were corrected separately and the results 
combined. 

In the present series of measurements there is a decided predominance of 
I.)ositive particles, but the correction, which varies from group to group, 
has a mean value, as applied to of less than 0 * 03 . 

7. The results or the measurements in the maonetic field 

From the measurements of tracks in the magnetic field the relative energy 
loss of the particles in copper was determined up to an energy of 3 x 10® e- 
volts; the results of the measurements are shown in figs. 2 and 3 and in the 
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Fig. 2. The relative energy lofls of tracks with ic\<l*2x U)* e-volts. • Negative 
particles. O Positive jmrticlea. The curved line shows the value of H corresponding 
to the stoppage of the particle. Points with lines above ((^) represent particles in 
showers. 
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Pig. 3. Measured relative energy loss of the tracks with i? > 0*6 x 10® e-volts. 
• Negative particles. O Positive particles. The thin lines show the prt>bable error 
of measurement for a single track. Points with lines above represent particles in 
showers. Those with linos below represent particles producing secondaries, 9 ^ 
single secondary, 9 w^ore than one secondary. 
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first part of Table II. In fig. 2 the actual distribution of energy loss of 
tracks with measured initial energy less than 10* e-volts is shown, and in 
fig. 3 the distribution of energy losses of those tracks which have a measured 
mean energy greater than ()-5 x 10* e-volts. In the table the tracks are 
grouped either by the measured incident energy or by the measured mean 
energy (§ 3 ). The method of energy grouping, the relative energy loss 


Tabljs II. The relative energy loss in copper and in lead 


Moan energy 
of group 
(10® o-volts) 
Range and method 
Absorber of E of grouping 

and no. of in group , — 

traciltft in group (10® e-volts) 


2 oui. coppor 8 

0-0*2 

0*12 

24 

0-2-0-6 

0*42 

» 

0*6-0* 8 

0*73 

8 

0-6-0-7 

— 

11 

0*7-1 *0 

— 

16 

10-l*6 

— 

1:1 

1-,V2'0 

— 

33 

2*0-50 

— 

3(» 

>6*0 

— 

0*33 cm. load 16 

(V4)*l 

0*05 

23 

0* 1-0-3 

0*20 

17 

0*3 0*5 


13 

0*6-0*7 

— 

1 cm. load 18 

0*6-1 *2 

_ 

22 

1‘2-2*0 


16 

2*0-30 

— 

9 

30-4*5 



E 

R 


— 

0*354 ±0*098 

0-860 ±0-236 


0*116 ±0*041 

0-226 ± 0-077 

— 

0*065 ±0*031 

0-108 ±0-061 

0*57 

0*087 ± 0*039 

0-169 ±0-076 

0*83 

0*020 ± 0*023 

0-045 ±0-061 

M6 

0*084 ±0*020 

0-140 ±0-034 

1*72 

0*132 ±0*033 

0-210 ±0-053 

3*26 

0*035 ± 0*042 

0-088 ±0-070 

. 

2*01 ±0*27 

1-460 ±0-196 

— 

0*99 ±0*14 

0-661 ±0-079 

0*40 

0*14 ±0*08 

0-090 ±0-049 

0*60 

0*09 ±0-14 

0-058 ± 0-090 

0*92 

0*161 ±0*040 

0-092 ±0-027 

1*64 

0*234 ± 0*046 

0-126 ±0-024 

2*41 

0*117 ±0*071 

0-063 ±0-088 

3*69 

0*017 ±0*069 

0-010 ±0-036 


exclusive of ionization (equation (1)), and the cross-section for total stoppage 
<j>, expressed as a fraction of the classical electron radiation cross-section, 
(Bethe and Heitler 1934) are shown. It is inevitable that in using both 
methods of grouping there should be some duplication or omission of 
particles; in this case eleven particles appear in the table under both heads 
and none are omitted. The uncertainty of R and of^l^o <»W® i® given 
as the Gaussian probable error. This is directly applicable to the very hig^i 
energy region, where the real loss of energy is small compared with the 
spread of the measured points; in the region of medium and low energies 
it probably somewhat overestimates the error, perhaps by as much as 50 %. 
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In the lower part of Table II the results of experiments with lead are 
given for purposes of comparison. In the high-energy region (1 cm* plate) 
the values adopted are in the main those already published (Blackett and 
Wilson 1937)* One track which occurred on.the extreme edge of the photo¬ 
graph and which produced a small shower has, however, been rejected, for 
the most energetic emergent particle may have passed out of the field of 
view. The measurements have also been regrouped in order to give gi'eater 
uniformity between the probable errors of the group means. The measure¬ 
ments in the low-energy region ( 0-33 cm. plate) include the published data 
together with a considerable amount of new material (Blackett 1938). 



Fio. 4. Absorption cross-section (exclusive of absorption by ionization) as a function 
of the electron radiation cross-section. # Copper. O Lead* 

The important features of the revised energy-loss 8j>6Ctrum for lead are 
the very steep drop of R at energies of about 2*5 x 10 ® e-volts to values of 
about 0*1 followed by a definite rise to higher values between 10® and 
2 X 10® ©-volts. The energy-loss spectrum is thus in agreement with the 
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tentative curve of our previous paper (Blackett and Wilson 1937, p. 314 , 
fig. 4 , curve 4 ), and confirms the very low value of absorption then observed 
for an energy of 4 x 10 ® e-volts. 

The copper measurements do not include a detailed study of the region 
£?< 2 X 10® e-volts, but the data applicable to this region indicate that, as 
in lead, a rapid diminution from the classical radiation loss of energy takes 
place at energies of the order of 2 x 10® e-volts. In neither case is the 
energy determined at which the deviation first begins. The main features 
of the energy loss 8i)ectrum in copper are similar to those observed in lead; 
the relative energy loss falls rapidly to a value of about 0*035 at about 
8 X 10 ® e-volts and then rises again to higher values at about 2 x 10 ® e-volts. 


8 . The energy loss in copper and in lead 

The profHuties of practically all cosmic-ray particles at sea-level of energy 
greater than 2*5 x 10® e-volts are not those of normal electrons. The present 
results show that the ratio falls rapidly for 2*5 x 10 ® e-volts from 
values of the order unity to a minimum value of less than one-tenth of this; 
it rises again to a maximum between 10® and 2x10® e-volts and then falls 
to very small values indeed for energies greater than 3 x 10® e-volts. The 
energy loss varies in this way for both cop|)er and lead, and also for the mean 
of the measurements in both metals collected together without any dis¬ 
tinction (i.e, assuming that <pl<^Q is the same in copper as in lead). 

The evidence of a difference of behaviour of the particles in copper and in 
lead is not so definite. No single point of the copper series falls more than 
twice its probable error from the lead curve, and so in no single case can the 
value of in copper be said to differ certainly from that in lead. But of 
the seven measured mean values in copper at energies greater than 

4 X 10 ® e-volts, six are greater than the corresponding values in lead, in three 
cases by almost twice the probable error. The single case in which 56/^0 
copfior is less than in lead is at the minimum point of the copper spectrum, 
and here the trend of the minimum is indicated by the adjacent points. 
It must be remembered that the true errors are almost certainly rather 
less than those shown in fig. 4 . In general, therefore the measured values 
of 0/^0 in cop|>er are higher than those in lead. In fig. 4 the most probable 
forms of the sf^eotrum in lead and copper are shown. 

There seems to be no marked difference of behaviour of positive and 
negative particles at any point of the spectrum, and so it seems difficult to 
explain the excess of positive particles in the measured series as a result of 
anomalous absorption. It is possible that the excess of {x>sitiyea at sea 
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level may be related to the excess of positives in the incident beam, as shown 
by the azimuthal asymmetry. Alternatively it may be an asymmetry of 
production in the atmosphere. 

8 ' 1, The measured distribution of relative energy losses in copper 

The measurements in copper at low energies (A^< 3 x 10** e-volts) are 
insufficiently extensive to give, with any certainty, an experimental dis¬ 
tribution of energy losses comparable with those in lead (Blackett 1938). 
However, the distribution of the measured energy losses is probably not 
inconsistent with the distribution for electrons. In figs. 5 (a) and 0 (a) the 



Fio. 5. Distribution of relative energy ioHseij, (a) in 2 cm. copper, 2 x 10* o- 

volts, (6) in 1 orn. lead, 0*8 x 10*< fi^<2*2x 10®e*volts. The horizontal arrows show 
the probable orror of measurement of a siagk track. 


I 




Fig. 0 . Data from which the maximum detectable energy is determined, (a) Dis- 
tribution of observed energy losses in copper, 2 x 6 6 x 10* e-volts. The 

hori^ontal arrow shows the probable error of measui-ement of a single track, (b) The 
curvature distribution of »ero held tracks after all corrections have been applied. 
The horizontal arrow shows tlie deduced probable curvature error of a single track. 




distribution over Wo ran|^i9 of father (fif; &i(a^ 

1-O x 10® < i? < 2-0 X 10® e-volts; &g. 6 (a), 2-0 x 10® i*s < 5-6 x 10® e-voltii); 
and these are of the same type as were found for lead at similar energies; in 
fig. 6 (6) the distribution found in lead for 0-8 x 10® < < 2-2 x 10® e-volts 

(Blackett and Wilson 1937, fig. 3(c), p. 310), is repeated for purposes of 
comparison. From fig. 5 it is clear that the absorption at energies 
--1-5 X 10® e-volts does not arise from a few particles absorbed like electrons, 
together with a larger number of particles losing energy only by ionization; 
on the contrary, the distributions are consistent with the view that practically 
all the particles in this part of the spectrum are of one kind. This is in agree¬ 
ment with other estimates of the number of electrons in this region. Blackett 
(1938) shows that only about 1*5 % of the particles at this energy are fully 
radiating electrons. 

As has already been noted (§ 6-2), the distribution of measured values of 
JR in copper for particles of very high energy, fig. 6 (a), is in accord with that 
deduced from the maximum detectable energy measured in other ways. 


9. Discussion of the ebsults 

The difference in absorjition between lead and copper, expressed as the 
ratio of the observed to the theoretical cross-section, is small, and in both 
metals practically all the particles with energy greater than 6x10* e-volts 
are penetrating. The absorption of the particles of low energy (jS? < 6 x 10* e- 
volts) is considered in detail by Blackett (1938), and the present discussion 
relates to the more energetic, penetrating, particles. 

A maximum of relative cross-section occurs for these particles in both 
metals at about 1^5 x 10® e-volts. Though the observed difference in position 
of the two maxima (fig. 4) is within the experimental error, the maximum 
value of the relative cross-section, ^6/9^0, is most probably greater in copper 
than in lead. Thus the absolute cross-section, in this energy region appears 
to increase less rapidly than as In the region of the maximum, the mean 

energy loss per cm. exclusive of ionization is about 360 x 10* e-volts in lead 
and about 200 x 10* e-volts in copper. ^ 

It is difficult to reconcile the assumption, that this energy loss is due to 
radiative collisions with the subsequent emission of collision radiation in the 
forward direction, with the rarity of secondary particles coming from the 
plate, since the important quanta will have energies of the order 10* e-volts 
and less and will therefore lie on the region to which relativistic quantum 
mechanics certainly applies. For, on this assumption, the proportion of 
secondary pairs, produced by a quantum of the collision radiation, of which 
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Figs. 7-12 
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shottkl .i^;fyb 

ti^ partiolfis. lA copper, 

10* < M < 2 X 10* e-volts gave tiae to two single secwiidaiiM aiid' 


ono piir, thajb is, parts of three pairs at most. Moreover, one of the secon¬ 
daries an4 the pair were produced by the two shovrer particles which fall 
in|o the range, and which are most probably to be regarded as fully radiative 
eli^roi^. In lead, forty-one measured tracks with 0*8 x 10* < .B < 2-2 x 10* e- 
volts gave rise to no secondary particles at all. There are therefore grounds 
for supposing that the radiation loss is very small indeed at these energies 
arid that the observed absorption is due to some other process than the 
emission of collision radiation. 

It has been recognized for some time that additional absorption processes 
may be operative at high energies, and some of these have been enumerated 
by Heitler (1937, p. 264). It is clear that in most cases the resulting secon¬ 
daries will be canalized in the forward direction, but if the absorption is 
due to nuclear excitation, this will not necessarily be the case. The dis¬ 
integration of the nuclei would certainly be likely in view of the large 
energy transfers observed, but none of the products would emerge as a rule 
from a metal plate. 

It is not, however, possible to exclude completely the possibility that the 
adsorption in this energy region is due to radiative collisions for which the 
emission of large quanta have been suppressed. March (1937) has recently 
given reasons for postulating the suppression of high energy radiation, the 
radiated intensity becoming zero for photon energies greater than a critical 
value—^which is defined by A = 2rQ, that is, about 2 x 10* e-volts. In this 
process the probability of photon emission varies very much more rapidly 
than 1/v, and the mean energy of the emitted photons will be very much 
lower than for a, Ijv emission probability. The number of secondary particles 
observed will then be reduced on account of the increased importance of 
ionization energy loss and of scattering for the resulting low energy pairs. It 
may thus be perhaps still possible for the absence of secondaries at 

»1*5 X 10* e-volts in relation to the observed energy lose to be due to 
this type of radiation suppression. 

In copper, the decrease of with increasing E in the region of 
2<S X 10* e-volts is seen from fig. 4 to be distinctly less rapid than in lead, 
and this view is supported by the shift of the minimum value of the relative 
OipsS-secfeion from B-fi-Sx 10*e-v<dts in lead to B ~8*6 x 10* e-volts in 
es^pW. Thei transition described by Blackett (1938) from penetrating to 
<da^loh-lilEe properties is therefore probably a function of Z. There is no 
however* that the electron radiation formula is apphcable at 
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higher energies in copper than in lead. For the particles which are pene¬ 
trating at higher energies, the radiation suppression can, in opposition to 
our former view, be formally represented by 

where s H ^ and not about f as formerly thought. The variation of relative 
cross-section with Z is therefore more in acconl with the form proposed by 
Williams (1934) than with that of Nordheim (1936). 

The possibility of an explanation of the subnormal radiation loss in terms 
of particles of constant rest mass, but intermediate in value between that 
of electrons and of protons, only arises ii is nearly independent of Z, 
It is not possible to explain the observations in terms of a single new particle 
losing energy by ionization and radiation only, for the lower limit of its 
mass would be determined by the minimum value of about 8x10** 

e-volts (fig. 4), where the spectrum certainly includes no considerable number 
of protons. The higher values at x 10® e-volts could then only arise 

from a measured electron component of about 10 % of the particles 
observed, and this does not appear in the distribution diagrams (fig. 5, 
particularly (b) for which — 2, together with fig. 1, curve 3). 

Blackett (1938) has not been able to find any penetrating particles at low 
energies in the unshielded spectrum, and Street and Stevenson (1937) 
report only one particle of intermediate mass in the equivalent of 4000 
photographs under 10 cm. of lead. There is therefore some evidence that no 
Jarge part of the penetrating beam remains recognizably heavy at low 
energies. 


10. ABSORFriON OF THE PENETRATING COMPONENT IN THE ATMOSPHERE 

In lead and cop|>er, the energy loss for E > 3*6 x 10® e-volts is too small 
to measure, and the observations are consistent with a rapid drop of 
dEjdx as well as of (1/^?) {dEjdx) on the high energy side of the maximum. 
If the absolute cross-section at about I*5x 10® e-volts varies less rapidly 
than Z^y this maximum should be very pronounced for light elements. It 
is also probable that the position of the maximum is almost independent 
of Z. 

Heitler (1937, also Bowen and others 1937) has shown that at the top of 
the atmosphere there are electron-like particles with energies up to at least 
2 X 10^® e-volts, and the existence of cascade showers at sea level has given 
evidence for the presence there also of a few such particles. But there are 
too few of these particles at energies of the order 1*6 x 10® e-volts to affect 



The energy loss of penetrating cosmic-ray particles in copper 499 

appreciably the absorption of the beam as a whole at sea-level. Then 
atmospheric absorption will give rise to a minimum in the energy spectrum 
on the high energy side of the ab8or23tion maximum (roughly at the point of 
inflexion of the energy loss spectrum), and since the ionization loss is 
comparable in magnitude, the minimum will be shallow for all thicknesses of 
absorber. This appears to be the most probable identification of the minimum 
found by Blackett (1937) in the energy spectrum at 2*5 x 10® e-volts, for 
there is no indication that the initial reduction of can give rise to an 
absorption edge at this energy. An absorption 8i)eetrum of this type will 
also lead to anomalies in the variation of the vertical counting rate with 
altitude (Pfotzer 1936) corresponding to the initial adjustment of the 
incident spectrum of penetrating particles to the variable rate of absorption. 

I am greatly indebted to Professor P. M. 8. Blackett for affording me the 
opportunity of carrying out this work with the large magnet and for his 
constant interest and for invaluable discussions throughout. I should also 
like to record my a})preciation of the assistance giveii me by Mr A. H. 
Chapman, who took all the photographs. The work has been made fiossible 
by a grant from the ,Dof)artment of Scientific anti Industrial Research. The 
work was carried out at Birkbeck College, London. 


Summary 

A description is given of measurements of the energy loss of cosmi(j ray 
particles in a copper plate, made by means of the cloud chamber method, 
and the measurements are compared with those previously made in lead. 

The results show that the initial reduction of relative energy loss, 
(IIE) (dE/dx), with increasing energy is probably rather less rat)id in co[>{)er 
than in lead, but there is no indication that the Bethe-Heitler value for the 
radiation loss applies to markedly higher energies in the lighter element. 
For both lead and copper there is a maximum of relative energy loss at 
X 10® e-volts. It is shown that this loss is not accompanied by the 
secondary particles to be exjjected if it were due to the emission of collision 
radiation. Further, the value of the relative cross-section in this region 
varies with the absorber less rapidly than and the position of the 
maximum is almost independent of Z. 

Absorption of this type will become of particular importance for elements 
of low atomic number, and it is suggested that the absorption with a 
maximum at J 5 --I *5 x 10® e-volts is re8j)on8ible for the anomaly in the sea- 
level energy spectrum of cosmic rays at E ^2*6 x 10 ® e-volts. 


33-2 
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Description of Plate 16 

Fi(;s. 7, 8 . Penetrating particles in the region of the relative energj^ loss rniniinuTn. 
In fig. 7 the incident energy is (4-6 ± 0*2) x lO'* e-volte and the emergent energy 
( 4-8 ± 0*2) X 10* e-volts. There is no measurable loss of energy. In fig. 8 the incident 
energy is (6*4 +0*4) x 10* e-volts, the particle loses (2*8 ± 0 * 5 ) x 10* e-volts in the 
copper i>late (2 cm. thick). The particle is also strongly multiply scattered in the 
plate—through* about 4*6^'—this large value is not theoretically cormectod with 
the largii loss of energy. It will be noticed that the tracks are undistorted right up to 
the aurfacf? of the plate. 

Fig. 9. The primary particle is positive, and has an energy greater than 6 x !<)• e- 
volts. The emergent particles have enorgk^s 7x 10 * e-volts (positive), 2x e-volts 
(negative) and 6 x 10 ® e-volts (negative). The primary particle is probably a nofmal 
electron, which would, on the average, produce two fast secondaries of eocjh sign. 

Figs. 10 . 11 , Formation of small showers. In fig, 10 , the two particles incident on 
the plate are almost certainly of common origin, arising above the chamber from a 
single photon or particle. The multiplication continues in the copper plate. The 
incident particle on the left is positive and has energy ( 2*0 ± 0*4) x 10 * o-volts. It 
leaves the plate with (2*6 ± 0 * 1 ) x 10 * e-volta. The energy of the secondary which is 
negative, is nearly 2 x 10* c-volts. The other incident particle is negative with an 
energy of (1*8 ± 0*3) x 10* e-volts; it emerges with (1*7 ± 0*3) x 10 * e-volts. The energies 
of the pair produced arc 8 x 10 ’ e-volts (positive) and 10 ’ e-volts (negative). The 
incident particles are probably both normal electrons, for in each case the probable 
number of fast secondaries is about two. 

Fig. 11 shows a particle which suifers a very large loss of energy in 1 cm, of lead. 
Tlie energy of the incident particle (negative) is ( 7*4 ± 0 * 4 ) x 10 ® e-volts and it leaves 
the plate with (2'0 ± 0 * 1 ) x 10 ® ©-volts producing a slow negative secondary. The par¬ 
ticle is accompanied by at least one other particle (top of photograph) and by at least 
one energetic photon which produces the accompanying shower. It is therefore 
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probably an electron, although 4 or 6 secondarios would on the average be expected 
from an electron of this energy. The most energetic particle in the photon-produced 
shower has an energy of about 10* e-volts. 

Fio. <12. Production of a fast secondary in the gas of the chamber (argonoxygen). 
The primary particle is very energetic o-volts) and the (negative) secondary 

has an energy of 6 x 10« e-volts* 

Magnitioation, figs. 7-U, x()-45;ftg. 12, xO-66. Magnetic field, 10,000 gauss. Figs. 
7-10, 2 cm. copper plate. 1 = 1*6 A^; fig. 11. 1 cm. load plate, I = 2*5 A^,. 


On the theory of heavy electrons and nuclear forces 

By H. J. Bhabha, Ph.D. 

Gonville and Cains College, Cambridge 

(Communicated by R, H, Fowler, F,R.S.—Rmeived 28 February 1938 ) 

The view has been expressed by several authors, including Neddermeyer 
and Anderson (1937), and Street and Stevenson (1937 a, b), that the j>ene- 
trating component of cosmic radiation consists largely of new particles of 
electronic charge and mass intermediate between those of the electron and 
pn)ton, and I have shown in a recent paper (Bhabha 1938 a) that the shape of 
the transition (?urve for bursts and the latitude efiFect at sea level, which are 
experimentally well-established facts, also necessitate such a particle and 
are not compatible with a breakdown of the theory for electrons of very 
high energy. It has further been shown in the same paper that it does not 
seem to be sufficient just to postulate another particle behaving exactly 
like an electron of larger mass, but that the experimental evidence demands 
further that under certain circumstances a single heavy electron must be 
able to change its rest mass in the absence or presence of particles con¬ 
stituting ordinary matter. Indeed, the energy loss measurements of Blackett 
and Wilson indicate that most particles below about 2 x ID® e-volts are 
electrons, whereas most particles above this energy are heavy electrons, so 
that at about this energy there must be a large probability of a heavy 
electron changing or lasing its identity. 

Now since one may assume that charge is always conserved, it follows 
that there are essentially only two ways in which a single heavy electron 
may disappear. If, for example, it has a negative charge, it may collide 
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with a proton and communicate its charge to it, the proton changing into 
a neutron, or it may turn into an ordinary electron by changing its rest 
mass. In either of these two processes, a certain amount of energy is 
liberated and the spin and statistics to be attributed to the heavy electron 
depend on whether the liberation of this energy is accompanied by the 
simultaneous liberation of some particle having a half integral spin and 
obeying Fermi statistics or not. Unfortunately, so far there is no experi¬ 
mental evidence upon this point. 

Now it was shown some time ago by Yukawa (1935) that the short range 
and magnitude of the proton-neutron exchange interaction could be 
explained satisfactorily by assuming the existence of a positively charged 
particle without spin which could be emitted and absorbed by the change 
of a proton into a neutron and vice versa. The proton and neutron are here 
considered as two states of the same particle.* The exchange interaction 
thus results from the virtual exchange of such a particle between a neutron 
and a proton and its dependence on the separation r of the neutron and 
proton is of the form where A is connected with the mass of the 

new particle by the relation A ~ c/h. To fit the fact that nuclear forces 
have a range of the order of 10“^® cm. Yukawa then deduced that the mass 
of this particle had to be of the order of a hundred times the electron mass. 
But this is just the order of magnitude of the mass which must be attributed 
to the heavy electrons in cosmic radiation, as was deduced from experiment 
in the paper mentioned above. Tins value of the mass also seems to be in 
agreement with what has been observed by Street and Stevenson (i937i), 
and Nishina, Takexichi and Ichimiya (1937) in Wilson chamber experi¬ 
ments, notwithstanding the uncertainty that attaches to these due to the 
extreme rarity of tracks of the required type. 

It was further assumed by Yukawa that the new pai*ticle had a similar 
interaction with the electron and neutrino, being capable of being absorbed 
when an electron turned into a neutrino. On this basis it was shown by 
him that his theory would practically lead to the same results for the 
/^-disintegration as the original Fermi theory. It must be mentioned, 
however, that in its present form it does not seem capable of explaining 
the asymmetrical spectrum of some of the /?-decay elements. Moreover, 
on this theory it is possible for the new particle to disintegrate si>ontaneously 
into a positron and a neutrino, so that the possibility of identifying such 
particles with the heavy electrons of cosmic radiation is still open, 

♦ The poBmble existence of a Bose particle was also suggested by Stueckelberg 
( 1937 ). Kemmer ( 1938 ) has recently investigated nuclear forces on these lines, and 
Frbhlich and Heitler ( 1938 ) the magnetic moments of the neutron and proton. 
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A theory of the >?-decay and nuclear forces in which spinlesa particles 
obeying Bose statistics are assumed to exist has also been proposed by 
Wenxel (X937n, 6 ). On this theory both the proton and neutron can change 
into both charged or uncharged particles without spin by the emission or 
absorption of an electron or a neutrino, whichever is consistent with the 
conservation of charge.* This theory seems to be so far capable of explaining 
the general features of the y?-decay and nuclear forces. The Wenzel theory 
however has the great disadvantage from our point of view that the new 
particles must have masses near those of the proton or neutron, which in 
our opinion definitely excludes their being identified with heavy electrons. 
Nor is it possible to reformulate the theory in such a way as to allow these 
particles to have masses corresponding to that of the heavy electron (about 
a tenth of the proton mass) for this would make all nuclei unstable, inas¬ 
much as every proton, for example, could disintegrate into a positive 
‘"Bose” particle and a neutrino. 

The theory of Yukawa therefore has in our opinion the following advan¬ 
tages over other theories. It separates the theory of nuclear forces from 
that of the /?-decay in such a way that the former only depends on the 
interaction of the proton and neutron with the heavy electron, while the 
latter also depends on its interaction with the electron and neutrino, so 
that by making the former interaction strong and the latter weak it is 
jx)ssible to explain the large magmtude of nuclear forces and the weakness 
of the /?-deoay. In all other theoretically self-consistent theories which 
have bean put forward so far the two phenomena have been directly con¬ 
nected, so that any interaction weak enough to give a yff-decay of the right 
magnitude has always given nuclear forces which were too small. It gives, 
then, an explanation of the proton-neutron exchange interaction which in 
non-relativistic approximation takes the form where A is connected 

directly with the mass of the new particle, whereas in the Fermi and Wenzel 
theories the force falls away inversely as a more or less high power of the 
distance, wliich it is difficult to believe is the correct description of such a 
fundamental thing as the force between a proton and neutron. In con¬ 
sequence it demands the existence of a particle of about a hundred times 
the electron mass, that is, of the same type as the heavy electron required 
in cosmic radiation. It is capable of explaining the /ff-deoay to the same 
extent as the Fermi theory though not the Wenzel theory, and finally, it 
allows various processes which may play some role in cosmic radiation, as 

* The part which the collision of such particles with nuclei may play in creating 
showers has also been mentioned by Professor Wenzel at the Congres du Palais de la 
Deoouverte, Paris ( 1937 ). 
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for example the absor|)tion of heavy electrons by one of the particles in a 
nucleus, and their spontaneous disintegration into an electron and a neu¬ 
trino. Since the original theory of Yukawa was not in a relativistically 
invariant form, it seems worth wliile to find a proper relativistically in¬ 
variant formulation and generalization of it so that its consequences may 
be investigated in detail with special reference to the cosmic ray pheno¬ 
menon.* 

Following Yukawa then, the proton and neutron are considered as two 
states of the same particle and we assume that a proton may change into a 
neutron by the emission of a charged particle of mass which we shall 
call a f/-particle. It follows at once that this f 7 -particlo must have an 
integral spin and obey Einstein Bose statistics. A consequence of this is 
that the Hamiltonian for the free t 7 -particle must be a positive definite 
form, since if this were not so, it would have eigenvalues corresponding to 
states of negative energy, which could not now be avoided by an assumption 
similar to that made by Dirac in the theory of the j^ositron. Under these 
circumstances, as will appear below, the choice of a Hamiltonian for a free 
particle is very limited. A relativistic formulation of Yukawa's original 
theory in which the motion of the heavy electron is described by a scalar 
function leads just to the problem treated by Pauli and Weisskopf, but 
does not give the correct form of nuclear foroes.f The simplest generali¬ 
zation is therefore to describe the motion of fZ-particles by four wave- 
functions transforming like a four-vector. This is the case that is here treated 
in detail, and it will appear below that the i^ossible forms of the interaction 
of the heavy electron with the proton-neutron are very limited and contain 
only two arbitrary constants. This treatment already gives the forces we 
require, so that we have not investigated equations of higher tensor form4 

It is obvious that the U-particles, being charged, can never lead to a 
proton-proton force exce])t as a fourth order process, corresponding to the 
emission of f 7 -particles by each of two protons and their absorption by 

* I arn vory much indebted to Dr W. Heitler for a discussion on cosmic radiation 
in which he drew my attention to the theory of Yukawa. This discussion formed the 
starting point of the considerations of this paper. 

t Since these calculations were completed, a new paper has appeared by Yukawa 
and Sakatii (1937) in which just this case has been treated. As their results show, the 
theory gives a Heisenberg exchange force giving only a stable singlet state to the 
deutaroti, which is contrary to observation. 

t Taking the wave functit:)ns to be antisymmetrioal in all tlie suffices, these 
reduce in essence to the oases dual to those treated by Yukawa and ourselves. An 
analysis of all the various castes in relation to nuclear forces has been carried out by 
Dr N. Kemmer, and I am indebted to him for informing me that all the other cases 
except the one treated here also give the wrong nuclear forces. 
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the other. Now the proton-proton force as deduced by Breit, Condon 
and Present (1936) from experiments by Tuve, Heydenberg and Hafstad 
(1936) appears to be the same as the neutron-proton force to within about 
30 %. In order to have a proton-proton interaction of the same order 
as the proton-neutron force, it appears necessary to introduce a neutral 
particle N obeying Bose statistics which may be emitted or absorbed when 
a proton jumps from one energy state to another. I do not believe, however, 
that it is yet possible to say that the introduction of a neutral particle is 
necessary, since the usual approximation methods of quantum mechanics, 
upon which this conclusion is based, consisting in a development in powers 
of those constants here which correspond to the fine-structure constant 
e^/hc of the radiation theory, is not valid inasmuch as these constants have 
a value which lies between a third and a tenth, and are not small compared 
to unity. However, I consider the existence of such a particle as not im¬ 
probable, since it corresponds to a symmetrical state of things in which all 
masses fall into three groups of the order of magnitude of the electron 
mass, the f 7 -particle mass, and the proton mass, and that we would have 
positive, negative and neutral particles in each group.* It must be em¬ 
phasized, however, that the introduction of such particles has nothing to do 
formally with the theory of fZ-particles which can be formulated without 
them, and is in addition to it. The theory of neutral Bose particles can 
be formulated exactly os the theory of 17 -particles wdth trivial modi¬ 
fications. 

Finally, it may be mentioned that this theory also leads to showers of 
Heisenberg's type, with this difference that these showers would consist 
mostly of heavy electrons and some proton-neutrons, but few electrons. The 
existence of these showers still further invalidates the usual methods of 
calculation, since it shows that for high energies higher order processes are 
just as important as the first-order process. 

1. The EQUATIONS OF MOTION 

In all j)roblems where equations of motion are to l)e found for some 
system it is convenient to derive the equations by the variation of some 
relativistioally invariant Lagrange function to ensure that the conservation 
laws should automatically hold. We shall adopt this procedure, treating all 
the quantities classically, and then proceed to the quantization in the next 
section. 

* The theory of Wenzel also contains two new particles, one charged and one 
uncharged. 
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The simplest assumption is to suppose that the motion of the t 7 -particles 
is described by some invariant wave function U. This would lead to the 
scalar relativistic wave equation for TJ which has been quantized by Pauli 
and Weisskopf (1934). This assumption has been made by Yukawa and 
Sakata (1937) in a recent paper and does not lead to the correct form for 
the neutron-proton interaction, as we have already mentioned in the 
introduction. We therefore make the next simplest assumption, namely that 
the motion of the t/-particles is described by four wave functions, 

C 4 > ^nd £4, which transform like a four-vector. In order to treat the time 
component on the same footing as the space components, following Proca 
(1936) we introduce a quantity e such that e* = — 1, and as usual define a 
quantity by 

Ih - 

But € must not be confounded with t, the other root of — 1 which appears 
in our equations, and in going over to the conjugate complex equations it 
must be remembered that whereas the sign of i is changed, the sign of e 
is not.* 

Now the simplest relativistically invariant Lagrange function which 
contains only the f/^f and their derivatives with regard to the co-ordinates 
and s ect is, according to Proca, of the form 


\Sa;„ ~dx,J 


+ const. UnU^. 


The djdXn here, as usual, play the part of the momentum operator j)^, 
so that to generalize the above Lagrangian when a field is present we replace 




by 


0 ie , 


where 0 ^, are the electromagnetic potentials. We therefore introduce the 
quantities 0 ^, defined by 




( 1 ) 


This is merely based on the elementary fact tiiat if T/q, Ui^ I/,, f/,, form a complex 
four>vector, f/j, f/g, C7j, and form the corresponding Euclidean four-vector, and 
the Euclidean foiur-vector corresponding to the conjugate complex vector Ui, 

C/g, is just Uif C/,, and 

t Greek auifioes run from 1 to 4* Latin suffices from 1 to 3, A summation is undw- 
stood over repeated suffices. 
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and take as the relativistically invariant Lagrange function for the U- 
particles in the presence of a field (Proca 1936) 

( 2 ) 

where is the mass of the fZ-particles, and h is Planck*s constant divided 
by 27 t. 

As stated in the introduction, the neutron and proton are considered as 
two states of the same particle described by the eigenvalues +1 and — 1 
respectively of some operator t say. We then introduce the matrices 


^vhich satisfy the relations 

TpTjjj^ « r^Tpy; = rp^Tp — 0, etc. 

and 

'^NP^PN ~ 

^pn'^np ~ "^p- 



(3) 


(за) 

( зб ) 


The above relations are easily remembered if it is noticed that all those 
products are zero in which dissimilar suffices appear in succession in two 
neighbouring matrices. ^ will denote the wave function for the proton- 
neutron, which now consists of two components belonging to the proton 
and neutron respectively. We assume that the motion of the free neutron or 
j)roton is given by the Dirac equation, so that each of the two components 
is really composed of the usual four wave functions for such a particle. The 
objection to the use of the Dirac equation here on the ground that it does not 
give a correct description of the magnetic moment of the proton or neutron 
is not strictly valid, since the proton or neutron possess an additional 
magnetic moment due to their interaction with the f/-particles, exactly 
as in the Fermi theory. The Lagrangian for the proton-neutron is assumed 
to be of the form 

~ ( 4 ) 

Here is the momentum and p^ * eE/c, E being the energy, and Mp 
are the masses of the neutron and proton respectively. Denoting by a* 
and P the four Dirac matrices and writing a* s e, we introduce the matrices 
y/* defined by 


and define ijr^ by 


y/* 5E — 

\jr+ a. ^\jfy* = itjrfi. 


(ба) 

( бб ) 



608 


H. J. Bhabha 


Then, as is well known, form a Euclidian four*veotor, and }jr^yf^Y^ 

an antisymmetrical Euclidean tensor with all components real,* so that 

and ^Jr^yf^y^^jr = (5 c) 

Some assumption must now be made about the interaction between the 
proton-neutron and [/-])artieles. The simplest interaction that can be 
assumed is of the type + consisting of the product 

of two four-vectors, as I have already indicated in a preliminary com¬ 
munication (19386). The next simplest interaction is of the form 

consisting of the j)roducts of two antisymmetrical tensors. Now, as will 
appear below, there is a certain symmetry in the equations for the and 
? 7 ’s, and the two interactions given above are really on the same footing.t 
Consideration is therefore restricted to these tw o terms only, and we assume 
for the interaction between the -particles and the proton-neutron a term 
of the form 

=^-9i + U^rfjp) f ( 6 ) 

- if/a + f, 

where and ^2 fwo independent constants. 

A similar Lagrange function must be added for the electron neutrino, 
but we shall omit this until a later section for brevity. The Lagrange 
function for the electromagnetic field is as usual 

2,Max = _ JLii’ p (7) 

E and H being electric and magnetic force, where 

^Ok' ^hn “ ^Im 

mi (8) 

The equations of motion for ti»e whole system may then be derived as usual 
from the principle that for arbitrary variations of ijr, U^, and their 

♦ Cf. W. Pauli (1933, p. 221). In the UHual formulation without the quantity c, 
the space components are purely real whereas the time components are purely 
imaginary. 

t I am indebted to Dr N. Kemmer for drawing my attention to this fact. 
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conjugates the change in the proper Lagr^ingian JSf for the whole system 
shall be zero, where 


^ = JJJ jdxidx^dxsdXt{L^+ + U+ 

Varying ^ gives 

- »c2(JJfvTjv + -MpTp)J f 
which, eliminating e, reads 


(9) 


(10a) 


^’‘{pk - ^ 9ifc 7-i>| - ^0 - ^9^01'/') + + -^pTp) 

+ - f oT/>,v -^4 Tap} 

+ ka{»^a*“'(f4Ti*A + ^ftfTvp) + 2sM^o/TpA + ^4 Tvp)}J (11) 
Variation of ^ gives the conjugate e(|uation 


+ 0^lT^'(^->^PiV+ ^/i'^iVp) + i9zy^'y^'i^^ (196) 

where acting backwards on is as usual to be understood as the 02watbr 
instead of —ihdjdx^. 

Variation of gives 

«*c*( - ^0/.) f 

and variation with respect to gives the equations conjugate to (12), 
namely 

**c*(g~+^ - •a^Sc*^; - !7i i^+r-Tp.v 


0 . ( 126 ) 
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Introducing a quantity defined by* 

(?;„ = +|i ( 13 ) 

and its conjugate, and using (1) we get 

(i4«) 

The equations (12) may now be written 

cr^, - Mlc*l{.-gyf+r^sp^ = 0, ( 15 a) 

It is now seen tliat there is complete symmetry between tlie (?'’s and f/’s, 
the equations ( 14 ) expressing the 0 *'s in terms of the rotation of the l/’s, 
while the equations ( 15 ) express the f^'s in tenns of the divergence of the 
C?'’s. These equations show us that the two interaction terms in (0) are on 
exactly the same footing. 

Finally, varying 




( 16 ) 

These are just the four Maxwell equations. 



i|^ourlfcH-^E*) = te(f7,Gto-I/,,G;„) + cfa*Tp^, 

( 17 a) 

and 

^^^divE « ie(( 40 'ifc-t 40 i*.) + e\irTpf. 

( 176 ) 


The second term on the right-hand aide is just the usual charge current 
for the protons _ 

8 ^^ efoLf^Tp^jr, ( 18 ) 

while the first term gives the expression for the current due to the U- 

particles _ ^ 

(T^ = ie{Uj,0'^^ — ^ 

^ VVe make the convention that is identically zero when the two suffices are 
equal. 
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as has already been found by Proca in the absence of the interaction (6). 
Applying the operator djdx^ to the equation (10), the left-hand side vanishes, 
so that 

^(«,+er,) = 0. (20) 

However, the divergence of each part separately is not zero, which is 
obviously due to the fact that charge may be transferred from the proton 
to the C 7 -particle. Using the equations (12) and (10), it can easily be shown 
that 

-g”- = ^ [fi^l r‘'( U, Tp^. - ll T.vp) f 

^ __ dS 

+hi yTi^^Tps - o^^Tf/p) = ( 21 ) 

which is an explicit expression for the rate at which the [ 7 -particles are 
created due to the proton-neutron alone. It should be noticed tliat (20) 
completely determines the correct sign of e in (1), since with the opposite 
sign of e the sign of the first expression on the left of equation (21) would 
be changed, thus violating (20) and leading to an inconsistency. 

To find the Hamiltonian corresponding to the material part of the 
Lagrangian ( 9 ), we seek the energy-momentum tensor a quantity 
which by definition satisfies the equation 

= ( 22 ) 

The method here used follows that of Proca closely. Writing 

L=: 


and using the well-known Lagrange equations, 


dL BU„ 


Then, remembering (15), 


. BL d\Ir 

Bx], “ ^ I^ ^ ^ ’ I ^9^/* ’ '^^0' 


BL Bi>^ 


V (ft _ Ua. 
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and using ( 18 ) 

Ff,iXSi,+a^) = - 


a 5 L Si SIX 


dx„ 






+ 


S£^A’Sx„ 


im 


SL di/r . , r' 

+ ^oJij. + -r^.^^+oon3.~8^,L 






Further, 


( 24 ) 


dx„ 


fc 


a_ 

Sa:„ 


|!>,)f'„ + J»;»‘t',P,} + oonj. 


rr - \ .f\ 


Adding this equation to { 2 ]} we get (22) with 

+ A/Sc«(t;c 7 ,+f: 4 tg+(y,,i 

+ gi ir+y<‘(UpTpf^ + C^Tjvf.) v5^ 

+ 9i^+y>‘r(<^p,rpp,+^,T^,p) t/rj. 


(26) 


This is the energy-momentum tensor for the material part of the system. 
The energy is then just 

J’oo “ - 7’44 « ir+^<‘ci^Pk~-^<f>^r^-ic\Mt^rj^^Mprp^f 

-f + + V,U^)} 

+ gii^y'‘{V^rpN-\-iJkTNp) ^ 

+ ka f*y'‘'/{<^ia-rpN + ^Ta,,.) ( 26) 

The first term represents the energy of the proton-neutron, the second 
term that of the {/-particles, and the last term the interaction energy. The 
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Hamiltonian for the free U -particles is a positive definite form. One should 
notioe particularly that here, as in the electromagnetic field, the time 
components and are absent from the interaction. 


2. Quantization of the equations of motion 

To quantize these equations one has now only to find the right com¬ 
mutation rules for the O's and C7^s. The momenta conjugate to t4 and 
are and respectively, given by 


W) 




■hcO^ + ^^i^/ix>‘Tpy]/r, 


(27) 


and 


0 ^ 


dL 


'(f) 




hcQ, 


ok-r^ifficd^Tfjptlr, 


so that following Pauli and Weisskopf ( 1934 ) the commutation rules may 
be taken as 

imx,t), u^x',t)\ s i{Q^Ui-Ui'G^} = S(x-x')S^ 

and *[(?*(*. <), Wx', m = 8{x-x') S^, (28) 

with all other combinations commuting. The charge density given by (19) 
may be written ^ 

(To-ie(U^Qk-Uk(^k)> (29) 

which in consequence of the commutation relations ( 28 ) has eigenvalues 
which are positive or negative integral multiples of e as has been shown by 
Pauli and Weisskopf. 

Prom the equations (28) it may he deduced that 

lO,(x% G,Jx)] - 0 , (306) 

and the conjugate complex equations. The commutation rules for J/q will 
be discussed below. 
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The conunutation rules for ^ are as usual 

= S{x-~x*),l 

^{x).}lr{x*)‘\~\lr{x'),\Jf{x) ^0 ( 31 ) 

\jr{x).\jr(x')^ilr{x*).f{x) = 0, 

where 1 is a unit matrix with eight rows and columns corresponding to the 
eight rows of 

Finally, the commutation rules for the electromagnetic field may be 
written in the form 

lE^{x'),(l>i{x)] = 4 :vichS^S{x-x'), ( 32 o) 

from which follow, using (8), 

[E,(x'), BiJx)] = ( 32 fr) 

and [^^,I/,J== 0 . 

The quantities describing either the electromagnetic field, or the j)roton- 
neutron, or the (/“particles of course commute with those describing any 
other of the above fields. 

The Hamiltonian for the whole system may then be written in the form 

+ + + + //»), ( 33 ) 

where, consistently with ( 26 ), is the Hamiltonian for the heavy particles 
including their interaction with the electromagnetic field given by 

+ MpTp)^ ijr. ( 34 ) 

is the Hamiltonian for the free (/-particles together with their inter¬ 
action with the electromagnetic field and a part of their interaction with 
the proton-neutron, l)eing the term in curly brackets in ( 26 ), winch by ( 27 ) 
becomes 

+i/)«c*s;;;ff*,+jif*c«(i4t7fc+i;f7o). m 

l is the Hamiltonian for the interaction of the (/-particles with the 
proton-neutron given by 

/ =. giii'+y''(^4’’w+^’’.vj»)V^+ifl'il^^'^y*y'(<5'«rpjv+^Tvpf). (36) 
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ig ^}ig ugual Hamiltonian for the electromagnetic field* 

//Max==, 1 (E* + H*). (37) 

" oTT 

Without going into the well-known complications which arise in the quan¬ 
tization of fields, I would only remark that is just the vanishing term 
which must be added to the Hamiltonian in order that the right equations 
of motion should result by an application of the rule 

= [/. Jtf'l ( 38 ) 

where/is any operator not explicitly involving the time* Here contains 
terms in Oj^ and similar to those in the electromagnetic field. We have 

HO = + t/,^)-i 7 rdiv.t:} 

+ ( 39 ) 

The last terms also vanish on account of ( 15 ) and ( 27 ). 

The commutation rules ( 28 ), ( 30 ), ( 31 ) and ( 32 ) suffice to derive the 
equations of motion of the whole system completely by an application of 
( 38 ) to the various quantities concerned, treating and as if tliey 
commuted with all quantities. The reason why and behave as if they 
commuted with all quantities concerned will be discussed below. 

Writing ^ in place of / we get just the equations (10) and (11) re¬ 
spectively. 

Similarly, an application of ( 38 ) to § 5 ^. and leads just to the equations 
(8) and ( 16 ). The equation ( 176 ) has as usual to be imposed as an initial 
condition at time t « 0. 

Finally, applying the rule ( 38 ) to ( 7 ^, 

ihO^ = + + U^, 

which, remembering ( 27 ), are just three of the equations ( 14 ). Similarly, 
writing for/in ( 38 ), 

-ihG^ =.+ + 

♦ W. Heisenborg and W, Pauli (1929a, b). Cf. also W. Pauli (1933). 


33-3 
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which are in fact just three of the equations (16) putting v k. The fourth 
equation of the set ( 16 a) got by putting v — 4, namely 

= 0 (40) 

and its conjugate equation in ( 166 ) cannot be derived as equations of 
motion. This is obvious since they contain the operators and but no 
time derivatives, so that they must be fulfilled at any given instant of time. 
They have to be imposed as initial conditions at t ~ 0, as, indeed, is also 
the case Avith equation ( 176 ). _ 

It is now possible t»o discuss the commutation rules for Uq and i 7 o. These 
occur in the Hamiltonian ( 33 ) only in the expression 


Mtc^U,U,+ (41) 


The result, therefore, of some operator, say /, not commuting with 
or C4 is only to add to the expression for [/,^] terms containing the ex¬ 
pression in curly brackets in ( 41 ) or its conjugate as factors on the right, 
which on account of the initial condition ( 40 ) vanish. This is the basis of 
what has been said before, namely that the commutation properties of Vq 
and C/q irrelevant in deriving the equations of motion, and these may be 
taken as commuting with all other quantities for this purpose. 


It is clear, however, that Uq and Uq cannot really commute with all 
quantities in.^f', since this would mean by ( 38 ) that i/^and were zero. 
The commutation properties of Uq and Uq can be derived from the fact 
that if the equations ( 40 ) and its conjugate are imposed at the time t = 0 , 
they must be preserved for all time by the equations of motion. In other 
words, the expression on the left-hand side of ( 40 ) must commute with JT, 
and it must also commute with the corresponding conjugate expression. 
Denote by x the expi'ession on the left-hand side of ( 40 ) except the term 

(42) 


Mlc*U, 


with its conjugate equation. Indeed ( 42 ) demands that 


“ - My,) Tjvf. + (9-1(’’/> - f 

+ eMtc*^„Uo. 


(43) 
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This equation is, of course, just what could be derived from the equations 

( 3 tc \ 

dx ^ equations ( 16 ) and sum¬ 


ming over V, 




which by using the equations (10) can be reduced to ( 43 ). Since the equations 
of motion do not depend on the commutation rules of Uq and Uq, the latter 
may clearly be chosen to satisfy ( 42 ), and its conjugate equation. 

We therefore assume that the commutation rules of MI^c^Uq with all other 
quantities are exactly those of x, so that ( 42 ) is satisfied identically. Indeed, 
this procedure is equivalent to treating ( 40 ) and its conjugate as the de¬ 
finition of and 7 "he introduction of these quantities is, however, 
convenient for the general theory because it makes the relativistic invariance 
of the equations obvious. 

Using ( 40 ) and its conjugate, becomes 






PN 


*)(«'•* Sc** 




( 35 a) 


Now one may go over by a well-known procedure* to a state where there 
are only 1... a... w proton-neutrons in the field. In this case in virtue of 
the commutation iiiles ( 31 ), 


i/ryr^ ^ ( 44 a) 

where and are the corresponding matrices and co-ordinates which 
refer to the ^th particle. It is then obvious that each of those terms in ( 35 a) 
which is a product of the type (ilryti/r) {iryT'\jf) gives rise to n infinities in 
the Hamiltonian ( 33 ) when { 35 a) is integrated over the whole of space, each 
infinity resulting according to ( 44 ) from cross terms in which the same suffix 
s appears twice. These terms represent just the infinite self energy of 
the proton-neutrons due to their interaction with the U-j>articles, and 


♦ Cf, V. Fock (193*)- 
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have to be neglected as must the electromagnetic self-energies. In 
particular, these terms are 

= ( 446 ) 

-f self-energy terms. 

There is, in other words, an exchange interaction between different 
particles of the form of S functions. The tornj in g\ exactly ccmipenmtes 
a S function which appears in the second order interaction given in (67). 
These d function interactions are however to some extent arbitrary. One 
could, for example, have started equally well from a Lagrange function 
in which the hcO^^^ and of (2) were replaced by 0'^^ and 6*'^ of (14), 

at the same time omitting the g.^ term in (h). This is equivalent to adding 

to the total Lagrangian + or just minus this expression to the 
Hamiltonian (26). Such an addition leaves all the previous equations 
unchanged, and merely adds additional terms to the equations (10). 
Their effect is however to change the terms in gl in (446) so that these 
now exacMy cancel the corresponding function terms in (67). The reason 
why tliis is possible is essentially due to the fact that a ^-function is a 
relativistically invariant interaction and can therefore be added on at will. 
That, however, exactly the same spin dependence results as in (67) is not 
trivial. 

For the purposes ot calculation it is convenient to make a Fourier analysis 
of the f/’s and 6?’s. It will be assumed as usual that all the functions are 
periodic in some very large volume F. Write 

It then follows from (28) that 

[F.m] “ [y.w] “ ^, 9 ] “ [m.m] » 0, 



and 


( 46 ) 
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Introducing three real unit vectors for each Fourier component, 

such that e^p is in the direction of p and the other two are perpendicular to 

- («3p. P) = IP 1; (eip. eap) = tap) =" 0 

~ (®2p>*Sj>) ~ (*3p) *3j>) ~ (^'^) 

One may then resolve any vector along the three directions 2,3 


so that 


^ ^rpk^rp* 
r«l,2.3 

% = 'l^rpk^k- 


In particular, the Upj^ and of (45) may be resolved into three components 
in tlie same way. The total Hamiltonian for the t7-particles may tlien be 
written in the form 

+ s jjjdzidx^dx.^{HV + I)==Jf};+Jt^Y+A+A^ (49) 

where .^0 is the Hamiltonian for the free {/-particles without any inter¬ 
action with the proton-neutron or the electromagnetic field. Hence 

PJ2 _ _ 'j 

^ ( 9 rp 9 rp “1* ^‘rp '^rp ) Tif iTZi 6^833 ^^ 3 l) ) 

r=»l,2 . ia.„r ) 


where 


E = -hc(p^-hilf5c‘^)*. 


Jx, will be given below. Following Pauli ami Weisskopf and intro¬ 
ducing quantities a, b and their conjugates defined by 


9ip- ^ 

I pj _ 


fE — 

J/ip = ^ 

/ 2 ” 


% 

JiE)' 


(‘>K\^^^P ^^p)’ 


it follows from (46) that 


('ip] — ^pp’ 

[Oip., a,p] = [6i.p-, 6i„] = t«ip'. ^ip] = Kp'. Q = 0. (63) 

Similar equations hold for the o’s and b’s with the suDix 2 , while for the 
longitudinal waves it is more convenient to introduce a^, 6 ^ by 

/ T~\ * /^/ T~\ 

S'sp “ ~ j/„c*v ^ ***** **** * 

— J£,c* ,— . . — i fE ,— , . 

fi'sp “ ^21^ **** ' ^ ~ jM,c* V 2 ***’'’ 


( 64 ) 
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80 that (60) reduces to* 

+ 3}- 

P 

a^j, and b^p satisfy the same commutation relations as (53), and all quantities 
with different suffices always commute. 

After some easy calculation it is found that 


p,p' 


+ e®{(s5fc^ifc)'’ ^'(Mp-,Mj,,) - ** VfSfc) 

+ ^i{iM.r~^'97>c9pi}l 

where 9^*“^ = ^ 


It is convenient for the purposes of calculation to introduce a new 


constant defined by 


ff'i ~ ffi ^ > 


(67) 


so that now has the same dimensions as g^, namely (lie)*. The interaction 
of the t7-particlee with the proton-neutron is then given by 


- (®il. + ^rp) + ^2 

+ <4>ap + hp)\\ 

• A simunation £W>m 1 to 3 is always implied over all repeated Latin suffices. 
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with 

-f-oonj.J, (686) 

The expression (686) is remarkable in that it contains a product of the 
variables describing the (/-particles, the proton-neutron, and the electro¬ 
magnetic field. 

It is imj)ortant to notice that both {35a) and (36) contain interaction 
terms in which differentials of the and (r’s appear, and which con¬ 
sequently contain additional constants of the dimensions of a length. 
This would mean that on this theory there would also be Heisenberg 
showers in which several particles are created in one elementary process, 
but with this difference, that whereas on Heisenberg’s original theory 
these showers would have consisted mostly of electrons, on the present 
theory they would consist mainly of ?7-particle8, a few electrons, and some 
protons or neutrons. This would also seem to agree with what little experi¬ 
mental evidence there is on the subject. The existence of such processes can 
be seen at once from the fact that in the interaction (68a) there are terms 
which increase proportionally to p or and, indeed, such terms are 
connected with the longitudinal U -waves alone due to the vector interaction 
in (36), and to the transverse fZ-waves alone due to the tensor interaction 
in (36). 

Finally the expression for the current (19) in terms of the a’s and 6*8 for 
the case of free U -particles with no interaction is 

e {^rp^rp ^^rp^rp ^rp^rp ^^rp^rp 

+ {^spierpkK^) + hp + 63p(erpfc“r„) + »j>p(erp*^p)} (59) 

The current therefore contains terms which give rise to a rapid oscillatory 
motion as in the Dirac and Pauli-Weisskopf theory. The last term in (59) 
expresses the fact that there is a current due to the 17-particles having a 
spin, which is also in the nature of a rapid oscillatory motion. 


8. Th® intkbaotion of NBirTBOirs with protons 

We now proceed to calculate the interaction between a neutron and a 
proton which results from the interaction of the heavy particles with the 
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field of the U -particles. The method here employed is the usual method of 
quantum mechanics, consisting in essence of a development in powers of 
the constants and which correspond in our theory to 

the fine structure constant of electrodynamics. This interaction appears 

already in the second approximation, and leads to a Heisenberg plus a 
Majorana force between a proton and a neutron, as is found from ex|>eri- 
ment, to fit which we have then to assume that the above constants are 
of the order of a tenth. Now this would make our method of calculation 
very bad, were it not for the fact that the next contribution to the proton- 
neutron force comes from a process of the sixth order, being thus 
times smaller than the one we have calculated. In the extreme relativistic 
case, however, the effect of the higher order p^oc^e88eH camiot be considered 
as small, since the collision cross-section, for example, increases with the 
energy, due to the fact pointe<l out in the previous sections, that our theory 
leads to showers of Heisenberg’s type. The expression for the second order 
process in the extreme relativistic? case is however independent of the 
actual magnitude of the constants Qi and so that if they were sufficiently 
small, there would clearly be some rehiitvistic region where the interaction 
would he given to a good approximation by the second order process alone, 
with neglect of the processes of higher order. Now this case, although it 
may not be of direct practical importance, is of interest inasmuch as it 
gives us the mathematical generalizations of the Heisenberg and Majorana 
exchange force for the relativistic case. 

As is usiia] in problems of this sort, it is convenient to carry out the 
calculation in the system of co-ordinates in which the centre of gravity 
of the two particles is at rest. There are therefore initially two heavy 
particles, one in a proton state, and the other in a neutron state, moving 
with equal and opposite momentap©, and we wish to calculate the differential 
effective cross-section dQ for their being scattered through the angle <9, 
the proton becoming a neutron and vice versa. The scattering takes place 
through the following intermediate states. 


P{Po) + ^(“Po)-> 


p(Pi)+ f^+(Po-Pi) + -Z^(-Po)| 
I P(Po) + C/-(pi - Po) + P( - Pi) ( 


-^iy^(Pi)+P(-Pi). 


The quantities in brackets denote the momenta of the proton, neutron and 
if7-partiole8 in the corresponding state. 

Then, as usual, 

An- 1 

Bi-El 


2 

dO. (60) 
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Here dQ denotes the element of solid angle into which the scattering takes 
place, ffi c{pl 4- J/V)* is the initial energy of either of the heavy 
particles, and we take the masses of the proton and neutron to be equal, 
say M, The letters i, m and f denote the initial intermediate and final states 
of the whole system. The momenta of the tZ-particles in the intermediate 
states is ± p where 

p == |Py-p'| = 2posin|6', (61) 

so that c{p^ 4* Ml c^)K (62) . 


Using (68a), one finds after some calculation that the expression within the 
modulus in (60) can be written in the form of a matrix element (/( If^ | i) 
with 




eft 


(p. x,-x,) 


VE‘^ 


X jaip--2+ 


- [Same expression with indices (1) and (2) interchanged] (63) 


Here the suffix s denotes a summation over the values 1 and 2, i.e. over 
the two transverse U-particle st^ates for the given momentum p. The last 
term in (63) results from the fact that in accordance with (31) the wave- 
function for the two heavy particles (1) and (2) has to be antisymmetrical in 
the initial and final states. 

First consider the non-relativistic form of (63). In this case [ “■ = E 

exactly, since in the system chosen the centre of gravity is at rest. But in 
the non-relativistic case, i.e. when the heavy particles are moving with 
small velocity, this is still approximately true in any other system, since 
the change in energy of the heavy particles is small compared with E. 
Hence the most general non-relativistic interaction between the two heavy 
particles is just derived by summing (63) over all intermediate momenta p. 
We now introduce the matrices <r defined by 


iar^ “ ( 64 ) 

the BTiffioes being interchanged cyclically, so that the a-'s correspbnd to the 
well-known Pauli spin matrices. In the non-relativistic approximation 
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one may then leave out all the terms containing a’s in (63) excepting those 
products giving cr, and put = — 1. (63) then reduces to 

J(p,X.-X.) 8 

p L* 

grad)(o(*)grad)]A^^,r' 

rffdp/, iiif*cn 

JJJ?l 




~(p. x,-x.) 




Now 


2e 

V 


,(p. cV 


M»c* 

= <J(X,-X,)--^ ixr-3^i 


with A a M^clh. Therefore 

W = (r)}^T<|)v + 4i],7^>p[[|i^ + ^^,(o<« o(«) 


( 66 ) 


( 66 ) 


■ (o<«, grad) (o<» grad)] 


The interaction is therefore jttat of the required form consisting of Heisenberg 
and Majorarm forces of the right sign sects to allow one to make the triplet state 
of the deuteron the lowest stable state. We xvould emphasize the fact that since 
only the squares of g^ and g*^ enter into this expression, the, sign of the Maforana 
force is beyond our control, and it is to be looked upon as a st/rong a/rgument in 
favour of this theory that it allows only that sign of (he force which actually 
occurs in nature. There are additional terms consisting of 8 functions which 
have already been discussed above. Finally, there is a term which depends 
on the spins of the heavy particles in the direction of their mutual separation. 
The eflFect of this term on the binding energy of the deuteron and on the 
scattering of neutrons has not yet been investigated. 

To evaluate the relativistic scattering of protons by neutrons, it is 
necessary to evaluate the matrix element (63), summing over the two 
possible states of spin of both heavy particles in their initial and final 
states. This summation can be carried out by the usual methods, and leads 
to a complicated expression for the cross-section (60) containing terms in 
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si’ 9iffa> g'i*. Therefore only the expression to which this 

reduces when ffg is put equal to zero is given, slnoe this is then the rela¬ 
tivistic generalization of a pure Heisenberg force. Thus, 


dQ 


llL 1 

8rrh*c*Wf£* 


[■ 


( 1 - 008 0 )* - 


2(^8- 


E*)pt 


Ml 


8 in*(? 


-f { 2 Jlf“c« -h cV§( 1 + cos (9)}* (1 - COB 0)* j d cos 0. ( 68 ) 

In the general extreme relativistic case 


cpu > M, 


(69) 


one gets 


dQ 


i {g \+‘^'a*) Pd 
327r MJc® 


(1 +cos^)®dco8(9. 


(70) 


Putting equal to zero this goes over into the corresponding form of 
( 68 ) for extremely high energies. Now the spin dependence of a pure 
Majorana force is given by the operator ^{1 + so that (67) would 

reduce to a pure Majorana force if we put «= g^^ Thus (70) shows that a 
pure Majorana force scatters in the extreme relativistic case J times as 
much as a pure Heisenberg force of the same magnitude, but the angular 
dependence of the scattering is identical, as might have been expected, 
for then neither particle conserves its spin in the collision, whatever its 
interaction. 

Thus the relativistic calculation justified the result anticipated in a 
previous note (Bhabha 1934 ) that there would be a proton>neutron chain 
on the passage of a fast heavy particle through matter, though the angular 
distribution given by (70) is not nearly as asymmetrical as the incomplete 
treatment hod led one to expect. If e be the fraction of the kinetic energy 
of the moving particle communicated to the other particle in the system in 
which it was at rest, then 

e«i(l + co 8 ^), (71) 


and the distribution (70) is proportional to so that a rapid degradation 

of the energy follows resulting in a type of cascade shower in heavy particles 
alone. The total cross-section increases as pi, which is connected, as already 
mentioned, with the phenomenon of the Heisenberg showers. 


4. SOATTBBINO OF fZ-PABTICLES BY PROTON-NKITTBONS 

We now proceed to apply the theory to a process which is of interest in 
connexion with the collision of heavy electrons with nuclei, namely their 
scattering by heavy particles. This process is exactly analogous to the 




626 


H. J. Bhabha 


Compton scattering of light by electrons. Calculating again in the system 
in which the centre of gravity is at rest, the process is represented schema¬ 
tically below. 

^p(o)HPm 

uHPo )+- po)+ [pm^^ uhp') p') -f [Pm 

t/^(Po)4-iV(-Po) 

^N(0)^[Nm 

(Po) + P( Po) 4- [A^{0):) Ut7 (Pi) + P( - Pi) 4- [N(0)l 

t7-(Po) + P(-p«) 

, + rp-(pi)4-P(~pi), 

Here P^(Po) denotes a positive f7-particle with momentum po. The square 
brackets are meant to indicate that the particle is in a state of negative 
energy corresponding to the momentum indicated. 

The calculation is straightforward but complicated. We shall give only 
the result here. Summing or averaging over the two possible spin states of 
the heavy particles and over the three possible spin states of the U -particles, 
one gets for dq, the cross-section for the scattering of the U -particle through 
an angle 0 in the system in which the centre of gravity is at rest, the ex¬ 
pression 

[W + MV) + B>) + B 

+ {E^-M^)C*coee]doo8e, ( 72 ) 

where A = </* j2(£’ + £ v) + {£!^ - 2^)} + 

+ + E) • 

5 - - ‘ig\Mc^ - ( 73 ) 
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Here Ij^l denotes the momentum of the [7-particle or heavy particle, 
iS « c(p2-f and E^ ^ c{p^ ^ their respective energies, and 

In the extreme relativistic case Me this reduces to 


dq ~ 


J^(£| + 2^^ 
2471 Jlfjc® 


(l + ooB^)rfoos 6 ?, 


(74) 


and in the non-relativistic case M^c, to 


dq ^ 


i _ 

477 ftV (M^ H- 23f )2 


d cos 6, 


(75) 


It is interesting to note that whereas (07) does not depend on the sign of 
relative to g'^, a comparison of (75) with experiment would allow one 
to determine the relative sign. The cross section is however very small, 
being of the order 10“"^® cm.*. The application of these results to cosmic 
radiation and the calculation of some of the other processes mentioned in 
a previous not^(Bhabha 1938 b) will be carried out in another paper. 


Summary 

A theory is develoi>ed based on the idea that the proton and neutron are 
two states of the same particle, which can go over from one state to the 
other by the emission of a charged particle of mass intermediate between 
those of the proton and electron, as originally suggested by Yukawa. These 
** f/-particles'' are described by four wave-functions. Quantization of the 
theory leads as usual to positive and negative fZ-particIes with a spin of 
one unit. The [/-particles are identified with the heavy electrons of cosmic 
radiation. The theory leads uniquely to short range foi ces of the Heisenberg 
and Majorana type of such a sort as to allow one to make the ground state 
of the deuteron the triplet state, the sign of the Majoraria force being not at 
our choice. The range of the forces is connected with the jnass of the U - 
particles as before, and demands a mass of some two hundred times the 
electron mass. The relativistic generalizations of a pure Heisenberg and 
pure Majorana force are given. The relativistic scattering of ^/-particles by 
protons and neutrons is calculated. The tlieory also leads to showere of 
Heisenberg^s type, but consisting mainly of heavy electrons, a few elec¬ 
trons, and some heavy particles. 
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Showers produced by the penetrating cosmic radiation 

By W. HBiTiiBEf 

H, H. Wilk Physical Laboratory^ University of Bristol 
(Commmiicated by N, F, Mott, FM,8.—Eeceived 7 March 1938) 

1. iNTRODtronON 

In two recent papers by Frohlich, Heitler and Kemmer ( 1938 ) and by 
Kemmer ( 1938 ) it has been shown that the properties of the nuclear par¬ 
ticles proton and neutron can qualitatively be understood on the assumption 
that a proton (neutron) is capable of emitting a heavy positive (negative) 
electron (denoted by Y’^), transforming itself at the same time into a 
neutron (proton). The theory of the heavy electron—its wave equation and 
its interaction with the nuclear particles—was built up in close analogy to 
the theory of light and its interaction with an electron. We now apply this 
theory to the passage of a heavy electron through matter, and we shall find 
that it leads to a qualitative explanation of a number of cosmic-ray facts 
connected with the penetrating radiation.^ 

In applying the theory to collisions of fast heavy electrons with nuclei, 
there is, however, a serious difficulty from the start: From the discussion 
of the nuclear prof)ertie 8 it has become evident that the theory in its present 
form can only claim validity for relative energies between the heavy elec¬ 
tron and the nuclear particles not very„much greater than the rest energy 
/tc® of the heavy electron, i.e. up to at most a few times 10® e-volts. For higher 
energies the theory leads to serious mathematical difficulties (diverging 
self-energy, diverging nuclear forces of higher onier, etc.). For cosmic rays 
the interesting region is just the one for energies greater than 10 ® e-volts. 
It may be justifiable, in spite of these facts, to apply the theory to cosmio-ray 
heavy electrons, for two reasons: In the first place it is to be expected that 
the processes derived from the theory for energies of the order /ec® will exist 
also at higher energies and will preserve a number of their qualitative 

t Eesearoh Fellow of the Academic Aasktanoe CoimoU. 

t In this paper we consider only processes connected with charged heavy 
electrons but not those involving neutral particles of mess p (Neutretto’s). The 
existence of the latter is, although very probable, not yet proved by direct 
experixnentB. 
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features. In the second place the theoretical cross-section obtained for these 
processes at energies of the order 10® e-volts will at least be right in the 
order of magnitude. On the other hand, we must not attach any signifio- 
anoe to the way in which the cross-sections are found to depend on energy. 

Even for comparatively small energies of only fic^ the theory leads to a 
number of processes giving rise to the creation of various types of showers 
which all seem to have been observed in connexion with the penetrating 
component of cosmic rays. Because of the breakdown of the theory at high 
energies, we shall compute the cross-sections for these processes only for 
energies e small compared with Jkfc® (^If = protonic mass), although there 
would be no difficulty in extending the same calculations for the case 
e > Mc^, The nuclear particles can then all be considered to be at rest and 
their recoil energy can be neglected. 

According to the papers mentioned above, the heavy electron is repre¬ 
sented by a relativistic vectorial wave function {4^ (aa^O, 1,2,3), satisfying 
in the absence of an external field the Klein-Gordon equation and 

a 

For a given Lorentz system <4^1 5e replaced by a transverse space 
vector 4> given by the transverse part of div^ *= 0 and a 

longitudinal space vector 0. ^ is defined by 

where (f)f is the longitudinal part of (curl^i®*0) and 



The interaction with the nuclear particles was then assumed to be 
H'l * I/7[div0}o+conjugate term, 
f 

H'li * ^/7j[(o curl ^)]o+conjugate term, 

where 77 is the operator transforming a neutron into a proton and is zero 
when applied to a proton. The expressions (1) have to be taken at the 
position of the heavy particle (0). g and/are two constants with the dimen¬ 
sions of a charge and have been detennined from the nuclear forces 

(7*. /*. 1 
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1/A hjfic is the range of the nuclear forces. 0 is the spin vector of the heavy 
particle. The matrix elements for the absorption by a proton of a free 
negative heavy electron represented by a plane wave jexp[i(pr)/ftc] (p is 
the momentum multiplied by c, j the unit vector of polariasation) are then 






Apart from a factor — 1, the matrix elements for the emission of a positive 
heavy electron by a proton are the same. 

Since we also wish to discuss processes in which light quanta are involved, 
we also need the interaction of a heavy electron with the radiation-field. 
This interaction has been given by Kemmer (1938). If A represents the 
vector potential and if terms proportional to A* are neglected the inter¬ 
action can be written in the following form making use of the two vectors 
0 and tp only 


conjugate termsj. ( 4 ) 


In this formula 0 and 0 are the wave functions for the longitudinal and 
transverse heavy electrons respectively. //' gives rise to various types of 
transitions involving light quanta such as the emission of a light quantum 
by a heavy electron, creation and annihilation of a pair of heavy electrons 
with emission or absorption of a light quantum etc. The matrix elements 
for these transitions can easily be obtained by expanding ^ and $5 into 

0 - i:gj 


The amplitudea q, Q have matrix elements for transitions in which the 
number of particles in the state p' decreases by one positive or increases by 
one negative particle, whereas the conjugate amplitudes q*, Q* correspond 
to an absorption of a negative fmrtiole or emission of a positive one in the 
state p. The expressions for q, Q, q*, Q* are given in the paper by Frohlich, 
Heitler and Kemmer (1938) equations ( 24 ), ( 27 ). We now give the matrix 
elements of B' for the transitions considered in the following sections; 

(a) A longitudinal heavy electron with momentum p emits a light quan¬ 
tum k having then a moinentum p' «* p— k. After the emission the 

34 -a 
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heavy electron may be a longitudinal or tranaverae one. We fiiat ’write down 
the terma corresponding to a longitudinal particle before and after the 
emission 

e is the direction of polarization of the light quantum. 

(6) A pair (a positive and negative longitudinal heavy electron) is anni¬ 
hilated emitting a light quantum k. If the positive jmirticle has a momen¬ 
tum and the negative one a momentum p the matrix .element is 



(c) If the heavy electron in the state p is longitudinal but in the states 
p', p'^ is transverse the corresponding matrix elements are 

(U'p'Hopi)]. 

J', j* are the unit vectors of polarization for the transverse electron. 

For the following calculations we shall apply Bom’s approximation. 
This method is, however, in our case objectionable. Bom’s approximation 
represents an expansion with respect to and is therefore only applicable 
if processes of higher order in g* are less probable than those of lower 
order. As it will be seen in Section 3 , this is not always the case. On the 
other hand, Bom’s approximation will give at least a rough orientation 
about the order of magnitude of the effects to be expected and we do not 
aim at more in this paper. 


% 

2. Cascade showers 

For cosmic-ray energies the protons and neutrons in a heavy nucleus can 
be considered as free except for those processes for which an energy transfer 
to other nuclear particles is required by the conservation laws. We consider 
therefore first processes arising from an impact of a heavy electron with a 
free neutron or proton at rest. The simplest process of this sort is the 
following: 

(«) 


r+-i-2yr-or y-+p^n+Kv. 
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The total energy of the heavy electron (kinetic+rest energy) is taken up by 
the light quantum. The cross-section for this process can easily be com¬ 
puted by the methods familiar from the radiation theory. The cross-section is 

■O-ginV, (7) 

where v is the velocity of the incident heavy electron, V the matrix element 
of the interaction between the heavy electron, the proton and light quantum 
for the transition in question and p the density of energy levels in the final 
state. The process is of second order and takes place in two stages: 

(1) The negative heavy electron with momentum p, energy e emits the 
light quantum hp and has then a momentum p' and energy e/ 

p'=p-k, (8a) 

(k = momentum of light quantum, 

(2) The heavy electron with momentum p' is absorbed by the proton. 
Since the nuclear particle cto be considered as at rest, there is no inter¬ 
mediate state in which the proton has emitted a light quantum. 

The process can however also take place in the following way: (la) The 
proton emits a positive heavy electron with momentum p''. (2a) The two 
heavy electrons with momenta p', p'' are annihilated emitting the light 
quantum k. p' is then given by 

p'^+p = k or p*" ~ -p', e" - (86) 


Denoting the initial, the two intermediate, and the final states by ^4,1, II, F 
the matrix element is 


V TP IP TP ' 


(9) 


where are the energies in the initial and Intermediate states 

respectively. Taking into account that k ^ e because of the conservation of 
energy, we have for the denominators of (9) 


Ej^~~Ei = € —««—s', 

E^ — Eji ^ e — (e -h — “6*^ =» — 


We assume that the incident heavy electron is a longitudinal one. 

For and Hnjr the matrix elements (5) must be inserted and for 
the matrix elements (3). Hi^ is identical with but has the 



534 


W. Heitler 


opposite sign. We thus obtain for the contribution to V antdng from inter¬ 
mediate states in which the particles are longitudinal according to (86) 


V = 


Zniehc g 
2 


€k)6' e'L/ 


(p'e)(pe)(p'e) (pe) 

P P P 


'] 


2nwhcg ®'*. . 


The contribution arising from intermediate states where the particles with 
momenta p', are transverse is obtained in a similar way 


y - (U'p'n«p])](ou-p']). 

In this formula the sum has to be taken over the two directions of j'-Lp'. 
The two parts of V differ by a factor i and give therefore additive contribu- 
tions to the cross-section (^ | F |^). V\ V** have to be inserted in equation 
(7). In our case p is 

kHQ ^ e ^dQ 
^ {2fthcf {2nKc)^* 


where dQ is the element of the solid angle for the light quantum. Denoting 
the angle (p,k) by 0, taking into account equation (8a), and taking the 
sum over the directions of polarization of the light quantum 

£\ (pe) I* =a^*sin®0, 

the contribution of F' to the differential cross-section is 


d0' 




1 e 


he he 


sin*0 


(p* “f “ 2p £ cos dy 
4€*(e-~poo8 0)* 


This formula shows that for all energies the angular distribution is prac¬ 
tically a sin® 0 law. Thus the light quantum can be emitted in all directions. 
The same qualitative result holds also for the contribution d0** arising 
from F' although the angular distribution is here more complicated. A large 
angular spread was to be expected since in a process arising from a collision 
of a particle with energy e and a particle at rest with mass M the angular 
spread is always of the order e/McK In our case M is the proton mass and 
since e was assumed to be small compared with ilfc* the angular spread is 
large. 

For the discussion of the total cross-section we confine ourselves to a 
qualitative consideration of the two cases p</ic^ and p > In the first 
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case we put €«/( and neglect j). In the second case we putp«e. Integrating 
over all angles the contribution 0* is: 


0* 

3 tichcX^* p 


(p<ttc*)} 


3 hchcX^ 


(p>fic*). J 


(10a) 


The contribition 0" can be obtained in a similar way. After some calcula¬ 
tion it is found that 


0 ^ 

0 '^ 


2n 1 fic^ 
3 hclic}^ p 


{p<ttc% 


447r 1 / e 

15 hchcx\fic^) 


(106) 


The total cross-section is 


0 ^ 0 ^^ 0 \ 


(10c) 


For small values of p 0 increases as 1 //> with decreasing energy. Thus for 
small energies (<10*^ e-volts) the heavy electron is highly absorbable and 
the probability for transforming itself into a light quantum is large. For 
higher energies 0' is (ionstant but 0^^ increases as with the energy. This 
increase does certainly not corresj>ond to reality. As we have mentioned in 
the introduction our whole theory breaks down for energies and 

no significance must be attached to the formulae in this region. But it 
might be expected that they still give the right order of magnitude for 
energies of the order /ic^. Taking the mean value of the two formulae for 
p S and putting / — g, p ^ /m® 




mr> 


hchcX^^ 50 


( 11 ) 


(11) is the cross-section per proton and has to bo multiplied by Z to give the 
cross-section of a nucleus. According to (11) a heavy electron of 10** e-volts 
would travel about 2 m, of lead before it is transformed into a light quantum. 
This is certainly a reasonable order of magnitude. 

The light quantum emitted by the heavy electron will at once create an 
ordinary cascade shower. For energies of the order 10** e-volts this cascade 
shower will consist in lead of about 1-6 electrons. 

It has been observed by several authors that the penetrating radiation 
produces a number of ordinary cascade showers. Augerf and his oo-workers 

t I am very much indebted to Professor Auger for hia kind communication of 
these reeults. 
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have found that at a depth 30-70 m. below sea-level there still exist ordinary 
showers which seem to come from all directions. This is in qualitative agree¬ 
ment with our theory.! 


3. PENETBATIJfG SHOWERS 


The theory also gives rise to an ordinary scattering of a heavy electron 
by a proton or neutron: 

= or (12) 


The cross-section is again given by formula (7). The two stages of the 
process are: (1) Tis absorbed by the proton which is transformed into a 
neutron; (2) The neutron emits a negative heavy electron (For the 
scattering of F" by a neutron the order of absorption and emission has to 
be reversed. The result is exactly the same for the scattering by a proton or 
neutron.) There are no other intermediate states. Thus 

where e is the energy of the incident heavy electron. For the matrix elements 
and Ui^ insert the expression (3), thus, for a longitudinal particle 
neglecting the energy transfer to the nuclear particle 


V 


27rg^ 




and since p = p€l{2nfi^)^ the differential cross-section is 

Y 1 p^dQ 

he p~^ (27rfkf ^\hc) A2e*(A^)** 

The expression is independent of the angle of scattering and thus leads to a 
large angle scattering .—We have so far considered the absorption and re- 
emission of a longitudinal particle. It can easily be seen that the re-emitted 
particle can also be a transverse one, the matrix element being given by the 
/-term of equation (3). Putting/ = g and taking the sum over all spin direc¬ 
tions <r the square of the matrix element is exactly the same for longitudinal 


t Another mode of production of oasoade showers by a heavy electron has been 
discussed by Bhabha ( 19380 ). The heavy electron produces a fast secondary electron 
in A direct head-on collision with an extra nuclear ele»ctron. The latter produces 
subsequently a oasoade shower. Since, however, fast secondary electrons ore very 
rare, the probability of production of a cascade shower of even medium size m 
extremely small, in any case very much smallw than that due to the process discussed 
in our paper. 
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and transverse particles and the summation over the directions of polariza¬ 
tion for the emitted particle results simply in a factor 3. Thus the total 
orosB-'Section per nuclear particle becomes 


A* \«c/ 


(13) 


Before discussing this formula the cross-section for the multiple processes 
arising from an impact of a heavy electron with a nuclear particle is com¬ 
puted. This theory has the proj>erty which Heisenberg ( 1936 ) pointed out 
to be a necessary condition for the existence of multiple processes: it contains 
a universal length, namely 1 /A = ^// 4 C. Probably, therefore, that at suffi¬ 
ciently high energies the process 

7+ + ivr= p+y+H-r- (i4) 


has the same probability as the simple scattering ( 12 ). 

The cross-section for (14) can easily be obtained. The process is a three- 
stage process: (I) is absorbed by the neutron; ( 2 ) the proton emits ; 
(3) the neutron emits There is, however, another set of intermediate 
states: (lo)the neutron emits F" ; (2a)the proton emits 7+; (3a) the neutron 
absorbs The matrix element is therefore 

y _ . , ^ ^A U^lalla^naF _ ( P~ 

Eij) {Ej^-^Ei^)(E^'-Eii^) \A/ ^(ee+e_) ee^ 


where 6 „ are the energies of the emitted particles, e the energy of the 
incident particle and = e. The density function p is 


_ p+e^p^e^de^dQ^dQ^ 

^ ~ “ (27r*c)* 

Integrating over all angles and multiplying by a factor 9 to allow for all 
different direotions of polarizations for the emitted particles, the total 
oross-seotion for the emission of a pair with an energy of the positive 
particle in the energy interval de+ becomes 


0 


916/y*\» PP+P~ 
A* \Ac/ e*el(/tc*)* 




(15) 


If all energies e, e+, e_ are comparable or larger than /<c* we may approxi¬ 
mately put p_ == e_, ■» e+. Integrating over e^. from 0 to e we obtain for 

the total oross-seotion for the emission of two particles 
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Comparing this formula with 0i equation (13) the ratio is 



and this ratio is of the order of magnitude one for 5/ic^, the exact figure 
has, of (sourse, no real significance. Thus at energies of the order /ic^ multiple 
processes take place with appreciable probability, and this will be the 
case also for processes of still higher order in which three or more particles 
are emitted. The number of particles is limited only by the energy of the 
primary f)article. These processes will appear os showers consisting of 
penetratimj particles and produced by a penetrating particle. Showers of this 
type have in fact been observed. They are responsible foi‘ the second maxi¬ 
mum of the Rossi curve. Theexistenoe of thiasocond maximum (which occurs 
at about 20 cm. of lead) shows directly that the penetrating particles are 
capable of producing secondary ]:>artioleB with a perpetrating power of about 
20 cm. of lead. 

The angular spread of the penetrating showers is expected to be large.. 
This does not seem, however, to be in agreement with experiments by Bothe 
and Sehmeiser ( 1937 ) who concluded that the showers responsible for the 
second maximum of the Rossi curve have a very small angular syrread. It is 
not possible to say at present whether this is the case for all penetrating 
showers. If their result were established it would lead to the conclusion 
that these showers are produced in collisions of a heavy electron with very 
light particles (i.e. electrons, the angular spread is then mc^je). It might be 
that a heavy electron has also an interaction with an electron similar to 
that assumed in our theory between a heavy electron and a nuclear particle. 
This has in fact been suggested by Bhabha ( 19386 ). A heavy electron could 
then produce a penetrating shower also in a collision with an electron.*To 
settle tliis question definitely more extended experiments on the line of 
Bothe and Sehmeiser are required. 

It is not possible to draw any quantitative conclusions from our theory 
about the magnitude of the cross-section for the processes (12), (14), eto.f 
The theory breaks down for energies >/*c*. Indeed, according to (13) the 
cross-section for scattering would increase with e* for higher energies and the 
‘^'j>enetrating particles’’ would not be penetrating at all. On the contrary, 
it seems probable that decreases with increasing energy.^ Since, however, 

t No application can for inotanoe be made of our theory to the energy loss curve 
measured by Blackett and Wilson ( 1937 ). 

X The increase of the cross-section with e* is due to the fact that the matrix 
element for the emission or absorption of a heavy electron is proportional to p/v^* 
This was also the reason for the diverging aifects in the theory of the nuclear pro- 
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multiple prooe»»eB occur even at energies of the order /«;*, this quali¬ 
tative result—the existence of multiple processes—will probably prove to 
be correct. It is also to be expected that the order of magnitude of the cross- 
section is right for an energy e = (kinetic energy From (13) is 

obtained a cross-section for an anomalous scattering 127 t(^®/^)® 2 /A®^ 2 /A® 
per proton or neutron leading to an average range of about 2“5 cm. of lead. 
Thus, only for energies e >/«c 2 the particles willhave great penetrating power. 
They become absorbable as soon as they reach an energy of the order 10 ® 
e-volts. A similar behaviour was found in Section II. It might be that 
this is one of the reasons why only very few “jienetrating” particles are 
observed at lower energies, f 

The cross-section for multiple jjrocesses would, at the same energy^ be 
of the order 1/2A^ per nuclear particle leading to the production of a j)ene- 
trating shower after a range of 10“20 cm. of load, wliich is in qualitative 
agreement with the facts. 


4. Showers of heavily ionizino particles 

So far we have considered processes in which the nuclear particles can bo 
considered as free. The fact that the neutrons and protoiis in a heavy nucleus 
are bound leads to the following type of process: A heavy electron 7^ with 
energy c is absorbed by a bound neutron. The neutron gives all the energy to 
the nucleus which then becomes highly excited. According to Bohr’s theory 
the energy 6 is restored as “heat energy ” in the nucleus. In course of time 
the nucleus evaporates, emitting subsequently a number of heavy particles, 
protons, neutrons and possibly also Uglit quanta. (This latter would at once 
create pairs.) The particles can be emitted in all directions. This procress will 
appear as a shower with angular spread 47 r consisting of heavy particles. 
Showers of this type have been observed by several authors (cf, for instance, 
the beautiful photograph of Anderson and Neddermeyer ( 1936 ), fig. 10 ). 

A quantitative treatment of this process is difficult because it depends 
on the details of the nuclear structure. It can be estimated that the number 

parties. In order to obtain, for instance, a finite magnetic moment, it is at least 
necessary that, for energies the matrix element behaves like 1 /-^' instead of 

ejyje. Such a modification would at once lead to a 1 /e® law for the scattering cross- 
section and also for the multiple processes of higher order. 

t Acooiding to Blackett ( 193 S) the main reason for the absorption of heavy 
electrons is, however, their “transformation’' into ordinary electrons. This would be 
veiy dilHoult to understand on any theory. In this paper we shall not discuss this 
question since it meets in any case with great difficulties. 
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of heavy particles emitted by a nucleus with an excitation energy of a few 
10 * e-volts ranges between two and ten (of. Weisskopf 1937 )* 

About the cross-section for this process only a few qualitative statements 
can be made; For very small energies—of the order of the binding energy W 
of the nuclear particle (i.e. a few 10 * e-volts) the cross-section is found to be 
of the order 1 /A^ per nuclear particle. For higher energies the cross-section 
will decrease rapidly, with a high power of Wje because the nuclear particles 
are then practically free. The rate of decrease depends very much on the 
model used for the nucleus. For cosmic-ray energies the cross-section is 
certainly very much smaller than 1 /A^ of the order 1 / 100 A*- 1 / 1000 A®. 
This is also in qualitative agreement with the observations. 

Some of the observed showers containing heavy tracks with large angular 
spread may be due to multiple processes of the type discussed in the pre¬ 
ceding section. The heavy tracks would then be tracks of comparatively slow 
heavy electrons. It is of course also quite possible that a combination of the 
processes discussed in Section 3 and a nuclear evaporation takes place. 
The heavy electron is captured by a nuclear particle and re-emitted with 
less energy (or a few heavy electrons are re-emitted). The nucleus remains 
excited and evaporates as described above. Then a shower is produced 
containing both proton and heavy electron tracks, as seems to have been 
observed by Anderson and Neddermeyer ( 1936 ), 


6. Ark the penetra.tikg particles of secondary origin 1 

By the inverse process of ( 6 ) 

( 18 ) 

penetrating particles can be created by light quanta. For energies of the order 
fic^ the cross-section for the inverse process is the same and given by 
equation (U).t The question arises now whether the penetrating particles 
observed at sea-level are perhaps all secondaries created by light quanta in 
the high atmosphere. The following consideration shows that the order of 
magnitude of the effect is quite suflScient to account for the number of 
penetrating particles observ^ at sea-level. 

Light quanta are mainly absorbed by the creation of electron pairs. For 
energies of the order 10 * e-volts the cross-section for pair creation is 
10-^*rg/137, where is the electronic radius. Comparing this with the 

t This crcss-saction is very much larger than that for the ordinary creation of a 
heavy electron jmir by a light quantum in the presence of a nucleus. 
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€rD 80 -$eotion (11) for the production of a heavy electron we find for air 
(putting l/A«ro) 

^Iieavy elcctron/^lMfcir ^ ^ 

Thus about 1 in 40 light quanta will be absorbed by production of a heavy 
electron rather than by pair creation. 

According to the measurements by Pfotzer ( 1936 ) the number of electrons 
in the high atmosphere (at 10 cm. Hg) is, in arbitrary units, 250, while the 
number of particles at sea-level is 7, most of which are penetrating particles. 
Most of the electrons in the high atmosphere have energies between 10 * and 
5 X 10 * e-volts (cf. Heitler 1937 , Nordheim 1937 ). The number of light 
quanta in a shower is always about twice as large as the number of electrons 
of the same energy; thus we have at least 500 light quanta in the high atmo¬ 
sphere. They will have created, therefore, at least 10 penetrating particles 
before they are absorbed. This figure is probably still too small for the 
following reason: it is seen in § 3 that at energies > /ic* multiple processes 
occur. Presumably, therefore—and this can easily be verified by direct 
calculations—^processes also will occur in which two or more heavy electrons 
are created by one light quantum 

(19) 

The cross-section for (19) will be not very much smaller than that for (18). 
The number of particles created is limited only by the energy of the light 
quantum. By the existence of these multiple processes the mean number of 
heavy electrons created by one light quantum will be increased perhaps 
by a factor 2 . Thus we find that, in the above units, at least 20 heavy 
electrons are created in the high atmosphere. The measured absorption 
coefficient of the penetrating component is about 0 - 02 /cm. Hg at sea-level. 
The number of penetrating particles to be expected at sea-level is therefore 
at least of the order 

20 exp (— 0-02 X 65)« 5, 

as it is in fact observed. It is therefore concluded that it is quite possible to 
consider all pemtrating particles as secondaries prodwed by light quanta and 
ekcirons in the high atmosphere. The same conclusion has been reached by 
Heitler ( 1938 ) from the consideration of the latitude effect of the penetrating 
radiation. We may mentipn that the cross-section for the production of 
heavy electrons is still small compared with that of ordinary pair creation. 
The absorption law of light quanta will therefore not be influenced by the 
creation of heavy electrons. 
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For a more quantitative treatment of this question it would be neoessary 
to know the oross'section for the process (18) also at energies > /(c®, but this 
cannot be derived from the theory in its present stage. By the same reason 
it is not possible to predict the latitude effect of the penetrating radiation. 
The question could, however, easily be settled experimentally. If our con¬ 
siderations are right, the intensity of the penetrating component should 
have a maximum at a height slightly less than the maximum of the Eegener 
curve, i.e. at about 20 cm. Hg. 


SUMMABY 

The theory of the heavy electron developed by Frohlich, Heitler and 
Kemmer, has been applied to the passage of fast heavy electrons through 
matter. It is shown that various ty|)68 of showers are produced (Y ^ heavy 
electron, P —proton, ^ = neutron). 

(1) ^ P The light quantum produces an ordinary cascade 
shower. 

(2) Multiple processes of the type = and of higher 

order are possible. They' lead to jjenetrating showers produced by i>ene- 
trating particles. 

(3) In a heavy nucleus: “ P. The energy of F+ is restored in the 

nucleus which subsequently evaporates emitting a few protons and neutrons 
(proton shower) accompanied possibly by electrons and also heavy electrons. 

The inverse process to (1) leads to the creation of heavy electrons by light 
quanta. It is shown that the order of magnitude of the cross-section is 
sufficient to explain all heavy electrons at sea-level as secondaries produced 
in the high atmosphere. 

Owing to the breakdown of the theory for energies (10* e-volts) 

all these processes can only be discussed qualitatively and their cross- 
section can only be calculated approximately for energies of the order 10* 
e-volts or less. For this energy the cross-sections have a reasonable order of 
magnitude. 
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Introduction 

The occurrence of band spectra in the chemically monatomic gases 
leads to the belief that molecules are formed in the gas by the electrons or 
photons producing the spectra. Arnot and Milligan (1936) and Arnot and 
M’Ewen (1938) have shown that diatomic mercury molecules are formed 
by the attachment of excited atoms in P-states to each other and to normal 
atoms. Although it has been inferred from the band spectra found in 
helium that molecules are formed by some such attachment process, these 
have not previously been studied electrically, nor have the details of 
the attachment process been investigated.* No definite evidence has been 
put forward to show that band si>ectra occur in the other rare gases. 

This paper contains the results of an investigation made by the balanced 
space-charge method of the ionization produced in argon, neon and helium 
when these gases are subjected to bombardment by electrons whose energy 
was varied from a few volts below the first excitation potential to a few 

♦ In the early experiments on critical potentials ionw were found to be produced 
in helium when the bombarding electrons had energies loss than that corresponding 
to the atomic ionisation potential. These effects were generally attributed to 
impurities in the helium used, but apparently never to the formation of helium 
molecules. 
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volts above the atomic ionization potential of the gas. Only atomio 
iomzation has been found to occur in argon and neon, but molecular tons 
are found to be produced in helium when the energy of the electrons 
exceeds the resonance potential of the gas. 

Afpaeatus 

The apparatus used in this work and the experimental procedure adopted 
have been fully descrii>ed in a previous paper on the formation of mercury 
molecules (Arnot and M’Ewen 1938). In the present work we used the 
second form of apparatus shown in fig. 16 , as this was found in the work 
on mercury to be equally satisfactory and rather more sensitive than the 
form shown in fig. la. The wiring diagram is shown in fig. lo. All metal 



Fio. 1. Apparatus etnd wiring diagram. 


parts, including gauzes, filament leads and connecting wires, were made 
of nickel, spot-welded where necessary. The cylinders and ( 7 , were of 
identical construction except for the gauze window in Cj. The caps on the 
ends of these cylinders were pressed out of one piece of nickel to give a 
perfect fit, and then were spot-welded to the cylinders. was supported 
from C} by quartz rods which insulated it from the rest of the apparatus. 
The filaments Eg and J’j, which were connected in parallel, were co-axial 
with the cylinders and C 7 g, and their leads were insulated from the 
cylinders by short quartz tubes passing through the end-caps. 

The apparatus was contained in a large pyrex tube fitted with a 5 cm. 
ground-glass joint, so that the whole apparatus could be withdrawn for 
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adjustment and filament renewal. The joint was water-cooled and a low 
vapour pressure Apiezon grease was used on this and all other joints and 
taps in the vacuum system. The tube was evacuated through a mercury 
cut-off and a liquid-air trap. The gases used were stored in a glass bulb of 
about 1 1. capacity, and were admitted to the apparatus through a fine 
glass capillary leak and a liquid-air trap. The pressure of gas in the 
apparatus, which was read on a McLeod gauge, could be altered by varying 
the pressure in the bulb and by adjusting the mercmry cut-off, of which 
the inner tube was drilled with a number of holes of varying diameter 
arranged in the form of a spiral round the tube. The rare gases were 
supplied by the British Oxygen Co. in glass containers as spectroscopically 
pure. 

Experimental prockditre 

After the usual baking-out, flashing and running-in of all filaments the 
current through the filaments and ^3 was set to give a saturated emission 
from each filament of about 0*1 mA. The potential between F2 and F^ 
and their respective cylinders was then reduced to 2 V resulting in the 
emissions from F^ and F^ being strongly space-charge limited to a value 
of about 0*01 mA. The emissions from F^ and F^ were then balanced by 
the bridge arrangement shown in fig. 1 which incorporated two 10,000 ohm 
resistance boxes and the galvanometer In this way any fluctuations 
in the potentials of the cells supplying the heating current to F^ and ^3 
were eliminated. The emission from JPg alone was read by the galvanometer 
M, so that its constancy during a run could be checked. 

Electrons from the filament F^ are accelerated up to the gauze by 
a potential applied to the centre of the filament as shown in fig. 1,1^ 
being read on a Weston standard voltmeter. When is increased to such 
a value that ions are formed in the cylinder Gi their space-charge partially 
neutralizes the electron space-charge around F^, The consequent increase 
in the emission from F^ is read on the galvanometer M^, This method is 
known to be a very sensitive detector of positive ions, since it has been 
shown that a single jwsitive ion neutralizes the space-charge of os many as 
10* to 10® electrons, for the ions revolve in spiral orbits around the filament, 
making many loops before finally hitting the fine wire. 

Rbisxjlts 

The results obtained at various pressures in argon, neon and helium are 
shown respectively in figs, 2 , 3 and 4 , These curves represent the change 
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!, Showing onset of atomic ionization in argrni. The spectroscopic value of the atomic ionization potential is 15*7 V 
and therefore the correction to the voltage scale for contact potentials is — 0’3 V, 

t. Showing onset of atomic ionization in neon. The spectroscopic v^ue of the atomic ionization potential is 21-5 V 
and therefore the correction to the voltage scale for contact potentials is — 0*5 V, 
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in the epace-ohairge limited current from the filament measured by 
the galvanometer as the energy of the electrons from is increased. 
The curves in figs, 2 and 3 have all been displaced in a vertical direction 
in order to separate clearly the points. The lowest curves in figs. 3 and 4 
represent runs taken in vacuum. J'or these runs the McLeod gauge 
registered a “sticking vacuum^’ which is equivalent to a pressure of less 
than 10 “® mm. of Hg. 



Fia. 4. Showing orxsat of molecular and atomic ionization in helium. 

The linear fall in the curves as is increased up to the value at which 
ions begin to be formed has been investigated and discussed in our previous 
paper on the formation of mercury molecules (1938). The fall in the curves 
was there shown to be due to the fact that the emission from F^ is not 
space-charge limited over its entire length. The temperattire of the filament 
is highest in the centre, and the emission drawn from this portion is 
limited by space-charge; but the emission from the ends of the filament, 
which are cooled by the leads, is temperature-limited. Electrons from F^ 
can have no effect on the space-charge limited emission from the centre 
of F^, but they decrease the temperature-limited emission from the ends 

35-2 




548 


F, L. Amot and Marjorie B, M’Ewen 

of Fj by virtue of their space charge. Now as is increased the number of 
electrons penetrating the gauze 0 ^ and so affecting the emission from the 
ends of is increased, thereby causing the emission from to decrease 
as is increased. 

It will be seen from figs. 2 and 3 that in argon and neon ionization sets 
in at the atomic ionization potential for each pressure used. The spectro¬ 
scopic value of the ionization potential for argon is 15*7 V, and for neon 
21-6 V. The differences between these values and those given by the 
curves in figs. 2 and 3 , amounting to 0*3 V for argon and 0*5 V for neon, 
are fully accounted for by contact potentials, for which no correction has 
been made in these figures. In argon and neon there is no evidence of 
ionization occurring below the atomic ionization potential even at high 
pressures. 

The results for helium, which were taken after the argon results and 
before those for neon, show that ionization sets in weU below the atomic 
ionization potential, the spectroscopic value of which is 24*5 V. Because 
of this the rise in the curves at the atomic ionization potential is not so 
sharp as in argon and neon, and consequently the correction for contact 
potentials to be applied to the voltage scale of fig. 4 cannot be determined 
as precisely as in the other two rare ga^es. However the rise in the three 
lower pressure curves appears to set in at about 23*6 V, which gives a 
correction of 1 V for contact potentials and energy spread in the electron 
beam. By subtracting the vacuum curve from the four pressure curves 
of fig. 4 and applying this correction of 1 V to the voltage scale we obtain 
the curves shown in fig, 5 a. These curves show that ionization sets in 
at 19*8 V. 

The two lowest excitation potentials of the helium atom are 19*77 V 
for the transition 1 2 ^ and 20*55 V for 1 2 Now, although 

the voltage scale correction applied to fig. 6 a is a little indefinite it is 
quite definite enough to decide between these two excitation potentials. 
If ionization did not occur until the atom was excited to the singlet level 
the voltage corrootion would have to be 1*8 V instead of 1*0 V. The curves 
of fig. 4 show that it could not possibly be as large as this, for the 
uncertainty in the value 1*0 V adopted is not greater than ± 0*2 V. 

The conclusion we have reached is that ions are formed in helium when 
the bombarding electrons have sufficient energy to raise them to the first 
excited state above the ground state. We have now to decide whether these 
ions are atomic or molecular. A second collision of the excited atom with 
an electron, or its absorption of a photon of more than 4*8 V energy, 
could produce an atomic ion. However, the results for neon and argon 
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show that the probability of this double absorption process is too small 
to produce ions in suflioient number to be detected. For the same reason 
the collision of two excited atoms, whereby one absorbs the energy of 
the other by a collision of the second kind resulting in an atomic ion and 
a normal atom, cannot occur with sufficient frequency to account for the 
ionization observed. Whatever the process, if the resulting ions were atomic 



Flu. 5. (a) Curves of fig. 4 corrected by subtraction of the vacuum curve and with 
voltage scale correction for contact potentials. Showing onset of mol€»cular ionixation 
at the resonance potential, 19-77 V, of helium. (6) Theoretical excitation function 
for the 2 *S state of 19*77 V energy. 

then we should expect to obtain ions also in neon and argon at the resonance 
potentials of these atoms, 16*53 and 11*49 V respectively. We therefore 
conclude that the ions produced below the atomic ionization jx^tential 
in helium are molecular ions. 

Helium molecules have been known since 1913 when the helium band spec¬ 
trum was discovered independently by Curtis (1913) and by Goldstein (1913). 
During the last twenty-five years the band spectrum has been very fully 
investigated and has proved of supreme importance in testing the quantum 
theory of molecules developed by Heitler and London, Hund, MuUiken 
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and others, A table of the energy states of the helium moleoule is given by 
Jevons (1932). No band sjwctra have been observed in argon, and although 
a number of bands in the red in neon were reported by Dhavale (1930) 
this observation has not been confirmed. There is thus no definite evidence 
from band spectroscopy that molecules are formed in argon and neon, 
a negative result which is supported by our curves given in figs. 2 
and 3 . 

Our results show that helium molecules are foimed by the collision of 
an excited atom in the 2 state with either a normal atom or another 
excited atom in the 2 state. The collision with a normal atom is far more 
probable than a collision with a second excited atom, and, since the 
former process provides sufficient energy to ionize the molecule, it is 
probably the effective process. We thus have 

He(l52, iSo) + He'(l«2s, ^S) He+(l«era2po', + 

in which the first term represents the normal atom in its ground state 
I and the second term represents the excited atom in the metastable 
state 2 of 19*77 V energy. The ionization potential of the molecule 
obtained from the band spectrum limit is 18’68 V (Jevons 1932), leaving 
M 9 V energy to be carried away in kinetic form by the electron. 

The theoretical excitation function for the metaatable state occurring 
in the above process has been determined by Massey and Mohr (1931), 
and is shown in fig. 66. We see that the probability of excitation to this 
state from the ground state is practically constant over the range of energy 
from 22 to 24 V. Now the lowest curve of fig. 6a, representing the prob¬ 
ability of ionization at a pressure of 6-6 x 10“* mm., is similar in fonn to the 
excitation function up to the atomic ionization potential, 24*5 V, and is 
practically flat between 22 and 24 V. The higher pressure curves in fig. 6a 
differ more in form from that of the excitation function the higher the 
pressure. This indicates that at low pressure the molecular ions are formed 
mainly from atoms in the metastable state 2 ®S, while at higher pressures 
atoms in higher excited states also form molecular ions when they collide 
with“ normal atoms. Sincje these higher states are not metastable a higher 
pressure is required in order that an effective collision leading to attach¬ 
ment should occur before the atom radiates. 

We have shown in our previous paper on the formation of mercury 
molecules (1938) that excited atoms in states other than P-states do not 
apparently form ionized mercury molecules by attachment even though 
they have more than sufficient energy to do so. The helium atom is 
similar to the mercury atom in that it has two outer electrons, but differs 
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from the mef*cury atom in that its outer shell is complete. This difiFerenoe 
apparently allows the formation of ionized helium molcules from excited 
atoms in S^states. 


SUMMAEY 

An investigation of the formation of ionized molecules in argon, neon 
and helium has been made by the balanced space-charge method which 
had previously been used by the authors to study the formation of mercury 
molecules. No evidence of molecular ionization was found in argon and 
neon. In helium molecular ionization sets in at the resonant^e potential. 
The results show that these molecular ions are formed by the attachment 
of metastable atoms to normal atoms according to the process 

He(l«*, ^So)-f He'(ls2«, ®S) -*> He2^(l5a‘*2p<r, + 

The appearance potential of the molecular ions is the energy of the 2 
state, 19*77 V, which is 1*19 V greater than the ionization potential of 
the helium molecule. 

Attention is drawn to the fact that these molecular ions are formed 
from excited atoms in S-states, whereas we have shown that mercury 
molecular ions are apparently formed only by excited atoms in P-states. 
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Application of “reciprocity” to nuclei 

By M. Bobk 

{Communicated by E. T, Whittaker, F.R. 8 ,—Received 15 March 1938 ) 

Introduction 

This paper is a continuation of a recent publication (Born 1938) under the 
title suggestion for unifying quantum theory and relativity”, which 
1 shall quote here as (I). The central question which arises from the idea of 
"reciprocity” is the generalization of the conception of a metric in such a 
way that it comprises the x- and ^-spaoe simultaneously. But as x and p 
have different dimensions this can be done only by making all components 
dimensionless. One has to divide the a:-line-element by an absolute length 
a, the j)-line-element by an absolute momentum b = A/a. The latter part 
can be neglected for all processes involving only wave-lengths long com¬ 
pared with a, and vice versa, corresponding to the cases of pure :c-metric 
(relativity) or pure p-metric. If one identifies b with the limiting momentum 
defined in (I), it follows from (I, 22) that a = 7rr0, where = e*/mc* is the 
conventional radius of the electron. Instead of a and b one can consider os 
primary absolute constants A = afr and 

H ^bja ^ 0*0086 g./sec. (1) 

The constant H is characteristic for the idea of reciprocity in the same way 
as c is characteristic for relativity and A for quantum theory. 

Tiiis standpoint implies that the constant b is universal. This was also 
assumed in the numerical calculations of (I), but no deciding argument 
could be given for this hypothesis. 

The purpose of this paper is to support this assumption by some applica¬ 
tions of the distribution formula (I, 8) to nuclei. Even if this formula should 
not be completely correct, the agreement of the calculated values of some 
properties of nuclei with observation can be considered as a strong evidence 
for the existence of an absolute momentum, or of the equivalent reciprocity 
constant H, 


1. Nuclear radii and energies 

The postulate of a closed p-space made in (I) led to the consequence that 
for any energetically closed system the number of quantum states is finite, 
namely „ 
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where g is the weight of the state and V the spatial volume. We apply this 
to a nucleus of mass number A ^ N-\-Z (N number of neutrons, Z number 
of protons). The natural assumption is that in the ground state of the nucleus 
each quantum state is occupied by two particles (since neutrons and protons 
obey the Fermi statistics, g ^2). Let if be the radius of the nucleus, 
V « 4;rif®/3. Then by putting A with gf = 2 we find from ( 2 ) 



if = ro i/lA = 0*72 xr^i/A^ 2-02 x 10“i» ^A cm. (3) 

A law of this type has been assumed as the expression of the liquid drop 
model of the nucleus (Bethe and Bacher 1936 , see especially, p. 97, § 8 , 
formula (17)). The*1numerical factor has been determined by Bethe ( 1937 ) 
with help of the decay constants of radioactive nuclei; the value which he 
derives from the experimental data (formula (598), § 68 , p. 167 of the report 
quoted) is 2*05 x 10 “^® cm. The agreement with our value (3) is so perfect 
that one cannot help feeling suspicious. Therefore we proceed to the calcu¬ 
lation of another projjerty of the nucleus, the mean kinetic energy of its 
particles. 

From (I, 8 ), (I, 9) we get for a symmetrical distribution 

dn dn 4 p^dp . 

V ” T “ ^ ^ 

The average of the kinetic energy e - p^j2M is 

C dn 2 pHp 6 ® 4 ^ 3 6 ^ 3 

® " J® n ~nMb^} oV(l -yW "2Mn}~ 42if“ 

where H = me* = 10-4x 10 «e-volt 8 ( 6 ) 

is the maximum energy. 

Very similar results have been obtained (Jordan 1937 ) with help of the 
assumption that the particles in the nucleus behave as a completely degener¬ 
ated Fermi gas. Using the empirical coefficient of Bethe (mentioned above) 
for the radius of the nucleus Jordan finds €9 = 10 x 10 ® e-volts in excellent 
agreement with ( 6 ), But the two theories are essentially different, as can 
be seen from a oennparison of the expressions for the average kinetic energy; 
the Fermi gas leads to i »= feg instead of our formula ( 6 ), e = fe^. Both 
values are in agreement with the condition that the average binding energy 
U of a particle must be larger than Cj—e; U>e^—k. For one has for the 
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Fermi gas e^-i* = 4 x 10 « e-volts, and for our case ej-i = Je# «=» 2-6 

X 10* e-volts wherejw the empirical value of the binding energy is 17 * 8-6 
X 10 * e-volts. One can also easily calculate the mean square fluctuation of 
the energy _ 

(7) 

One finds e® = |to, e® = 

therefore /le = = Co-e. (9) 

The mean square fluctuation is just equal to the difference between maximum 
and mean energy. 


2 . CoiaJSlONS OF CHABOBD PABTIOLBB 

We have shown in (I) that the hypothesis of closed p-space leads to a 
modification of the Coulomb law, namely (I, 20 , 23), 




( 10 ) 

with 


( 11 ) 


This implies alterations in all phenomena connected with interactions of 
charged particles. We shall treat here the important case of coUisionB for 
which observable effects can be expected. For the sake of simplicity we 
assume unequal particles of high relative energy for which the cross-section 
is given by (see for instance Dirac 1935 , p. 196, §62, formula (16)): 

a = 4iT*Jlf®A® I (p' I FIp») I®, (12) 

where M is the effective mass, and jo' the initial and final value of the 
relative momentum, and the matrix element 

JP®) = i V(r)dxdydz. (13) 

If we introduce the vector which determines the change of momentum 

(14) 

and take its direction as polar axes, r forming the angle arc cosy with it, 
we have for ah elastic collision 


Pr «* Pry, P =* 23), sin d/ 2 . 


( 16 ) 
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Then (p' 1 7 j p”) » 27 rJ” rdr 

“ Jo 

where % =* = ^ 5 ~^Bin( 9/2 ■= ~8in6>/2. 

Introducing this in (12) we get 

^ ~ \2pg8in*(9/2'^*^’®^) ’ 

this is Rutherford’s law of scattering, modified by a factor which is the 
square of 

/.(,.). <■«> 

This integral can be worked out in the following way. 

We consider the function 

Here we can change the order of the integrations and perform first that with 
respect to ij; then we get 


( 16 ) 

( 17 ) 


fiiVa^y) 


f‘ -i 

fsin y( 1 - g/1^0) 8>n y( ^ + ^IVo)\ 


[ i-|/% i+iho 1 


Using the formula 


I/-+® J o ® I 


ff^(O), if o6 < 0, 
0, if o6 > 0, 


( 20 ) 


we see that the second term in (20) tends to 0 for y->-oo, whereas the first 
term has a limit different from 0 as long as < 1; putting 1 - g/% = a we get 


ftiVo) - Hm/j(i/o,y) 

l ^->05 


1 _ p sinya da 


We can now write the cross-section 


1 

( 21 ) 


cr 


1-^ sin* d/2 


1 


= o^o” 
1 


--sin* d/2’ 
*0 


( 22 ) 
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where is Rutherford’s value, ^ (relative) kinetic energy and 

€q s= maximum energy. 

The application of this formula is very much limited by the assumptions 
made. For an electron colliding with a proton or another nucleus one has 


^0 


2m 


2m 



me* =« 2 ( 137 )*mc* = 19-200 x 10 *e-volts. 

( 23 ) 


But for energies of this order one cannot use these formulae, but has to 
apply relativistic mechanics. In any case, the effect treated here would 
give rise to deviations also from the relativistic cross-section for energies 
of at least » 2 x 10^® e-volts, and this result seems to be not at variance 
with the calculations of Bhabha and Heitler (1937). 

For the proton-proton collisions the formula ( 22 ) is not directly applicable 
because of the exchange effect of equal particles. But one can safely assume 
that the deviation will begin at a characteristic energy of the order — b^l 2 M 
where M is the mass of the proton. This is precisely the energy of 10*4 x 10® 
e-volts calculated in the 1st section, formula (6). Now the proton-proton 
collision has been experimentally investigated by Tuve, Heydenburg and 
Hafstad (1936) and their results have been theoretically discussed by Breit, 
(London *and Present (1936); the result of this careful study is that the 
deviations from the Coulomb scattering (Mott’s formula) can be explained 
by an attractive interaction energy of 11 x 10® e-volts (in a distance of 
2-82 X 10'^® cm.). The coincidence with our value is very remarkable 
notwithstanding the fact that the explanation of the deviations is entirely 
different. 

For the cioUisions of other pairs of nuclei the simple theory does not hold 
because the nucleus has a finite radius over which its charge is spread. This 
leads to a diminishing of the deviations from the normal cross-section, with 
rather irregular features. It seems not worth while to study these effects 
in detail as long as the foundations of the theory are still unsettled. 


3. YtTKAWA’S PARTICLES 

A particle moving with the velocity of light and the maximum momentum 
b would have the energy be, or the mass 


b/c ^ 


Jl 

nr^c 



2 X 137 m » 274 m. 


(24) 
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Particles of this kind have recently been much discussed. As early as 1935 , 
Hideki Yukawa had already suggested the existence of a new kind of field 
and corresponding particles for explaining the nuclear forces of small range; 
he estimated the mass of these particles from this range as about 30 m. 
Later he identified them with the penetrating particles in cosmic rays found 
by Anderson and Neddermeyer (1936), Street and Stevenson (1937), and 
Nashine, Takeuchi and Johimya (quoted by Yukawa). The theory of these 
particles has been developed by Kemmer (1938), Bhabha (1938), Frohlioh 
and Heitler (1938), and Yukawa himself (1938). The values of the masses 
given by these authors differ appreciably. Street and Stevenson (X937) 
find 120m, Frohlioh and Heitler 80 m, the Japanese investigators ^ proton 
mass or about 180 m. Our value ( 24 ) is of this order. As stated in I, .our 
numerical results are preliminary os only the electrostatic part of the self- 
energy of the electron was used for the determination of 6. 


Summary 

The formula for the distribution of quantum states, which follows from the 
principle of reciprocity and the assumption of a closed p-space, is applied 
to some properties of nuclei. The results can be considered as confirmations 
of the hypothesis. The mass of a particle moving with velocity of light and 
maximum momentum is of the same order as that of the particles which 
Yukawa has introduced. 
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The adsorption of vapours at plane surfaces of mica 

II. Heats of adsorption and the structure of 
multimolecular films 

By 1 ). H. Banoham and S. Mosallam 

{CcmmunivMed by D. L, Ch;apman, F.R, 8 .—Received 25 March 1038 ) 

In a previous i)ai)er, where the results of adsorption measurements with 
known surface areas of mica were recorded (Bangham and Mosallam 1938), 
attention was focused on the range where the first molecular layer is yet 
incomplete. The present communication deals mainly with the transition 
to a thicker covering as the pressure of vapour is increased towards satura¬ 
tion. Conclusive evidence has already been given that the very large in¬ 
crease in the adsorption of benzene and carbon tetrachloride near saturatiorj 
is not attributable to the condensation of liquid, either between contiguous 
faces of the mica strips (in those experiments where these were not separated 
by wires) or in incipient cleavages at their edges. The adsorbed films were 
found incapable of acting as nuclei of condensation for the bulk liquids, 
and were proved to constitute a phase thermodynamically distinct from the 
latter. Nevertheless, as the sequel will show, the adsorption energy is very 
little different from the normal heat of condensation once the first monolayer 
is complete, and there is evidence which suggests that the densities of the 
multimolecular films may not differ widely from those of the bulk liquids. 


Experiments with benzene vapoitr 

In eight experiments with this vapour, using the adsorption vessel ^ 4 ,* 
the observational |)oint8 on the isotherms were fairly widely spaced, and 
it was possible in most cases to draw a smooth sigmoid curve which left only 
one or two of these outside the allowable margin of error. Attempts to 
determine accurately the adsorption value at the point of inflexion were 
frustrated, however, by the fact that the results, though fairly reproducible, 
were not entirely so; and also on account of the persistent occurrence of 
apparently irregularly placed points precisely in this region. 

♦ In this vessel strips of mica of aggregate area 18,000 cm.* were placed face to 
Face, without separating wires. 
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Several adsorption and desorption experiments were carried out to 
discover whether these irregularities were attributable to any fault in the 
technique of measurement. The desorption experiments showed the isotherm 
to be reversible if the pressure was reduced before completion of the first 
molecular layer, that is to say, in the region where irregularities were absent. 
But if the adsorption had been carried beyond this point, the desorption 
curve showed a definite hysteresis effect persisting down to very low pres¬ 
sures (fig. 1). Since the quantities of vapour ultimately recovertnl (by 



Fm. 1. Adsorption O and desorption # isothormals of benzene. Abscissae, 
pressures; ordinates, odsorj^tion in nun.». Area of mica, 18,000 cm.*. 

freezing part of the measuring system and warming the mica tube) were in 
all cases in good agreement with those calculated to be present, there is 
reason to believe that this hysteresis was real, and not due to inaccuracy of 
measurement.* Nor was it due to insufficient time being allowed the 
system to come to equilibrium. In general, adsorption measurements made 
shortly after an admission or removal of vapour differed by no more than a 
few mm.® at N.T.P. from readings taken after standing for one or several 
days. 

Heat of adsorption. In one of the desorption experiments with tube A the 
temperature of the thermostat was changed jBrom 25 to 35 ® C. at each pres¬ 
sure reduction, 24 hr. being allowed for the system to attain equilibrium 

* In experiments where the pressure has been raised to nem* satui'ation, a much 
larger margin of error must of course be allowed for, tlian in thoHt> whci'e the pressure 
was kept low. 
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before rea<iing. The former temperature was then restored, and, after 
taking a further reading as a test of reversibility, the next pressure reduction 
was made. Since, on the original temperature being restored, the adsorption 
invariably returned to very near its original value (often to within 1 mm.® 
N.T.P. of this), it is certain that the equilibrium was here reversible with 
respect to the small changes of temperature and pressure involved, so that 
a calculation of the differential heats of adsor|)tion from these data with the 
aid of the usual thermodynamic equation is fully justified.’*' 

The results, shown as ordinates in fig. 2 against the areas per molecule as 
abscissae, are of considerable interest. The adsorption energy is very nearly 
constant for smaU coverings, its value, where the area per molecule exceeds 
35 A*, being about 12,000 cal./mol. As the area per molecule decreases from 
35 to ca. 25 A® the energy falls rapidly to a mioimum value; thereafter there 
is a slight rise to a value very near the normal heat of liquefaction. 


T- 1 -r 


... 

20 ^6 

Fio. 2. Abaoiasae, areaa per molecule in Angstrom units; ordinates, adsorption 
energy in calories per molecule. I'he broken line indicates the latent heat of the 
normal liquid. 

Discontinuities in isothermals. When it w^as at length realized that the 
irregularities in the benzene isotherms—amounting, in some cases, to dis¬ 
crepancies of about 50 mm.® N.T.P., or ten times the allowable margin of 
error—were not due to the onset of capillary condensation, an attempt was 

* The prooedi»re adopted waa as follows: Two plots of the isotherms were made, 
one of the adsorption against log p = pressure), and the other of the logarithm of 
the ^sorption against this variable. Smooth curves were then drawn through the 
points, and on each graph the intercepts parallel to the logp axis were read off. 
The two methods of plotting gave results in excellent agreement, and the means of 
the two have been vme<i in fig. 2. In drawing the curves it was necessary to ignore 
one point on the 35° isotherm. Assttming this point to have been widely in error, 
the remeiiuier would have been unaffected, for no vapour was removed from the 
system at this stage. The inference to be drawn from the heat of adsorption curve in 
fig. 2 is, therefore, that even when the experimental isotherms are **smoothed out’*, 
there yet remains evidence of a fairly abrupt change in the nature of the adsorption 
when the area per molecule increases from 25 to 35 A*. If, as is highly probable, 
the almormel point was not in error, the discontinuity in the energy curve would be 
even more ma* ked. 
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made to trace their course in greater detail by taking a greater number of 
readings. Where possible, the compression ratio used in reading the gauge 
was varied, so that each jwint on the resulting isotherm should represent 
not a single observation but the mean of several made under slightly 
different conditions. 

Fig. 3 shows the results of two separate experiments carried out in this 
way at 26 and 36 ® C. respectively. For these the adsorption vessel B was 



FtG. 3. Isotliennals of benzene. Abaciesae, relative preeavires; orthnates, adsorption 
in mm.» N.T.P. White ciroies, 26® C.; black oiroles, 35® C. Area of mica, 19,000 cm.*. 


used, containing mica strips of aggregate area 19,000 cm.^, separated by 
wires. It will be observed that in the two graphs (which are plotted on a 
natural soale^ but with the reduced pressures as abscissae) the irregularities 
take very much the same form. No doubt can remain as to the complex 
nature of the isotherms. The discontinuities (or sharp changes of curvature) 
recall those foimd by Allmand and his oo-workers (1931) with charcoal and 
sihoa gel, but are more widely spaced. Most conspicuous are the horizontal 
sections of IMie isotherms near the middle of the figure (area per molecule 
19*7 A*), occurring between two regions of opposite curvature, both of which 
run counter to the general trend of the graph os a whole. (The cross-sectional 
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area of the benzene molecule perpendicular to the plane of the ring is 
probably near 21*5 A*.) 

These two graphs also confirm the conclusions already drawn regarding 
the adsorption energy. The abscissae being fractions of the saturation 
pressures, it follows that where, for a given adsorption, the 25"^ points lie to 
the left of the 36° C. curve, the differential heat of adsorption must exceed 
the normal heat of liquefaction; where they lie to the right the opposite will 
be the case. It will be observed that the relative positions of the curves 
become reversed when about 276 mm.® have been adsorbed, the area per 
molecule* being then 25*8 A®, and the pressure about one-seventh of 
saturation. 

Had tlie graphs of fig. 3 been plotted with a logarithmic abscissa scale, the 
horizontal intercepts between the curves for pressures >0*3 of saturation 
would appear very small; and since a much larger margin of error must be 
allowed when adsorption heats are calculated from separate experiments 
than when the temperature is varied without addition or withdrawal of 
vapour, the conclusion to be drawn is that above this pressure (at which the 
area per molecule is 19*7 A®) the heat of adsorption differs from the ordinary 
latent heat by no more than the ex|)erjmental error.f 


Experiments with methyl alcohol 

The adsorption vessel 6^ was used; this contained mica strips of aggregate 
area 24,000 cm,®, separated by fine wires. Adsorption experiments only were 
attempted. 

HeM of adsorption. In each of the runs the temperature of the thermostat 
was changed at each step from 35® to 25® C. and back again, to obtain data 
for calculating the adsorption energy. The results are graphed in fig, 4, 
where the common logarithm of the relative pressure pjp^ (jpQ»= saturation 
pressure) is plotted as abscissa, and the adsorption as ordinate. 

* The apparent agreement here with the value of 26*4 A* found by Adam ( 1930 ) 
for the efifeotivo cross-section of the tilted rings of benzene compounds at the surface 
of water is almost certainly fortuitous; but we regard it as established that both the 
adsorption energy and the slope of the isotherm undergo an abrupt change at about 
the adsorption value to be expected for a unimoleoular film of molecules oriented 
on edge. 

t The intercepts between the curves of fig. 3 in the region othm pressures, though 
small, represent, of course, an energy change which is considerable; a natural, in 
preference to a logarithmic scale has been chosen because it shows more clearly the 
magnitude of the irregularities and their relation to possible errors of meamimnent. 
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The isotherms are clearly continuous until the pressure reaches about 
0-04 of saturation. The adsorption energy is also constant until the area per 
molecule falls below co. 17 A*; this is shown by the constancy of the hori¬ 
zontal intercepts between the two curves. To the value of 3900 cal./mol. 
calculated from the intercept must be added 9600 cal. for the normal latent 
heat, making in all 13,400 cal./mol. for the constant adsorption energy in 
the first molecular layer (area per molecule >17 A®). 



Fio. 4. Isothermsls of methyl alcohol. Abscissae, values of \ogitPlPo (p/po=relative 
pressuro); ordinates, adsorption in inm.’ on 24,000 cm.* of mica. White circles, 35° C.; 
black circles, 26° C. 


Above 0'04 of the saturation pressure discontinuities appear, the adsorp¬ 
tion being increased 60 % or so by a small increase of pressure. Simul¬ 
taneously, the adsorption energy decreases abruptly to a value probably 
not very different from the normal latent heat; for though the experimental 
points above the break (a few of which are plotted in the figure) are too 
irregular to permit an accurate estimate of the adsorption energy in this 
region, those obtained at 25 ° C. lie systematically neither to the one side 
nor the other of those at the higher temperature. 

It can safely be concluded that the break is connected with a sudden 
thickening of the film, probably by formation of a second molecular 
layer. 


36*2 
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Experiments with carbon tetrachloride 

As stated in Part I, the isotherm of this substance appears to consist of 
a series of loops, each of which is concave to the adsorption axis (fig, 6 of 
this paper); further observations are, however, desirable, and the heat of 
adsorption was not measured. 


Discussion 

It is illuminating to combine the isotherms of all three experimental 
vapours, plotting the fractions of the saturation pressures as one variable. 
This has been done in fig. 5, where the ordinates represent the thicknesses 



Fig. 5, Apparent thicknesses of tilme in Angstrom units (ordinates) at different 

relative pressures (abscissae). Benzene-; caurbon tetrachloride-; methyl 

alcohol-, The densities of the films are assumed equal to those of the 

normal liquids. 

(in Angstroms) which the films ivotUd have if their densities were equal to those 
of the nomo/ liquids. Thus represented, the isotherms—whether fortuitously 
or otherwise—are seen to lie surprisingly close together over much of the 
range. Differences of molecular architecture appear to assert themselves 
most markedly in the finer details of the isotherms, and in the low pressure 
relations which the use of a natural scale tends to obscure. 

This manner of plotting the data was suggested by the results of experi¬ 
ments with visible” films such as are produced by exposing new mica 






The adsorjpiion of vapours at plane surfaces of mica 666 

surfaces to jets of air charged with the su|>er 8 aturated vapours (Bangham, 
Mosallam and Saweris 1937 ). Elsewhere it will be shown that these thick 
films (which give rise to interference colours from which their thicknesses 
can be roughly gauged) have many properties different from the bulk 
liquids, but identical with those of ths films formed by the unsaturated vapours 
with which we are here concerned. It was observed that films of approxi¬ 
mately the same thickness were formed from vapours which must necessarily 
have been supersaturated to about the same extent.* The surprising fact 
that a relation of this type applies roughly to the fictitious film thicknesses 
plotted in fig. 5 and to pressures as low as 0-06 of saturation, would suggest 
that the densities even of these very thin films may be not widely different 
from those of the bulk liquids. Apart from this the graph is of interest as 
an example of an approximate '‘equal volume” relationship which cannot 
possibly depend upon the filling up of a fixed pore space, f 

The present experiments do much to reconcile Langmuir's conception of 
unimolecular adsorption (in its modified form where the molecules are 

* Since methyl alcohol behaves no differently from benzene and carbon tetra¬ 
chloride, there can be no doubt that the isotherm of this substance turns away 
from the pressure axis (like those of the other substances naminl) beyond the experi* 
mental region. 

[t Note added in proof. Mention should be made here of the recently published 
measurements by Palmer and Clark ( 1935 ) and Palmer ( 1937 ) of the adsorption of 
vapours at known surfaces of vitreous silica. Palmer finds that the isotherms of 
benzene, acetone and methyl alcohol are asymptotic to axes at 1*021 l*016po 

and 1*014pp respectively; the adsorption at the satimiticm pressures pp are fflore- 
fore finite, in accordance with the present authors’ findings. He also infers from the 
form of the empirical equation which reproduces the data that the rapid increase of 
adsorption near saturation is not due to capillary condensation, even though his 
surfaces were **roiJgh”. Palmer’s isotherms are represented for the most part by 
smooth sigmoid curves of the type shown in fig. 1 of this pa{>er, but it must be 
borne in mind that his adsorbing siuface was only about one-quarter of that used 
by us, so that such irregularities as wo found in the benzene isotherms, for example, 
would almost certainly escape notice. Palmer and Clark’s low pressure data for 
cyelopentane show some points of similarity to our measurements for carbon tetra¬ 
chloride ; there is a sheurp change of curvature (if not an actual discemtinuity) when 
the adsorption is only a fractioti of a unimoleciilar layer. Palmer suggests that 
equal num 6 «rs of fnoUcular layers (of different substances) are adsorbed at equal 
relative pressures; but his calculations of the quantities in the monolayers, made 
with the aid of an empirical variation of Langmuir’s equation, apptmr to us to bt* 
open to some doubt. Probably of greater significance is liis lesiilt that the satura¬ 
tion adsorptions of six different substances are approximately equimolecular; and 
it may be noted that the three graphs of our fig, 5 ore tending, at higher pressures, 
to relative positions which would conform roughly with this rule. Should the rule 
in question be at all general, tht^ fact that our three experimental substances form 
films of nearly equal thickness between 0*1 and 0*4 of the saturation pressure must 
almost certainly be fortuitous,] 
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considered mobile) with the older hypothesis of a multimolecular film of 
which the thickness is determined by the degree of saturation of the vapour. 
The approach to completion of the Langmuir monolayer has been shown to 
be accompanied by discontinuities (or sharp changes of curvature) in the 
isotherms, and by a more or less abrupt decrease in the adsorption energy 
to a value near the normal heat of liquefaction. But although the thicker 
films have much the same energies, and possibly also much the same den¬ 
sities as the bulk liquids, the states of aggregation in the adsorbed and in the 
liquid phases cannot be quite the same; for the angle of contact is not zero 
when the vapours are saturated,* nor even when there is sufficient super¬ 
saturation to render the films visible. An adequate explanation of this must 
clearly await new knowledge as to liquid structure. 

The different condensed phases of a substance do not differ widely in 
density, and recent well-supported theories of the liquid state have assumed 
the same forces to be operative there as in the crystal, and the same orienta¬ 
tions to be iniposed, but with a degree of randomness which is foreign to the 
crystalline state. It is but reasonable to suppose that these orientations 
will tend to reappear, modified no doubt by the force field of the adsorbent, 
in the adsorbed films formed from the vapours; such an hypothesis would 
not necessarily imply their identity with the bulk liquids. 

Adapting the method of Prins ( 19 Z 9 ) and others, let us write g{r) for the 
density of molecular centres at distance r from the surface. If we neglect 
the small concentration in the free-vapour phase, the total number of 
moUcuIes adsorbed is 

rco • 

g(r)dr. 

Langmuir’s theory requires that g{r) should rise sharply to a single peak 
(curve A, fig. 6 ). According to the older “potential” theory of Polanyi 
( 1920 ) the curve should be nearly flat for distances outside the molecular 
radius, until the limit of the supposedly liquid condensed phase is reached, 
where there should be an abrupt fall (graph B). 

Considerations of molecular size and arrangement oblige us to suppose 
the correct form of g(r) to 1 k) given by some such curve as C in the dia gr<»Tin, 
Thus accepting Polanyi’s view that the forces mainly instrumental in 
bringing about the adsorption of vapoura are the “dispersion” forces which 
play so important a part in liquefaction, but rejecting his assumption that 

* The statement, appearing in Fart I, that the equilibrium oontoot angle is lem 
tiian 90° and much greater than 0° should be amended to read “much less than 
90“ and greater than 0“”. 
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the films are liquid and moleoulai'ly chaotic, it becomes possible to discern 
why the isotherms of different substances should be so similar in general 
trend, yet so very diverse in point of detail. The adsorption energy of a 
molecule, since it will depend upon the number of its near neighbours in 
the film, will be greater when a layer is nearing completion than when a new 
layer is begun. 

Tlie visualization of the film structure in terms of a distribution function 
leads us to a restatement, in more general and accurate tenns, of a sugges¬ 
tion made by Semenoft' ( 1930 ) that the completion of each adsorbed layer 
should be associated with a break in the isothermal. A bending away from 



Fig. e. Distribution of molecular centres in the neighbourhood of a surface; A, 
according to Langmuir’s theory; B, according to Poianyi’s older hypothesis of a 
thick film; C, according to hypothesis of laminated multunoleculai* film. 

the adsorption axis is liable to occur whenever the film thickness corre* 
sponds to a well-defined molecular spacing in the bulk solid or liquid phases 
of the adsorbed substance; a bend away from the pressure axis should occur 
whenever a new layer is nearing completion, or a reorientation is in progress. 
But, given molecules of any degree of complexity, we should not expect the 
film thickness necessarily to increase by integral multiples of a single 
parameter, for reorientation might well play an important part. 

With any but the simplest molecular species we should expect the orien¬ 
tation of the innermost layer or layers to become affected as the adsorption 
increases, and this is a very probable cause of the hysteresis observed in 
these and other experiments. It is significant that, with benzene, no 
hysteresis was observed if the pressure reversal was made before the first 
breakpoint was reached. Initially, at all events, the first monolayer appears 
to be differently packed from the succeeding ones, the orientation often 
being such as to diminish the effects of the intermolecular attractive forces.* 

♦ Many authors consider that repulsive forces of long range are set up between 
similarly oriented permewxent or induced dipoles; e.g. Magnus (1929), J, K. Roberts 
(1935). Tliis explanation of the ‘*two-diinerisional gas” behaviour of some films can 
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Thus the isotherms of benzene and methyl alcohol are smoothly concave 
to the pressure axis for small coverings, the differential heat of adsorption 
being constant (or nearly so) and markedly greater than the normal heat 
of liquefaction. 

With some adsorbents the packing in the Langmuir layer must be such 
that even near saturation there is little or no tendency for the films to 
thicken. At* all events much support has been found for the view that the 
films formed even from saturated vapours are of no more than molecular 
thickness.* 

Comparison with X-ray data. A comparison of the graphs of fig. 5 with the 
molecular spacings found by X-ray methods is rendered difficult, and 
j>erhap8 unprofitable, by the absence of precise information as to the 
densities of the films. Attention may, however, be drawn to the break in 
the benzene isothermal where the film thickness is ca. 5 A; liquid benzene 
gives a characteristic diffraction maximum at 4*7 A (Stewart 1929). With 
methyl alcohol there is a sharp turn away from the adsorption axis at wi. 4 A, 
which may also correspond to the spacing in the liquid of 3 ’8 A found by 
Stewart and Morrow (1927); a film of about twice this thickness persists 
over a very wide range of pressures. The importance of these possibly 
fortuitous cases of agreement should not, however, be overestimated. 

Intermolecular forces. To account for the existence of thick adsorbed 
films, De Boer and Zwikkor (1929), and more recently Bradley (1936 a, 6), 
have suggested a propagation of induced polarization of the molecules from 
layer to layer. Though calculation predicts (Lennard-Jones and Dent 1928) 
and experiment confirms (Bradley 1936 a, 6) that the deforming power of 
potassium ions (with which we are here concerned) is rather small, the theory 
has attractive possibilities, and accounts well for the fact that many 
adsorbents, including charcoal (which we regard as essentially non-polar), 
do not give rise to thick films even at saturation. 

hardly apply where the lieat of adsorption is as constant as it is with methyl alcohol. 
With benzene, also, no evidence was found of a marked diminution of adsorption 
energy in the range of formation of the Langmuir layer; but the accurate data of 
fig. 3 refer, actually, to a desorption experiment, so that the arrangement of mole¬ 
cules in the monolayer may have been different from that obtaining during adsorp¬ 
tion {vide text). 

♦ See, for example, Frazer, Patrick and Smith (1927); those authors ascribe the 
very large adsorptions on gloss found by McHaffte and Lenher (1925) to the roughen¬ 
ing of the surface and the formation of a geMike layer of silica. Using a highly 
sensitive optical method of measurement, J. H. Frazer (1929) was able to detect a 
marked thickening of the film formed by methyl alcohol on glass at about 90 % 
saturation pressure, but no condensation of toluene, acetone, etc., even at of 
saturation. 
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Tbe equations developed for the isotherms are 

logpjk^P0 «= (De Boer and Zwikker), (1) 

where A;, < 1, ki, etc., are constants, and n is the number of molecular layers 
adsorbed at pressure p; and 

logpolp - k^kl^k^ (Bradley), (2) 

where A*a < I, k^y etc., are constants, and q is the adsorption. Equations of 
this type may be said, in general terms, to express the expectation that the 
“adsorption potentiar* RTlog^pJp will fall oS according to a compound 
interest law as the dipole induction effect becomes weaker in successive 
layers. This statement is not quite accurate, however, in the case of De Boer 
and Zwikker^s equation, for this has the special merit of predicting a finite 
adsorption at saturation: the curve becomes asymptotic to an axis at 
p>Poy thus allowing for the possible existence of supersaturation effects 
in the vapour phase, and of a finite equilibrium angle of contact with the 
liquid. 

Since most of our data for mica refer to films within the effective range of 
the “dispersion’* forces of the solid (which, when summed for all the atoms 
in a plane, fall away much less rapidly than the inverse sixth power of the 
distance, this being the power law applying to individual atoms), no attempt 
at comparison with the theoretical equations will be made here. The 
constant heats of adsorption found by us for benzene and methyl alcohol 
in the unimolecular films would suggest the absence of long-ranged tan¬ 
gentially directed repulsive forces such as would result from the interaction 
of dipoles similarly oriented with their axes normal to the surface. 

Effect on surface tension of the adsorbent. Of interest in connexion with the 
interplay of the forces of adhesion and cohesion are the calculations of the 
surface energy lowering of the adsorbent, mode with the aid of Gibbs’s 
adsorption equation. In its integrated form this relation becomes 

^==i 2 rr"Vdiog,p, ( 3 ) 

where is the surface excess concentration in mol./cm.*, and F the surface 
energy lowering at pressure p. Provided equilibrium is maintained'tetween 
the film and the vapour phase, the use of this equation over the range of a 
discontinuity is justified; and, since we are dealing with mobile films, F can 
rightly be regarded as defining a two-dimensional “pressure” which 
diminishes the surface tension of the mica.* Using a graphical method of 

♦ For a discussion of these points see Bangham (1937). 
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integration, the following values of F have been calculated for different 
relative pressures of benzene vapour. For comparison, the values which F 
would have if the film remained unimolecular are also inserted in Table I. 


Table I. Dbcbeasb oe sueface tei^sion due to different 

RELATIVE FREHBtTRES OF BENZENE VAPOUR AT 25"^ C. 


Relative pressure 0*057* 0*1 

Surface tension liooreasc (dynes/cin.) 33-7 40 

Decrease due to Langniuir monolayer 33*7 — 


0*25 0*5 0*75 0-94 I'O 

57 73*5 86 99 (108)t 

55 64*5 70*5 73*6 75 


* Corresponds to first breakpoint. 


f Extrapolated. 


The graph of F against the relative pressure (not shown) has relatively 
little curvature over the experimental range, and extrapolation over the 
small remaining interval up to full saturation is probably justified, for the 
saturation adsorption must necessarily be finite witl) a finite angle of con¬ 
tact. It will be seen that though the film thickens so markedly near satura¬ 
tion, the greater part of the surface tension lowering is still due to the 
Langmuir monolayer. This is true even of the lowering produced on immer¬ 
sion of the mica in liquid benzene: for if F^ is the surface tension lowering 
caused by the saturated vapour and Fj^ that caused by the liquid, we have 

= Fs-^ryu’COBd, (4) 

0 being the contact angle and the surface tension of the liquid. Since 6, 
though finite, is quite small, a sufficiently close approximation is given by 
adding together and y^jp. The resulting value of at 25° C. is 136 
dynes/cm. 

The data for carbon tetrachloride and methyl alcohol are too Incomplete 
to permit a near approximation to be made to the values of fg; a rough 
calculation gives a value near 100 dynes/cm. for the former vajwur, and 
near 260 dynes/cm. for the latter; thelatter figure is to be regarded as a lower 
limit, for the effect due to any possible further thickening of the film just 
below saturation has been neglected. It will be noted that the Fg values for 
the three substances stand in the inverse order of the apparent fllm thick¬ 
nesses (fig. 5) at pressures approaching saturation. 

One of the authors (D. H. B.) is grateful to the Leverhulme Fellowship 
Trust for the award of a Fellowship. The experimental work described was 
carried out at the Egyptian University, Cairo, during the years 1931-7. 
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StTMMABY 

The results are given of measurements of the quantities of benzene, methyl 
alcohol, and carbon tetrachloride adsorbed at a known surface area of mica 
at pressures approaching saturation. The adsorption energy per mol. is 
constant whilst the first molecular layer is being formed (benzene, methyl 
alcohol), but its completion is marked by an abrupt decrease to a value near 
the normal heat of liquefaction. The graphs of apparent film thickness 
against relative pressure for the three substances are not widely divergent 
over much of the range investigated, but the isotherms show discon¬ 
tinuities or sharp changes of curvature at adsorption values which dej)end 
on the specific properties of the molecules, and are thought to be related to 
molecular spacings in the bulk condensed phases. Approximate values are 
given for the surface tension lowering of the mica, caused by the saturated 
vapours. 
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The swelling of charcoal 

Part V. The saturation and immersion expansions 
* and the heat of wetting 

By D. H. Bangham and R. I. Razouk 

{Communicated by 2 >, L. Chipman, FJi.S.—Received 25 March 1938 ) 


iNTRODtrcnoN 

In previous papers of this series evidence was advanced that: 

(i) The expansion which unactivated wood charcoal undergoes when 
adsorbing gases or va|K>ur8 is directly proportional to its surface (free) 
energy lowering (Parts II and III"*). 

(ii) The Gibbs adsorjHion equation, relating the adsorption, the surface 
energy decrement of the charcoal, and the pressure of the gas, is valid except 
when a change of surface phase is in progress (Parts II and III). 

(iii) The films of the lower alcohols adsorbed on charcoal ol>ey very much 
the same two-dimensional equations of state as they do when adsorbed on 
mercury (Parts III and IV*). 

These results we shall refer to as relationships (i), (ii) and (iii) respectively. 

The implications of (i) and (ii) are so fully borne out by experiment that 
they need no longer be questioned. The third, though very well supported 
by experiment, and leading to twelve concordant values of the adsorbing 
area of the charcoal used which agree with independent estimates, stands on 
rather a different footing. The special point of doubt relates to whether the 
imperfections of the charcoal surface can be so far overlooked that the films, 
like those on mercury, can be regarded as bounded only on one side by the 
adsorbing surface. In the present pap<5r (iii) is regarded as still autb jtid%ce\ 
and though the evidence to be given will lead us to decide in its favour, it 
is desirable to make a clear distinction between those of our results which 
depend on its validity and those which do not. 

Let us suppose a grams of a gas or vapour, of molecular weight Jf, to be 
adsorbed on 1 g. of charcoal, of which the effective adsorbing area (specific 
surface) is E\ let x be the linear expansion per cent, P the surface (free) 

* Part II, Banghaiu, Fakhcfury and Mohamed 1932 ; Part III, Bangham,Fakhoury 
and Mohamed 1934 ; Part IV, Bangham 1934 . 
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^ergy decrement in erge/cm.®, and p the pressure of the gas or vapour. 
Relation (i) gives us 

( 1 ) 

where A is a constant, probably related to the elastic constants of the 
charcoal. 

Relation (ii), assuming ideal behaviour on the part of the free gas or 
vapour, may be put into the form 

^ ... ( 2 ) 

mr ltTd\og,p’ ^ ’ 

where ajMS is the adsorption in moles/cm.®, and R and T have their usual 
meanings. Combining equations (1) and (2) we have 


A _ ,Mdx 

2 " sRTdlog^p' ^ ’ 

in which all the terms on the right-hand side are experimentally determin¬ 
able, so that the quotient XjE can be readily calculated from expansion- 
adsorption-pressure measurements. This ratio is known to be independent 
of the temperature,* at all events over a limited range. 

The less firmly established relation (iii) enables the separate evaluation 
of A and with its aid it becomes possible to calculate the surface energy 
decrements corresponding to observed expansions, the thickness of the 
films, and the effective cross-sectional areas of the molecules. 

The present investigation deals mainly with the behaviour of charcoal on 
wetting. Charcoals are notoriously dissimilar in their behaviour, and this 
is very often due entirely to differences of specific surface. Could the energy 
changes accompanying the contact of 1 cm.® of adsorbing surface with a 
given liquid once be established, a simple determination of the heat of 
wetting would suffice, in favourable cases, for the determination of E (of. 
Harkins and Ewing 1921; Patrick and Grim 1921; Bartell and 1930). 
Relation (iii) affords the means for doing this. 

Preliminary measurements of the heat of wetting of wood charcoal by 
methyl alcohol gave consistently higher results than those derived by the 
Gibbs-Helmholtz equation from the calculated surface energy decrements 
at a<dura;tion and their temperature coefficients, though the same charcoal 
had been used both for the extensometric and for the calorimetric deter¬ 
minations. The calculated values (ca, 13 cal./g. as against 16-17 cal./g. 


* Banghain, Fakhoury and Mohamod ( 1934 ); further evidence is given in the 
present paper. 
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found experimentally) do Twt depend upon the value assigned to Z; for, if 
and Fg are the saturation expansion and surface free energy decrement 
respectively, we have, using the Gibbs-Helmholtz equation in conjunction 
with (1), and assuming A to be inde|>endent of the temperature, 

♦Heat evolved per g. of charcoal = 


The ratio A/2" is accurately known, and its value in no way depends upon 
the validity of relation (iii). 

Three possible causes suggest themselves for the small but significant 
difference between the observed and calculated heat effects: 

(а) In the range of very large expansions the extensometer previously 
used may have given persistently low results. 

(б) The proportionality factor A may increase with the temperature; if 
this is so, equation (5) must be rewritten 

2 * 

Heat evolved per g. of charcoal = r 

A 

(c) The charcoal may reach a different equilibrium when exposed to the 
saturated vapour from what it does when immersed in the liquid. 

Regarding (a) it was known that the recorded values of the saturation 
expansions, lying as they did near the limit of movement of the extenso¬ 
meter, were liable to be rather too small; the error had been roughly esti¬ 
mated, however (Part II), and found to be of a smaUer order than would 
account for the discrepancy. 

A variation of A with temi^erature (6) is rendered most unlikely by the 
fact that the ratio A/2 is found experimentally to be invariant. Moreover, 
in those cases (e.g. with methyl alcohol) where theory predicts that the 
surface energy decrement for a given adsorption should be directly pro¬ 
portional to the absolute temperature, an identical relation is found experi¬ 
mentally for the expansion (Bangham 1937). 

• This heat is not the total heat of adsorption from the vapour, but the heat of 
adsorption the normal latent heat of sufficient vapour to saturate tlie charcoal, 
Williams ( 1918 ) makes this point very clear. Whilst, however, Williams conaide^rod 
that the above expression ahoxild give the heat of it is here shown that it 

gives only the lioat of saturation, which is different from the heat of wetting (cf. 
Bangham and Razouk 1937 ). 
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The experimentB to be described show (c) to be the main cause of the 
difference between the calculated and observed heat effects. It is shown that 
charcoal, already expanded to the maximum extent by the saturated 
vapour of methyl alcohol, swells still further when immersed in the liquid; 
and that equation (1) applies to the further lo wering of surface energy which 
takes place when the charcoal surface becomes wetted. 

Other theories of the expansion effect. That the saturation expansion 
should differ from the immersional value is contrary to other current 
theories of the effect, and it also eliminates certain otherwise possible 
models for the structure of charcoal. 

The hygrometric properties of hair, and the volume changes of concrete 
and other building materials with atmospheric moisture are commonly 
ascribed to variations of hydrostatic pressure in interstitial layers of liquid 
water which is assumed to be held by capillary condensation (Whipple 1922. 
Freysinnet 1936). As the relative humidity increases, the water/air menis- 
cuses become less concave, and the negative pressure within the interstitial 
water layers is correspondingly dimimshe<l. Since liquid/air moniscuses in 
equilibrium with saturated vajyour would necessarily be plane, immersion 
in the liquid could cause no further effect than saturation with the vapour, 
and we should have Xj^ » 

If, as an alternative explanation, we suppose the expansion due to some 
form of chemical bonding, then again and Xj^ should be equal, this time 
on account of the necessary equality of the chemical potentials in the liquid 
and saturated vapour phases. 

The implications carried by the relation x = XF and the theory of the 
expansion effect previously given are in general different. The surface energy 
decrement caused by the contact of a plane solid with a saturated vapour, 
and that caused by immersion in the liquid, are related by the equation 

(7) 

where is the surface energy of the liquid and 6 the equilibrium angle of 
contact (wetting angle). 

The relation to be expected theoretically between Xj^ and x, on the basis 
of equation (1) depends upon the model adopted to represent the structure 
of the charcoal, and also on the magnitude of 6 for the liquid considered. 
If the charcoal is conceived as a network of fine capillaries with very small 
external openings, and if the walls of these are perfectly wettable =0), then 
capillary condensation would necessarily occur, and we should have the state 
of affairs already considered above (x£,=x,). With a finite d, on the other 
hand, the saturated adsorbed films and the normal liquid would necessarily 
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constitute separate and distinct phases (lYumkin and others 1932); 
capillary condensation (as ordinarily understotxl) might then be precluded 
by the inability of the adsorbed films to act as nuclei for liquid condensation. 
Experiment has shown that wood charcoal can be exposed to superaaturcUed 
methyl alcohol vapour without its macropores becoming filled with liquid, 
and a similar negative result was obtained when a charcoal block was 
suspended in the fully saturated vapour of this substance for a long period 
(Bangham and Razouk 1937). Contact with liquid methyl alcohol under 
these circumstances caused a gradual filling of the pores against gravity, 
this process taking placeat a rate indicating that with this liquid O'" <6 < 90 ^^.’*' 

Even in the absence of capillary condensation, equal values of and x^, 
could result if the immersing liquid were unable to penetrate the finer 
capillaries forming the major part of the adsorbing surface. Relationsliip 
(iii), on the other hand, could probably be reconciled only with a much more 
open structure, for it is hard to believe that films adsorbed on mercury could 
behave similarly to an adsorbed phase more or less imprisoned in irregular 
capillaries of little more than molecular dimensions. 

It will be observed that even supposing the liquid to have full access to 
the adsorbing surface, equations ( 1 ) and ( 7 ) set an upper limit to the expan¬ 
sion difference when the charcoal, already saturated, is plunged 

into the liquid. Writing Xj^ =» Aii,, x^ «= equation ( 7 ) gives us 

~ Ayjr|7C08 6^. (8) 

Since for methyl alcohol 0° < <? < whilst ( 26 ” C.) is ca. 22 ergs/cm.®, 
it follows that yjr,^ cos 6 <22 ergs/cm.^. This is but a small fraction of F^, the 
value of which, calculated on the basis of relationship (iii) above, is rather 
more than 200 ergs/cra.*. An observed difference (Xj^—Xg) exceeding, eay, one- 
tenth oftfte saturation expansion UHmld thus be incompatible with the cxdculations 
of specific surface, film thickness, and surface energy lowering previously given. 
The difference found experimentally varies between one-sixteenth and 
one-twelfth of the saturation values, according to the temperature. 

Heat of wetting. The above discussion makes it clear that it is not Fg but J?jr 
that must be introduced into the Gibbs-Helmholtz equation to obtain a 
correct expression for the heat of ufetting. If 1 g. of hitherto uncontaminated 

material is immersed in a liquid the heat evolved per cm.® is 

♦ The slow rate of capillary rise would suggest a larger contact angle for methyl 
alcohol than is consistent with the marked difference between and found experi¬ 
mentally. The structure of charcoal is such, however, that measurements of the rate 
of capillary rise can bo of no more than qualitative signthoance in this connexion. 
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and if the wetting extends all over the adsorbing surface of £ cm.*, the heat 
of wetting (— d iff) is given by 

= ( 9 ) 

The assumption that « AJFi, and that A is invariant with temperature 
leads to the equation ' 

which lends itself to direct experimental test. 

Scope of investigation. The experiments to be described aimed at finding, 
for a given ex]:>erimental liquid, (1) the value of the ratio A /Z from expansion- 
adsorj}tion-pres8ure data; (2) the saturation and immersion expansions 
and Xj^, each at a sei'ies of temperatures; and (3) the heat of immersional 
wetting. It will be readily understood that in order to provide a valid test 
of (10), and of the constancy or otherwise of A, these data had necessarily 
to refer all to the same charcoal, and in the same physical condition. 


Appaeatus and materials 

The choice of an experimental liquid was limited by the requirement that 
the full heat of wetting should be liberated within a minute or so of the im¬ 
mersion of the charcoal, i.e, before the corrections for radiation and con¬ 
duction became serious. Even with highly evacuated charcoals, sealed in 
tubes in the manner to be described, only two liquids, methyl alcohol and 
water, were found to satisfy this requirement. The heat of wetting with 
water being too small to be measured with the required accuracy, methyl 
alcohol was chosen. 

The charcoal and exUnsomeUr, Since it was desired to immerse the ex- 
tensometer entirely in the liquid, as well as to carry out other operations 
liable to cause a slight amount of mechanical shock, a rather dense charcoal 
was used, and mounted in a highly robust form of extensometer. Highly 
porous charcoals, showing a larger swelling effect, are extremely fragile and 
somewhat liable to disintegrate when expanded. 

A large compact-looking piece of German willow charcoal (charcoal IV; 
block density 0*366 g./c.c.) was exhausted for some days at 660 " C. in an 
all-glass apparatus which comprised a mercury vapour pumj) and McLeod 
gauge. After cooling, a rod ca. 9 x 9 x 60 mm. was out from it for use in the 
extensometer, the remainder serving for heat of wetting determinations. 
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The extensometer, a nickel-coated brass instrument designed and made 
by Mr J. Fliege, is sketched in fig. 1. Special attention was paid, in its con¬ 
struction, to eliminating the sources of error which may have affected the 
largest expansion values found with earlier models of more limited working 
range. The charcoal is (jlamped between two recessed cylinders A and B by 
strong spiral springs of nichrome. The upper cylinder A is locked to the body 
of the instrument by a screw. The lower one, a sliding fit in the body (its 
rotation is prevented by a rib fitting into a longitudinal slot in the cylinder), 
is supported only by the pressure of the springs. Its move¬ 
ment is transmitted to the long pointer CD by the upper 
of the two steel knife-edges at D, against which the base¬ 
plate of the pointer is pressed by the nichrome spring at E. 

The lower knife-edge is fixed. 

Important points of design are the use of very strong 
springs which act directly on the cylinders enclosing the 
charcoal, and not on the knife edges; the long pointer, ^ 
which enables the knife-edges to be set reasonably far apart 
even for a largo magnification ratio; and the very strong 
setting of the knife-edges, which are acted upon only by 
relatively light stresses. 

The extensometer is supported in its containing tube by 
the leaf springs at F and 0 , which press against the walls 
of the containing vessel. 

The instrument was calibrated in two ways. A brass rod 
being substituted for the charcoal, the height of the upper 
cylinder was varied by turning the screw in the thread; the 
vertical travel of the upper knife-edge was then measured 
with an eyepiece micrometer, and compared with the 
change of scale reading of the pointer. In the second method the top plate of 
tibe instrument was removed, and a collar carrying an accurately threaded 
small-pitched screw with a large graduated bead was substituted for the 
upper cylinder. These two calibrations gave results in excellent agreement, 
and showed the extensometer, when set for the experiment, to have a 
magnification ratio of 65 ; this was uniform over the whole of the expected 
range of movement, and it remained constant, as also did the zero-point of 
the instrument, even when the latter was submitted to a certain amount 
of rough handling. 

Pointer observations were made with a vernier microscope reading to 
0*01 mm^ Variations of the length of the charcoal of the order of 0*0005 % 
were thus observable. 
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Chari^e of zero-point with temperahire: the^ linear expansion coefficient of 
gae-free charcoal. A disadyantage of the extenaometer was the rather large 
change of zero-point with temperature, due to the very different expansion 
coefficients of brass and charcoal. Attempts to reduce this by various com¬ 
pensating devices having proved successful only at some sacrifice of accuracy, 
it remained to make an accurate determination of the temperature correc¬ 
tion to be applied. 

The extensometer and charcoal were first thoroughly degassed at 300 ° C. 
and the temperature was then allowed to fall by stages to 0° C. At each stage 
a constant temperature was maintained for 48 hr., the pointer reading 
having then been constant for some time. The scale readings plotted against 
temperature gave a good linear graph from which the length of the vapour- 
free charcoal at each temperature could be read off with accuracy. 

Over the range 120-0° C. the difference between the coefficients of linear 
expansion of brass and charcoal was found to be 14-4 x 10 ^®. If the coefficient 
for brass is taken as 18-9 x 10 "^®, the value found for charcoal is 4-6 x lO"'®, 
as against 6*4 x 10~® recorded in the literature for ‘*gas carbon We believe 
this to be the first recorded expansion coefficient for a charcoal under 
conditions of high vacuum. 

Expaneion-odeorption-pruaure measurtmenU. The api)aratu8 used was 
similar to that described in Part II. Full data were obtained for three iso- 
thermals, at 30 , 17*6 and 0° C. In the experiments at the two lower tem¬ 
peratures each addition of vapour from the burette was made with the 
system warmed to 40 ° C., the extensometer tube being subsequently cooled 
down to the required temperature, and allowed to stand overnight before 
taking readings. This procedure was adopted in order that the pointer of 
the extensometer, notwithstanding the retrograde effect observable with 
methyl alcohol at lower temperatures, should approach each equilibrium 
position on a forward excursion. 

After each experiment the charcoal was exhausted at 300 ° C.; on cooling 
the extensometer returned to its original zero-point. 

Serration and immeraion expanaiem. The bathing of a solid in an exactly 
saturated atmosphere is commonly supposed to present a difficult practical 
problem, and the question as to whether an ^‘elastic” gel (lyogel) reaches 
the same state of swelling in a saturated vapour as it does in the corre¬ 
sponding liquid is one on which opinion is still divided (see, for example, 
Katz 1933; Sheppard and Newsome 1934). 

Though previous work had led us to anticipate little difficulty in getting 
accurate and reproducible values for the saturation expansion of charcoal, 
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it was decided to render the control of temperature as complete as possible 
by detaching the adsorption vessel and immersing it completely in a thermo¬ 
stat. This procedure increased the range of temperatures over which 
measurements could be made. 

Great precaution was taken to avoid accidental distillation of liquid on 
to the extensometer system. As far as concerns the charcoal itself this was 
probably unnecessary, for a similar charcoal has been exposed to super¬ 
saturated methyl alcohol vapour without causing condensation of liquid 
(Bangham and Razouk 1937). The danger lay m the condensation of drops 
on the readily wettable metal surfaces of the extensometer, and their 
subsequent movement into the interstices of the charcoal once contact had 
been made. The operation was carried out as follows. 

The tube connecting the extensometer vessel to the vapour burette was 
first drawn to a thick-walled capillary neck, and a small appendix fused on 
just below this. When the charcoal had been given the usual vacuum heat 
treatment, it was exposed to the vapour of the methyl alcohol, and an excess 
of this was distilled into the appendix. The appendix being kept in ice-water 
in a small Dewar vessel, the whole extensometer tube was now sealed off 
at the capillary neck, and immersed completely, with the Dewar vessel, in 
a thermostat at 45 ® C. The following day, when the extensometer had come 
to temperature equilibrium with the thermostat, the Dewar vessel was 
removed. The system was then left for several days to make sure fhat no 
further movement of the extensometer would take place. The temperature 
of the thermostat tank was then reduced in stages to 0® C., at least 48 hr. 
being allowed the system to come to equilibrium (24 hr. more than sufficed 
for this). This procedure ensured that the extensometer should always 
approach its equilibrium on a forward excursion. 

Tlie saturation expansions so measured were found to be accurately 
reproducible in different experiments (as, for example, after the immersion 
expansions had been measured), and there can be no doubt that they 
represent the final equilibrium reached with the saturated vapour. 

For the immersion experiments a large supply of methyl alcohol was 
purified and distilled in vacuo until quite free from dissolved gases. The 
extensometer tube, after the usual evacuation, was first exposed to the 
vapour, and then filled with liquid until the charcoal was completely 
covered. The tube was then sealed off and immersed in a thermostat, the 
temperature of which was lowered in stages, just as in the experiment with 
the saturated vapour. 

Measurement of heat oftvetting, A full account of the technique adopted will 
be given elsewhere; it followed in a general way that of Patrick and Grim 
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(1921). An important innovation was the enclosure of the charcoal, evacu¬ 
ated under the usual standard conditions, in a sealed tube of which the 
end could be broken under the wetting liquid. A small correction was applied 
for the dissipation, as heat, of the kinetic energy of the liquid thus forced 
into the tube. 

In each experiment the thermal capacity of the system was measured by 
petsfidng an electric current through an accurately standardized heater coil 
immersed in the liquid, and determining the e.m.f. potentiometrically. 


Results and discussion 

The ratio XjS for charcoal IV. Except that the constants A and i 7 ‘were 
different from those of the cliarcoal previously used, and that no attempt 
was made to get data for the unstable (''primary ”) films formed by methyl 
alcohol, the exjiansion-adsorption-j)re8sure measurements substantially 
confirm the results given in Part III. The data need not, therefore, be 
1‘eoorded in detail. Assuming the expansion directly proportional to the 
surface energy lowering, the Cibbs equation is accurately valid over four- 
fifths of the range of expansion values; before this stage is reached there is 
evidence of a change of phase, associated with a discontinuity. 

With the aid of equation ( 3 ), values of A/£ were calculated at 30 , 17 * 5 , 

and O^C.; this could be done very accurately by evaluating Jsdloggp 

graphically over the range of validity of the equation, and comparing the 
result with the corresponding change in x. The results are as follows: 

t = 30" C. RTA/Z: = 37*7 % A/2: = U50 x 10-» ergs"i 

17 6 36-2 L46 

0 33*6 P48 

Recorded in the second column are limiting values of the percentage 
expansion per mole (“molecular expansion “) as the adsorption approaches 
zero. These are roughly proportional to the absolute temperature; those of 
the ratio X/£ given in the last column may clearly be taken as temperature- 
invariant. 

Pig. 2 shows a part of the graph obtained by plotting the expansion 
(abscissae) against logioP/Po pressure) for two separate 

experiments carried out at 30 “^ C. The values of the saturation and im¬ 
mersion expansions, determined in separate experiments after the adsorp¬ 
tion vessel had been sealed off and completely immersed in a thermostat at 
30 “^ C., are also inserted in the figure (double circles). It will be observed that 
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whilst the saturation value x, lies reasonably near the curve resulting from 
the expansion-adsorption-pressure experiments, the liquid immersion value 
Xx, on the contrary does not do so. To bring the latter into line with the data 
for unsaturated vapours it would be necessary to assume the relative pres¬ 
sures subject to an error of no less than 12 %, in spite of the complete agree¬ 
ment between the observed saturation pressures and those recorded in the 
standard tables. The observed differences between Xjr, and x, thus exceed by 
far any discrepancies due to experimental error. 


dynos/cm. 



Fio. 2. Graph of logmp/po against expansion (abscissae) at 30° C. The double circle 
on the left is the saturation expansion (mean value) at this temperature; that on the 
right is the expansion on immersion. At the top is a scale of dynes/cin. of surface 
tension lowering. 

The saturation and immersion expansions at different temperatures are 
shown in fig. 3. The graph of x, is linear over the range of temperatures 
examined; if produced to cut the abscissa axis it would do so abdve 600° C., 
i.e. far above the critical temperature of the alcohol. 

The Xx, graph on the other hand is convex to the temperature axis, and, 
though experiments over a wider range of temiwratures are clearly desikble! 
the departure from linearity certainly exceeds any possible error of meaeure- 
ment. Within the experimental range the vertical intercept between the 
immersion and saturation curves actually passes through a minimum. 

Caleulatum of hmU ofsatmaiwn and of wetting. With the aid of the Gibbs- 
Helmholtz equations and the values of A/r given above, the data of fig. 3 
can be made to yield values for the heat of saturation and the heat of wetting. 
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The approximate linearity of the graph means that the entropy of 
saturation,* iriven by 

_ dF, 

Adf 

is nearly independent of the temperature, and so also the total energyf of 
saturation. These relations are not likely to hold over an extended range of 
temperature. The energy of saturation calculated amounts to 12*9 cal./g. 



Temperature 

Fia. 3. Saturation expansions (white circles) and imracrsional expansions (black 
circles) at different temperatures. On the right of the diagram is a scale of dynes/cm. 
of surface tension lowering. 

The entropy and energy of wetting, J on the other hand, should decrease 
with rise of temperature, since — dxJdT decreases. To obtain a valid estimate 
of the heat of wetting this coefficient must be accurately evaluated, and 
this is best done in the middle of the temperature range, i.e at about 30 "' C. 
Two methods of treating the data, one algebraic and the other graphical, 
gave results in agreement, the value found for dx JdT at this temperature 
bein^ — 0*00140 % per degree. Using now the Gibbs-Helmholtz relation in 
the form given by equation (10), we find 16*8 cal./g, as the calculated heat 
of wetting at 30 ° C. 

♦ Increase of entropy of a system comprising 1 g, of evacuated charcoal and some 
liquid methyl alcohol, when, the vapour of the latter is allowed to saturate the char¬ 
coal ; it will be recadled that F, is not the surface free energy, but its decrement due 
to adsorption. 

t Deorsose of energy of system under these conditions. 

} Similarly defined to entropy and energy of saturation. 
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Measured heat of wetting. Three calorimetric measurements of the heat 
of wetting of charcoal IV by methyl alcohol at 30® C., using the vacuum 
technique described, gave 16*3, 15*7 and 15*9 cal./g. The mean value of 
16*0 cal./g. is in excellent agreement with that (calculated from the extenso- 
metric data. 

Similar measurements at 20 and 40® C. show that the heat of wetting 
decreases appreciably with rise of temperatuie. The mean values found were: 

/ = 20" 30" 40" C. 

(-zlH) = 10-tt 16-0 16-7 oal./g. 

Since a decrease of [-AH) with temperature necessarily means that 
d^FJdT^ is positive (this is readily seen on differentiating the Gibbs- 
Helmholtz equation with respect to T), the curve of against J’ must be 
convex to the temjTerature axis. This again confirms the evidence of the 
extensometric data of tig. 3. 

Structure and specific surface of charcoal 1V. In the introduction to this 
paper suspicion was cast on relationship (iii) (which refers to the similarity 
of behaviour of films on charcoal and on mercury), on account of the very 
reasonable doubt as to whether the films could be regarded as bounded only 
on one side by the adsorbing surface of the charcoal. This suspicion is sub¬ 
stantially removed by the evidence, now brought forward, that on immersion 
in methyl alcohol ilie charcoal l)ehaves as if the liquid has access to the 
whole adsorbing surface. The observed differences between the immersion 
and saturation expansions lie within the narrow limits set by equation ( 8 ); 
the corresponding surface energy difference is greater than would be pos¬ 
sible, according to ecpiation (7), if no more than a small fraction of the 
surface became wetted. The results obtained—and the absence of capillary 
condensation—^are most readily explained on the basis of a micellar struotum 
for charcoal. It does not follow, of course, that with more active and finer 
structured charcoals the effects due to surface irregularities could be equally, 
w^ell disregarded. 

Accepting relationship (iii), it becomes possible to evaluate A and £ and 
to assign values to the free and total energy changes per unit surface which 
accompany saturation and wetting. 

Calculations along the lines indicated in Part IV, using, in conjunction 
with our expansion-adsorption data for methyl ahsohol, the values given 
by Cassel and Salditt ( 1931 ) for the adsorj^tion of tliis substance on mercury 
at 30 and F ^ SSt ergs/cm.^ lead respectively to T « 149 m.* and 
2 ? sn 135 m.® for charcoal IV. These estimates depend so much, however, 
on the accuracy of individual observations that they must be treated with 
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reserve; moreover, it is by no means certain whether the transition of the 
film to the form stable at higher concentrations is complete at this stage, 
and^ this renders adsorption values calculated with the aid of Gibbs's 
equation untrustworthy. A better plan is to compare the adsorbing capa¬ 
cities, under comparable conditions, of charcoals IV and II; the specific 
surface assigned to the latter {vide Parts III and IV) is the mean of several 
concordant determinations, and rests on the general coincidence of the 
mercury and the charcoal data rather than on individual observations. This 
indirect method of calculation leads to 2* = 165 m.*; the other values given 
above approximate as closely to this as can be expected under the cir¬ 
cumstances. 

Saturation and immersional energy changes per unit area. Talcing 
2 = 165 m.® and A/2' = 1*48 x 10 ® ergs “ the value found for A is 0*00229 % 
j)er dyne/cm. On the basis of this estimate, a scale of dynes has been inserted 
in fig. 2 (at the top), and in fig. 3 (right-hand side). 

Referred to unit area of adsorbing surface, the surface energy decrements 
accompan3dng saturation and immersion of charcoal in methyl alcohol, and 
the total energy of wetting are as follows: 

t B= 20° C. = 223 ergs/oin.* = 240 erga/cin.® (—AH)! 2^ = 449 ergs/cin.* 

30 218 234 433 

40 214 230 425 

The .t\ values (second column) are a little higher than those arrived at 
from earlier data, but agree well with that obtained by integrating Coolidge's 
59*5® C. isotherm for methyl alcohol (Bangham and Bazouk 1937 ); this is of 
interest because Coolidge ( 1924 ) used a steam-activated charcoal. The total 
energies of wetting (last column) were obtained by dividing the calorimetric- 
ally determined heats by the estimated value of 2 . 

It is our opinion that the energy changes recorded above ropi*esent real 
properties of the charcoal-methyl alcohol system, and are not greatly 
aflFeoted by impurities which may have been present in the charcoal. To 
influence fundamentally an adsorbing surface of the order of 165 m.*, an 
impurity would have to be present in very considerable quantity. Analysis 
of similar charcoals after strong vacuum-heating has shown a small pro¬ 
portion of hydrogen to be present, and a very little oxygen; but the influence 
of these on so great a surface could be only very limited. The quantity of 
ash in these charcoals is extremely small. 

With charcoals which have been submitted to some of the various 
activation processes it would become impossible, no doubt, to associate a 
definite energy change with a defined area of adsorbing surface; but this 
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state of affairs is in no way foreshadowed in the results up to now presented. 
With the inactive charcoal used the energy relations charaoteristie of plane 
surfaces appear to be valid within experitnental error. 

The senior author gratefully acknowledges the award of a Leverhulm© 
Research Fellowship, which has materially expedited the publication of 
this work. The experiments described were carried out in the laboratories 
of the Department of Chemistry, Egyptian University, Cairo, 


Summary 


The percentage linear expansion of a rod of inactive wood charcoal 
when exposed to the exactly saturated vapour of methyl alcohol is found 
to he less than the expansion Xj^ jjrodueed by immersion in the liquid. 
The expansion is proportional to the surface energy lowering of the charcoal, 


and this relation is confirmed by comparing 



with the measured 


heat of wotting. On immersion of the air-free charcoal the liquid wets all, 
or nearly all, of the adsorbing surface. From well-supported estimates, 
previously given, of the specific surface of the charcoal, it becomes possible 
to assign values to the free and total energy changes per cm.* which 
accompany saturation and immersion. 
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The investigation of electron lenses. By 0. Klemperer and W. D. 
Wright. (Communicated by W, H. Ecclea, F.R,S.—Received 29 March 
1938,) 

The paper deHcrihas two methods of deriving the optical constants and spherical 
aberration of electrostatic lens systems. In tho first, the electrical field is imagined 
to be divided into a series of equipotential surfaces at each of wliich there is a finite 
change of potential. To a first approximation these fields are spherical close to tho 
axis and the normal optical ray tracing formulae can be used to compute tho paths 
of electrons through the system. Results ai*e reported for a two-tube lens for various 
focusing i*atios, the two tubes being of eqtial diameter. The aberration contributioiiH 
of the different refracting surfaces to the final aberration can be evaluated and the 
curvature of field can also be determined by this means. In the setjond method, th(’' 
Hartmann test used in glass optics has been applied to the exi^erimental investigation 
of electrtm lensos. Narrow pencils of electrons pass through a suitable diaphragm 
and their course when focused by the lens under test is foimd by measiu*emeiits of 
their intersections with a fluorescent sorfKm placed at appropriate points along the 
axis. The design of an electron gim suitable for these tests is described, and results 
for the two-tube lens are given for voltage ratios from 2*5:1 to 15:1. 


Trypanocidal activity and chemical constitution. By G. M. Dyson, 
T. H. Pairbeothbr, F. A, Mason and A. Renshaw. (Communicated by 
H. 8, Raper, FM»8,—Received 29 March 1938.) 

The physiological action of the complex ureas has been shown to be very specific. 
The smallest alteration in chemical constitution such as tho omission of a methyl 
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group seriously alters the trypanocidal activity. The object of this vesearoh has been 
to investigate the variations in trypanocida! activity produced by certain changes in 
the typical urea structure; it has been shown that the accumulation of three eulphonic 
acid groups in suitable orientation in the terminal part of the molecule is necessary 
for the development of trypanocidal activity; further that the intermediate com* 
poneuts must not depart appreciably from the m-omino-p-bensoyl-m-amino-p-toluyl 
structure. More latitude is allowable in the structure of the bridge linkage, which 
may have other configurations without complete extinction of trypanocidal activity. 
Whilst the urea bridge gives the best results, the carbazide linkage is almost equally 
suitable, although preoautioiis must be taken not to destroy it with the formation of 
a urazine structure, during preparation. 

Numerous examples of the variations in the typical structure of these ureas have 
been prepared and their physiological projjarties examined; they comprise the 
systematic alterations of terminal, intermediate and bridge linkages and also the 
introduction of halogen substituents in the aronxatic rings. In addition, for piirposas 
of comparison, a number of dyestuffs of the trypan red and blue series have been 
prepared and examined. 


Experiments made with a haH-Pltot tube. By G. I. Taylob, F.R.S. 
(Received 31 March 1938.) 

The half-Pitot tube was invented by Stanton for measuring the tangential stress 
at the surface of a solid past which fluid is flowing. Stanton calibrated his tubes by 
inserting them in a pipe through which air was flowing in steady motion. He found 
that the pressure in his tribes decreased as their size diminished, but he did not attain 
the limiting condition when the half-Pitot is very small, nor did he express his results 
in non-dimensional form so that observations made with different sized tubes could 
be compared. 

The present paper describes measurements mode with a half-Pitot tube in a stream 
of glycerine. It is found that wlien the size of the tube is very small the pressure in 
it is times the tangential stress acting on the surface through which it projects. 
The results, together with those of Stanton, are expressed in non-dimensional form. 


Summary of electro-magnetic induction in moving bodies. By E. G. 

CxTLLWiCK. (Communicated by Sir Frank Smithy Sec.R.S.—Received 
March 1938.) 

The paper has particular reference to the problems of unipolar induction. 

The resultant electric field at a point is given in terms of: (a) the positions of 
electric charges, (b) the magnitude and velocity of each component of the magnetic 
field, on the assumption that each component is to be regarded as sharing the 
motion of its source, and (c) the accelerations of electric charges. 

It IS held that this method of calculation is consistent with the restrioted theory 
of relativity, and removes the implication of a fixed aether from the usual relativity 
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modiBoattonfl of the MaxwaU*Loreiitz equations. It is further shown that open- 
oirouit experiments on rotating magnets and solenoids are all consistent with the 
genegral validity of the moving-held theory, in spite of much argument to the contrary, 
and that indeed the balance of the evidence seems to bo against the universal validity 
of the idxed^fleld Maxwell-Loreutz theory. 


The hyperflne structure of the Zeeman components of the resonance 
lines of sodium. By D. A. Jackson and H. Kuhn. {Communicated by 
F. A, Lindemann, F.R.Sn—Received 4 April 1938.) 

The hyperfine struotunj of the Zeeman n oompoueiits of the two resonance lines 
of sodium was observed by means of the absorption in an atomic beam, the high 
resolving power instrument being a double etalon with separations of 2 and 8 cm. 
In strong Helds, each Zeeman component was found to possess four hyi^erfino 
structure components, proving with certtunty that the nuciear spin of sodium is {. 

The alteration in the spacings of the lines as the Held strength was changed from 
3060 to 790 gauss was found to be in excellent agreement with that i)r6dicted by 
quantum mechanics. 

A direct determination of the hyperHne structures of the terms 38 1 and 3*P^ was 
mode from the complete resolution of the line 6896. 


Rotational analysis of the first negative band spectrum of oxygen. 

By T, E. Nbvin. {Communicated by A. W. Comoay, FJi.if, — Received 
0 April 1938.) 

The (1, 0), (0, 0) and (0, 1) bands of the first negative system of OJ have been 
photographed in the second order of a 21 ft. grating. Each of the bands has been 
analysed into forty branches, the transition involved being The Hne struc¬ 

ture of the level agi^ees with the theoretical structure predicted by Bud(5. The */7 
level is inverted. The structure of the level does not agree with that to be exp^tod 
on theoretical grounds from formulae given by Brandt and Bud6. It is suggested 
that this disagreement is caused by a perturbation similar to that observed by Bul- 
thuis and Coster in the A*77 level of CO+. 


Studies on the nature of the amphibian organization centre. VII. By 

C. H. Wabpington, {Communicated by Sir Frederick Hopki'ns, F.R.S .— 
Received 16 January 1938.) 

1, Certain oaroinogenio and oestrogenic substanoos, and other related compounds, 
were tested for evocator capacity by implantation in the blastoooei of newt gastrulae. 

2. the substances were implanted in the form of suepensians in coagulated egg 
idbionen. In an extensive series of controls, no inductions were obtained with 
albums alpne. 
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3. In the experimental series, a large number of inductions weire obtained, the 
eggs showing much greater reactivity than in j)revious years. The results are sum¬ 
marized in Table I. 

4. Inductions wtsn^ obtained with a considerable number of substances, and no 
hypothesis can yet be made as to the relation between chemical structure and evo¬ 
cator power, 

The origin and developmental mechanics of the avian sternum. By 

Honor B, Fkll. (Communicated by FJ. S, Goodrich, F.R,8.—Received 
21 1938.) 

Tlie development of the avian sternum was studied in relation to three main 
problenm: (1) the origin of the sternum, (2) its anatomical differentiation and (8) the 
union of the skirnal plates. The normal development of the budgerigar sternum was 
investigated, and points which coulti not be settled by ordinary morphological 
methods were studied experimentally by tissue culture. It was shown that the pre¬ 
sumptive sternal tissue is not derived from either the ribs or the coracoid although it 
develoj>s in close association with the latter; ite position in the lateral body wall of 
the 4-day embryonic fowl was defined experimentally. The anatomical development 
of the sternum was found to be controlled largely by intrinsic factors, but the results 
suggested that extrinsic factors probably serve (o) to provide the optimal conditions 
for the expression of potencies inherent in the rudiment, and (l>) to maintain the 
normal anatomical structure after it has once differentiated. The shape of the 
sternum dojKjnds partly on the relationship of growth rate to differentiation rate, and 
artificial disUirbonce of this relationship produces abnormalities of form. Evidence 
was obtained indicating that union of the sternal plates is due primarily to the 
active, amoeboid migration of adjiioent undifferentiated cells towards the mid-line, 
and secondarily to slirinkagt^ and degeneration in the mid-ventral body wall. 


Investigation into the relation of shower frequency to general cosmic^ 
ray activity. By L, JAnossy, (Communicated by P. M, 8. Blackett, FM.S. 
— Recei'ved 12 April 1938.) 

The frequency of cosmic-ray showers was observed at st?a level and under 80 m. of 
clay (60 m. of water equivalent). The shower frequencies at the two levels were com: 
pared with the corresponding vertical intensities. Port of the experiments were 
carried out with layers of light material close above the lead in order to maintain 
similar geometrical conditions for the shower production at both levels. The marked 
observed effect of the stone on the transition curve con be understood as due niainly 
to the spatial associaiioti of the shower-producing electrons emerging from the stone 
rather tlian to ffltration. The relative shower intensity, i.e. (shower frequency/ 
vertical intensity), of the showers producing the first slope of the transition curve was 
found to be mainly the same at sea level and underground; on the other hand the 
shower frequency due to showers protiucing the tail of tlie transition curve increases 
relatively with depth. The conclusion was drawn that most of the showens at sea level 
and underground are due to secondaries of some kind produced by the penetrating 
particles, and that consequently relatively few con be due to primary electrons. 
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The absorption spectra of the halogen acids in the vacuum ultra-violet. 

By W. C. Pbice. (Communicated by R. 0. IF. Norrish, F.R.8.—Received 
20 April 1938.) 

The absorption spectra of hydrogen iodide, bromide and chloride have btnen in- 
v(istigated in the vacuum ultra-violet. The bands obsorv'od arc due to the excitation 
of a non-bonding pn eU>ctr<m and arc the strong rosonanco bands approaching the 
I states of the molecular ion. They start at 1762, 1491 and 1331 A for hydrdgon 
iodide, bromide and chloride respectively. In the case of hydrogen iodide a well- 
developed Hydbi^rg series of bands was found approaching the *//j state of HI the 
limit of which corresponded to 10-99(>± 0-005 V, It was not possible to establish 
with certainty Rydberg series going tu of H1+ or to any of the *// states of 
HBr+ or HCL'. However, from correlations made amongst the bands of the different 
acids and with the corresixmding transitions in the methyl halides, the moan ioniza- 
tion {>otentmlH (i.e. HA ;•/!) are determined to be 10-71, 12*04 and 12*84 V 

for hydrogen icslido, bromide and chloride respectively, the probable error being 
abo^t a tenth of a volt. 


The influence of magnetic fields on persistent currents in superconductors. 

By K. C. Makn, H. Orayson Smith and J. 0. Wilhelm. (Communicated 
by A, 8. Eve, FM.S.—Received 20 April 1938.) 

Using the method of persistent currents to detect the onset, of resistance of 
cylindrioal specimens in transverse and longitudinal fields, the critical fields Hf and 
(marking the appearance of this resistenoo) have been investigated. for 
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spectroscopically pure tin agrees very well with published critical fields^ but is 
slightly higher than these at lower temperatures. For speotrosoopically pure tin, 
H 

— - is a constant 0*58 independent of temperature. Supplementary measurementa 

carried out on a single crystal of “chemically pure” tin give longitudinal critical 
fields Hi considerably lower thati for the spectroscopically pure tin, and the cha¬ 
racteristic ratio shows a linear dependence on temperature. It is concluded from these 
restilts and from thtj results of other workers, that the dependence of the ratio on 
temperature is due to some other factor than crystal structure or purity. 

The critical fudeis for very pure tin to which was acided small amounts of both 
su})racondacting and non-supraconducting impurities were also investigated. In all 
oases, Hi for these impure specimens is lower than the value for pure tin, but the 
magnitude of the effect depends upon the type of impurity used. The effect of im¬ 
purities on /fj- is very marked. Bupraconduotors raise this critical field, while the 
non-supraconduotor lowers it. The characteristic ratio for tin-bismuth is about the 
same as for pure tin, while for tin-lead and tin-thallium, the ratios art) roughly 0*75 
and 0*66 resf>ectively. 

The experiments definitely show that pur© tin in the intermediate state can carry 
without resistance a considerable, though limite^d current. It is concluded tliat 
impurities affect this current-carrying capacity. 

Time effects were also observed with all specimens as they passed into the inter¬ 
mediate state. Those were caused by the dying away of persistent currents which 
hod been induced in the circuit above the critical value that the circuit could carry 
without showing resistance. These effects also differed with the purity of the specimen, 
showing that the resistance of the intermediate state is affected by impurities. 


A new form of resorcinol. Part I. Structure determination by X-rays. 

By J. Mokteath Robertson and A. R. Ubbelohde. {Communicated by 
Sir William Bragg, RRB.—Bemived 23 April 1938 .) 

The structure of the dense, high-temperature modification of resorcinol haa been 
fully determined by means of a quantitative X-ray investigation. The structure is 
characterized by a more compe^^t and parallel arrangement of the molecules than 
in ordinary resorcinol, which is a rather open arrangement. The benzene rings are 
apparently regular hexagons to within 0*06 A, but the OH groups are definitely 
displaced from the symmetrical positions, and one of them at least is also displaced 
out of the plane on the ring. The carbon-oxygen distances are 1-3^I*37 A, as in 
ordinary resorcinol. The orientation of the molecule in the crystal and the atomic 
co-ordinates are given. Hydroxyl bonds of length 2-70 and 2*75 A connect neigh¬ 
bouring molecules in the crystal, but the angles between these bonds are further 
distorted from the tetrahedral value than in ordinary resorcinol. All other inter- 
molecular distances ore greater than 3*4 A. 
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A new form of resorcinol. Part II. Thermodynamic {properties in relation 
to structure. By J. Monteath Bobbrtsok and A. R. Ubbblohdk. 
{Communicated by Sir William Bragg, P.R,8.—Received 23 April 1938.) 

The anomaloiiB temperature relationsliip between the polymorplis of i* 0 soroinol 
is discussed in the light of the crystal structures. The open a structure is maintained 
by hydroxyl bonds orienting the rigid nssoroinol molecules. Transition to the denser p 
structure^ which resembles that of many hydrocarbons, is associated with a distortion 
of the hydroxyl botids, and a deformation of the resorcinol molecule which may 
involve a Mills Nixon effect. 

Experiments are described on the preparation of a and p resorcinol, on the tran* 
sition between the two forms, and on the heat of transition. The transition point of 
CeH 4 (OH), is about 2" lower than that of CeH 4 (OD)j, and the cliange from one form 
to the other is considerably more rapid in the deuterium compound. The heat- of 
transition from a. to p resorcinol is 220 ±60 col./mol. Experiments on the volume 
change from (supercooled) liquid resorcinol to either crystal structure show that 
there is only a small expansion on passing from the open a structure to the liquid. 
Experiments on the tratisitioa between two polymorphs of pentatjrythritol show 
a normal temjierature relationship for this substance. 


The electrical response of the auditory mechanism in cold-blooded 
vertebrates. By E. D. Adrian, F.R.S., K. J. W. Cratk and R. S. Stitrdv. 
(Received 26 Ajyril 1938.) 

The effects of sound on the ears of some cold-blooded vertebrates have been analysed 
by recording the electric changes set up in the inner ear and in the auditory nerve. 
The inner ear potentials (the equivalent of the Wever and Bray effect in the mammal) 
con be recorded in animals without a cochlea and seem to be due to the movement of 
polarixed membranes. Ah they show the mechanioal vibrations transmitted to the 
inner oar they can be used to compare the efftciency of different tyj>es of middle ear. 
Thus the alligator (with a membranous ear drum) gives an iiuier ear response to 
sounds of higher frequency than the tortoise (drum covered by external skin), 
though at low frequencies the tortoise ear is as sensitive. In fish the inner ear reacts 
to mechanical vibration although there is no middle ear. 

A change of temperature has little effect on the performance of the middle ear or 
on the inner ear potentials, but the frequency at which the auditory nerve fibres 
can respond will be limited by the refractory period and therefore by the tomi>eratura. 
At C. the nerve fibres in the fVog and tortoise will not signal freqxienoios much 
above 200 per siw., whereas at 20^ C. they will signal 400-600. These results emphasize 
the value of a constant high temperature for the receptor mechanism for sound. 
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The determination of the meteorological conditions of the atmosphere 
by the use of radio-sounding balloons. By H. A. Thomas, {Communi¬ 
cated by Sir George Simpson, F.Jt.S,—Beceived 2(i April 1938.) 

Sxii^ting methada of exploring tlm atmosphere by radio-sounding balloons are 
reviewed brielly and it is explained that arrangements involving variation of radio 
frequency are not likely to ho satisfactory duo to the wide fr<?quoncy band required 
and the chances of appi'ociablo interference. Furthermore, methods involving 
signalling codes are complex and expensive, and the delineation of the signals at the 
ifxjeiver prt^sents considerable difficulty. 

The e««*mtial features of an original method of exploration are described; in this 
method, a signal of fixed radio frequency is employed and each meteorological 
instniment produces a continuous variation of modulation frequency. Calibration 
of the meteorological parameters in terms of frequency can be made independently 
of tiio iwlio transmitter and nuiasureineni of these audio frequencies at the receiver 
is comparatively easy. The pressun^ and temperatiu*e measuring instruments are 
both ori'angetl to produce variation of modulation frequency without the use of 
mechanical linkages. The cost of the apparatus is comparatively low and reproduction 
in large quantities is possible. 

The results obtained from a number of exixa’imenial ascents are analysed and it 
is shown that a high degree of reliability and accuracy is obtainable. U.sing the 
present balloon, observation of both prtissim* and tem|>eratute up to an altitude of 
about 10 kilometn^ is obtained, the acicuracy of the pressure and temperature 
determinations being about 6 mb. and V' C. respoetively. 


The effect of anterior pituitary extracts on established lactation in the cow. 

By S. J, Folley and F. G. Young. {Communicated by A, 8. Parkes, F.B.8 .— 
Received 26 April 1938.) 

Single injections of a crude anterior pituitary extract, and of prolactin and 
thyrotrophic preparations obtained from fresh ox anterior lobe, into cows in declining 
lactation, resultetl in each case in a substaniial increase in the milk yield for 6 or 
6 days. Only slight changes wt?re found in the composition of the milk. 

A single injection of prolactin jireparcxl from desiccated ox anterior lobe adniini- 
stored in a dosti equivakmt, as regards crop gland stimulation, to the dose of prolactin 
from fresh gland, had no effect on the milk volume or composition. Likewise a single 
injection of a dose of the thyrotrophic fraction prepared from dried gland, equivalent 
to the dose previously u»e<i of the thyrotrophic fraction from fresh glfuid os regards 
ability to cause enlargement of the thyroid gland, had no effect on the milk volume 
or composition. 

The daily injection of vciry large doses of prolactin prepared from dried gland 
rmilted in a substantial and prolonged increase in milk volume, with a rise in milk 
lewtose content ocoomixiniod by a fall in the milk chlorides. 

The thyrotrophic preparation from fresh gland, although lactogenic in the loctating 
cow, possessed no detectable pigeon crop gland stimulating activity. The prolactin 
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preparation from dried gland, although possessing substantial pigeon crop gland 
stimulating activity, failed to exhibit lactogenic activity when a single dose was 
injected into a lactating cow. The relative lactogenic activities of the extracts used 
are paralleled, not by their activities in earning stimulation of the pigeon crop gland, 
but by their mlativa glycotropio (anti-insulin) activities. 

There seems to bo no satisfactory evidence that a single “lactation hormone” 
is secreted by the anterior pituitary gland and it is suggested that use of this term 
should be discontinued. 


The mechanism of chain breaking in the decomposition of ethane. By 

C. N. Hinshbt^wood, F.R.S., and J. E. Hobbs. {Received 27 April 1938.) 

In the decomposition of ethane there are chains which appear normally to be broken 
by the recombination of raflicles, but, in the presence of nitric oxide, by reaction 
between it and the radicles. The equation for the curve showing the rate of reaction 
as a function of nitric oxide concentration contains eottstants which depend differently 
upon the ethane concentration according to the mechanism assuuied for the nonnal 
rtxjombination of the radicles. Experimental investigation gives evidence that the 
predominant mechanism for chain ending in the absence of nitric oxide is a ternary 
collision botwetm two radicles and on ethane molecule, but that binary collisions 
are also in some degree effective. This result is discussed. 


Reaction chains In the thermal decomposition of hydrocarbons. A com¬ 
parison of methane, ethane, propane and hexane. By C. N. Hinsuglwoou, 
F.R.S., and J, E. Hobbs. {Received 27 April 1938.) 

A comparison has been made of the inhibition by nitric oxide of the thermal de¬ 
composition of methane, ethane, propane and hexane. The mean chain length, as 
defined by the ratio of the rates of the uninhibited and fully inhibited reactions, 
shows no marked variation as the series is ascended, has values from 2 to J 5 aocoi'ding 
to conditions, and, for a given hydrocarbon, decreases as the initial pressure increases. 
The ourvoe showing the deoreaa© in rate as a function of the nitric oxide concentration 
can be expressed in terms of a simple theory of chain breaking. The mean chain 
length depends upon the relative valucjs of thn^e activation energies, namely those of 
radicle formation, of decomposition by internal reorrangomont, and of chain propa¬ 
gation. Approximate evaluation of the last shows that it tends to deesreose with the 
higher hydrocarbons, 
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A study of sensitized explosions. II. Ignition phenomena in mixtures of 
carbon monoxide and oxygen sensitized by hydrogen. By E. J. BtroKbXB 
and R. G. W. Norrish, F.R.S, (Received 27 April 1938.) 

In extending the researtsh of other workers on the catalytic influence of hydrogen 
on the oxidation of carbon monoxide, it has been found that ignition in mixtures 
containing hydrogen occurs at temperatures more than 160® below those of the pure 
gases, and is attendetl by complete combustion when the concentration of hydrogen 
exceeds about 0*6 %. The region of sensitized ignition is bounded by a lower pressure 
limit which was not investigated in detail, and an upi)cr pressure limit the dependence 
of which on temperature and hydrogen concentration was determined by the slow 
withdrawal of setisitizod mixtures from the reaction vessel up to the point of 
explosion. 

Mixtures are stable above the upper prt^ssure limit obtained by the withdrawal 
method, but may be ignited by suddeii compn^saion. A study of the minimum 
degree of compression nKjuired to produce inflammation in mixtures containing 
different inert gases proved that although the initial presence of free radicals containing 
hydrogen was essential, the primary cause of ignition was the momentary rise of 
temf>erature accompanying sudden compression. 

It has also been found that mixtures containing a suitable percentage of hydrogen 
admitted suddenly to an evacuated reaction vessel ignite when the flnal pressure 
is only slightly greater than the upper limit determined by tlie withdrawal method, 
but for higher final pressures may be introduced without inflammation occurring. 
However, ignition reapi>earH when the final pressure is further increased to veiliies 
above 100 mm. Hg, due to approximately adiabatic compression of the first portions 
of gas to enter the reaction vessel. Owing to the momentary rise of temperature in 
the compressed portion of the mixture, ignition spreads out from reaction centres 
formed by chain branching processes operative during the early stages of admission. 


A study of senzitized explosions. 111. The kinetics of ignition of carbon 
monoxide and oxygen sensitized by hydrogen. By E. J. Bttoklbe and 
R. G, W. Norrish, F.R.S. (Received 27 April 1938.) 

It has been found that mixtures of carbon monoxide and oxygen containing only 
traces of hydrogen resemble oxy-hydrogen mixtures in that both ignite over the same 
range of temperatures, and both possess upper pressure limits of ignition not markedly 
affected by change of vessel diameter, which vary in the presence of inert gases in 
a manner suggesting that the processes responsible for multiplication of chain 
carriers may be prevent<fid by collisions of the second kind with other molaoules. 
In mixtures of SCO-fO, of constant CO : Hj ratio the relation between XjT and 
log P (P being the pressure limit of ignition at abs.) is linear when the concentration 
of liydrogon is less than about 2 %, with a slope corresponding to an apparent energy 
of activation of 13,300 cal,, approximately one-half the corresponding figure given 
for mixtures of 2Hj| + Oj, while for mixtures of 2CO -f containing higher percentagee 
of hydrogen the curves show a variable slope. These facts suggest that carbon monoxide 
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introduces addition ohain>endmg processes into the mechanism of the hydrogon- 
ox 3 ^n reaction* A similar value for the apparent energy of activation is obtained 
in mixtures of 2CO + Og oontalning 0*5 % of deuterium, while the ratio of the values 
of the pressure limits of ignition of mixtures sensitized by the same percentage of 
hydrogen and deuterium respectively becomes constant at 1*42 when the concentra¬ 
tion of'sensitizer is below about 2 %. 

The catalytic effect of hydrogen on the combustion of carbon monoxide, and the 
differences in kinetic oharaotreristics between this reaction and that in mixtures of 
pure hydrogen and oxygen can be completely described by the introduction of two 
additional elementary reactions O 4- CO + M = CO, + M and OH -f CO = CO, - 1 - H into 
the mechanism for the ignition of mixtures of 2H,‘f O, proposed by Kassel and Storch 
( 1935 ) and modified by von Elbe and Lewis (1937)* 


The origin of the erythema curve and the pharmacological action of 
ultra-violet radiation. By J, S. Mitchell, with an appendix by C. B. 
Allsopp and J. S. Mitchell. {Communimted bp E. K. Midmly F.R.S. — 
Received 2 May 1938.) 

The measurements of the er 3 rbhema curve and the relevant known busts of the 
reflwtion of the human skin to ultra-violet light ai‘e reviewed. The possibility of 
a photochemical mechanism is discussed and developed theoretically. 

Quantitative evidence is presented to show that the erythemal response is due to 
photochemical decomposition of typical proteins in the stratum mucosum by the 
light transmitt(?d through the stratum oomeum; this latter behaves m an inert 
scattering and absorbing screen. The photochemical changes are limited to the stratum 
mucosum by the distribution of pigment. The latent period is, at least in part, the 
time required for the diffusion of active photo-decomposition products to the minute 
vessels. 

The form of the erythema curve is calculated, within the limits of exjiorimental 
error, from absorption measurements of a typical protein and of the human straturtj 
comeum. The calculated mean value of the wave-length of maximum erythemal 
effietency is 2976 (±15) A, in close agrtHsmont with that observed. The known 
minimal erythema dose is consistent with the formation of photodocomf>osition 
products in viiro in concentration of a reasonable order of magnitude. 

It is suggested that the H-colIoid may bo a proteoses formed by oxidative photolysis 
of proteins. 

The relationship of erythemogeneeis to pigmentation and carcinogenesis by ultra¬ 
violet radiation is briefly discussed. 


The funcAon of the ampulli^ of Loresslni, with some observations on the 
effect of temiierature on sensory rhythms. By A, Sand. {Communicated 
by 8, W. Kempy FR.8,—Received 2 May 1938.) 

The histological structure of the ampullae of Lorenzini is still in dispute, though 
there is strong evidence that they are not neuromasts, The central connexions of 
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their innervation have not been thoroughly studied* Their functional activity, as 
revealed by the present oscillographic investigation, is entirely distinct from that of 
lateral-line organs. For these reasons their unqualified inclusion in the aoustico- 
lateralis system is unwarranted. 

Like acustioo-lateral receptors they possess an autonomous rhythm of activity, 
but in contrast with the former, they are unaffected by any form of mechanical 
stimulation. Their sensory sensitivity is ooiifined to thermal stimulation. 

Their responses to temporatiire changes are highly peculiar. They respond to 
cooling by an acceleration, to warming by an inhibition of the rhythm of impulse 
discharge. Such responses have been shown to occur throughout the physiological 
temperature range, from 3 to 20° approximately, though it is probable that they are 
most sensitive in the region 10-15°. In this region clear responses have been recorded 
to temperature differences of one or two-tentlis of a degree. 

After a response to a tcmj)eratur(! change, adaptation occurs, and a regular slow 
rhythm of discharge is re-csstablished. Such adapted frequencies plotted against 
temperature yield the familiar typo of temperature curve with a positive temperature 
coefficient. 

Lateral-line and stretch receptors of Raja show a similar paradoxical behaviour 
with resf>oot to temperature changes, but on an entirely different scale. Stimuli of 
the order of 10° are recjuired to produce an effect, and their maximal responses, 
compared with thow? of the ampullae, are minute. This is inter|)reted as meaning that 
the paradoxical effect of temperature changes is common to sensory rhythms in 
general, and possibly to some tonic muscles as well, but that in the ampullae of 
Lorenzini the meohanism has become specialized and sensitized for the performance 
of a spexjifie thermosensory function. 

The general form of a hy^Kjthesis to account for the parofloxioal temperature effect 
is suggested. It involves the assumption of underlying reactions with different time 
factors of kinetic equilibration. 

No cutaneous thermosensory endings have been found in rays, and it is concluded 
that the ampullae of Lorenzini are the only temperature receptors of olasmobranoh 
fishes. 


An Interferometric wave*length comparison of the red cadmium radiation 
emitted by different sources. By D. V. Gooate and W. Ewart Williams, 
King's College, Lemdon, {Communicated by 0. W. Richardson, F.RK .— 
Received 5 May 1938.) 

A comparison is made between the wave-lengths of the red cadmium line (A » 6438 A) 
omitteni by a O.E.C. Oeira cadmium lamp and a Schuler hollow cathode discharge 
by photographing the Fabry-P^rot fringes due to the two sources side by side in the 
same horizontal plane by means of a specially designed plate holder. Interferometer 
gaps up to 10 cm. were used and the greatest difference recorded was less than 1 part 
in 100 xl0« or 0*00006 A. 
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Sorption of polar and non«polar gases by zeolites. Parts I and II. By 

Biohabd M. Babrer, {Gommunimted^ by E. K. Ridmly FM.8.—Received 
2 May 1938,) 

The aorptiou on five different zeolites representative of the tliree types of zeolite 
structure—three-dimensional networks, fibrous, and laminar—has been studied for 
helium, hydrogen, argon, nitrogen, and ammonia. The more simple types of equilibria 
obtained with the permanent gases were used to interpret the more complex equilibria 
observed with ammonia. In the case of the permanent gases, only the three-dimen¬ 
sional networks (chabasite and analoite) sorbed gas within the dehydrated lattice. 
The fibrous and platy zeolites underwent a reorganization of ions around the water¬ 
bearing ohannols which was sufficient to exclude even helium (diameter 2*5 A). 
How markcMj the ohange was, was indicated by calculations of the potential within 
one of these zeolites (natrolite) which showed that even if methane (4*16 A diameter) 
were to r^lace water in an otherwise unchanged natrolite it would do so with a high 
sorption potential. The sorption of ammonia, however, occurred in fibrous and platy 
zeolites as well as in those of three-dimensional network type. A complete gradation 
in behaviour was foAind in the series; 

NHg—chabasite, NH,—analoite, NH*—^heulandite, NH,—^natrolite, 

the first giving a simple sorption system, and the last an ammoniate, the other two 
being intemkediate. It was observed that a new phase tended to appear when the 
act of sorption required a reorganization of the lattice in order to accommodate the 
molecule sorbed. It was possible, however, so to alter the zeolite by outgassing, 
that not even aanmonia would penetrAte (NHjr-^oleoite); and also to retard the 
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resorption rate groatly by a prolonged heating while not completely inhibiting it 
(NHg—heulandite). Kinetic studies of 8orf>tion showed that two types of ammonia 
tiptako occurred: (1) A diffusion of NHj down a concentration ^adient (NHg in 
three-dimensional networks). (2) A diffusion of ammoniato-anhydrous zeolite inter¬ 
faces (NHg—^natrolite); this latter process was auto-catalytic in its initial stages. 
Sorption velocities were most rapid in chabasite and analoite—in the latter instance 
contrary to Tiselius’ earlier finding. 

The sorption heats were measured for 

NHg, Hg, At, Ng —chabasite, NHg, Hg, Ar —scoleoite, 

NHg, He, Hg, Ar, Ng—analoite, NHg —heulandite, 

NHg, Ar —natrolite, 

in many instances as a function of both quantity of gjis sorbed and of temperature. 
The temperature coefficient of the heats for the p(3rmanent gases was negligible, 
and the heats tended to diminish with rising temperature for ammonia, and to diminish 
with increasing amount sorbed for all the gases. 

The api)arent saturation maTtima diminished nearly linearly with the absolute 
temperature for all the gases. 

The results were compared and contrasted with some previous data. 


On the stability of a viscous liquid between rotating coaxial cylinders* 

By J. L. Synge. {CommunicaUd by 8, GoldMein, F,R.S.—Received 6 May 
1938.) 

For a small disturbance (independent of the ewimuthal angle 0) of the steady 
motion of a liquid between rotating coaxial cylinders, the equations of motion for 
cylindrical co-ordinates r, 0, z may be written 

8 * 18 8 * 1 

where r, are the radii of the cylinders (rg>ri), a>j, Wg their angular velocities 
(a#j > 0), V the kinematical viscosity, 

“-o;; ^ 

T = rt/r;, g=r/r„ C=*/n- 

is the velocity of disturbance in the 0-direotion and ^ a function in terms of which 
the other two components of velocity are determined by means of the equation of 
continuity. On substituting 
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we obtain the ordinary differential equations 

(L-X}~(T)(L-k*)f= -i)at(fl+blg*)g, 
(L~\*-ff)g=-2XRaf, 
d» ld_J^ 


with the boundary conditions /=dfjdi = </ =i 0 for § = 1 and f = a. 

The first of those equations is multiplied by f/tdf {tho bar denoting the complex 
conjugate) and integrated over the range: tlie second equation is multiplied by 


— (1 -i- zi] and integrated over the range. When the two resulting equations 

and their complex conjugates ore added together, the imaginary part of <r disappears, 
and an expression is obtained for the real part of cr in terms of certain integrals. 
If it is setm that the real part of tr is negative, and hence there is stability 

under tins condition. This is in agreement with the tlieory and experiments <if G. 1. 
Taylor, but his detaihid theory dealt only with the case where tho distance between 
the cylinders is small. The present result is quite general, and is obtaine<l without 
heavy calculations. 


The approximate prediction of skin friction and lift. By N. A. V. Pibkcky, 
J. H. Preston and L. G. Whitehead. {Communicated by E, F, Itelf, 
F,R.8,—Received 6 May 1938.) 

Convenient methods are developed for predicting by stiooessive approximation 
the laminar skin friction of cylinders actjording to any analytical assumption regarding 
the irrotational ftow outside their binindary layers. These methods almost eliminate 
the need for computation till the stage is rt^hed when remaining mathematical 
errors become small. Tho particularly simple thud approximation to the solution 
of the btnmdary layer equations suffices for most purposes until bretdcaway is closely 
approached. Explicit formulae are obtained for the position of breakaway and for 
the akin friction of elliptic cylinders. 

An appropriate assumption regarding the external flow, avoiding appeal to experi¬ 
ment, is derived by recognizing the existence of a wake to the extent of elongating 
the cylindrical profile from the points of breakaways t<) infinity. Thf> theory of the 
modiffcation is formulated and a rapidly convergent method of successive approxima¬ 
tion developed for its ^plication. It transpires that any reasonable assumption 
regarding the thickness and conffguration of tho rudirnentaiy wake secures close agree¬ 
ment with experiment—in contrast to the familiar consequences of ignoring the woke. 

A new criterion for determining the circulation round a lifting cylinder is proposed 
and, in illustration, the variation of lift with inclination of section is calculated from 
first principles for a given elliptic cylinder. The rtmdt agrees fairly with experiment, 
the **stall”, in particular, being predicted with some accuracy. 

Compared with earlier methods, those now advanced promise improved physical 
accuracy in the tl^eoreticai determination of skin friction, breakaway, lift and stall. 
Their analyticid convenimoe will, it is hoped, facilitate investigations of great 
complexity. __ 
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Effusion phenomena in relatirlstlc quantum statlatios. By B. N. Smva- 

STAVA. {Communicated by M. N. Saha, FM.8. — Becnved 9 May 1938.) 

In this paper the effusion phenomena in non-degenerate and degenerate matter 
have been investigated from relativktio meohanics. Matter obeyuig either Fermi- 
Dirac statistics or Bose-Einstein statistics has been considered. In § I non-degenerate 
matter has been considered^ and the number of particles as well as the moss of matter 
effusing out has been oalcutated. The non-relativistic expressions are obtained as 
a limiting cose. For /== 10 the departiu^ from the value for a classical perfect gas 
amoimts only to about 1 %. In § 2 the effusion has been calcukited for a degenerate 
gas, degenerate in the sense of Fermi-Dirao statistics, both to a first appmximation 
and to a second approximation. Tlie non-relativistic formulae are obtained as a limiting 
case. In this case it is found that to a first approximation the effusion varies as 
and is independent of T, but on working to a second approximation a slight dependence 
on temperature is observed. The average maas of particles in the effusion stream is 
calculated. 


The diffraction of X-rays by age-hardening aluminium copper alloys. 

By G. D. Preston. {Communicated by P. if. S, BlackeU, RR.S.—Received 
10 May 1938.) 

The pajier contains a descrifition of an effect observed in Laue and oscillating 
crystal photographs of an alloy of high purity aluminium with 4 % copper aged at 
room temperature and at 150® C. The effect is ascribed to the separation of copper on 
(100) planes of the aluminium lattice. 


Rotatory dispersion in the amine series. Part IV. The optical activity 
of diamines. By W. C. G. Baldwin, M.A., Ph.D. {Communicated by 
R. G. W. Norriah, F.R,8,—Received 10 if ay 1938.) 

Variations in Drude equations for the rotatory disx>Qrsions, and ohanges in speoido 
rotation, which occur on neutralization, are utilized for the detection of induced 
dissymmetry in tlie amino-radical of optically active bases. Wh^ the lone pair of 
electrons of the nitrogen atom becomes bound in any way, the partial rotation 
associated with it disappears. An attempt is mode to explain the behaviour of a few 
exceptional bases whose rotatory powers contain no contribution which can be 
attributed directly to the lone pair of electrons. Such bases do not give the Isarge 
alteration in specific rotation which is ustaally produced by ionization. 

The rotatory dispersion of crystalline ethylene-diamine sulphate is compared with 
that of I-prCpylene-diamine, 1-diamino-cyriohexane, and of their salts in solution. 
Measurements and analyses Am given for these two optically active bases, as well 
as for their mono- emd dihydrochlorides. The results are interpreted in terms of 
Boys’a molecular model, and the absolute oonfiguratibn of 1-propylene-diamine is 
defined. In spite of statements in the literature to the contrary, the sign of the 
specific rotation of this base is actually reversed on ionization, and this experimental 
foot constitutes strong evidence in favour of the proposed model. 
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It is shown that tho major eontribution to the optical .activity of l-iaropylene- 
diamino may be attributed to the absorption bands aesooiatod with the two lone 
pairs of eleotrons in the molecule. Assuming the presence of an tmchanging daxtro- 
rotatchy nucleus common to all three ionic forms> an attempt to estimate the other 
contributions to the rotatory power and dispersion is made, 

Ihe absorption bands between 2300 A and 2000 A which are without exception 
common to all amines previously investigated are in the oases of 1‘propylene-diamine 
and l^cycibhexane-diamine not optically active. The induced dissymmetry is centred 
at wave-lengths between 1900 A and 1400 A, and is associated with two groups of 
absorption bands in this region, one due to the lone pairs of electrons, and the other 
to the more saturated ON and NH linkages. 


Investigations of infra-red spectra absorption of the GHg group in the 
region of 3fi. By J. J. Fox and A. E. Mabtin, {Communicated by Sir 
Robert Robertson, F^R,8.—Received 11 May 1938.) 

The absorption of seven substances containing CHj groups has been investigated 
in the region of 3^. Besides the aromatic GH bands found about 3*27/* when a benxene 
nng is present, two or more bands near 3*4/4 are attributable to the CH^ group. 

A critical survey of the data available for ethylene enables us to explain the bands 
observed for CHt groups in more complicated molecules. When only one CH, group 
is contained in the molecule two bands are observed and those are identified as the 
CH valency vibrations in and out of phase, but when the number of CH, groups 
is increased, the coupling between them may inc^rease the number of bauds as in 
diozan, for examf^Je, where four strong bands are observed. 

A satisfactory approximation to the molecules studied by us is found in a model 
of the formaldehyde type in which the GH, group is attached to a mass of similar 
magnitude. This model enables us to explain the observed frequencies provided that 
the CH force constant is 4*62 x 10* dynes/om., a value considerably lower than 
5*02 X 10* for ethylene and 5*88 x 10* for acetylene. The important result is obtained 
that the mass to which the CH, group is attached and the various other force 
constants involved in compounds of the type investigated have very little effect on 
the positions of the CH, absorption bands in the 3/< region, except in rare cases 
involving strain of the bonds connecting the CH, groups to the rest of the niolecule, 
e.g. fluorine. 


The refraction and dispersion of air for the visible spectrum. By J, £. 

Sbabs, Junr. and H, Baebell. {Communicated by W. L. Bragg, F.RB .— 
Received 11 May 1938.) 

The reflraotion and dispersion of dry, CO,-free air in the visible spectrum has been 
investigated, at temperatures between 12 and ZV C. and at preesures between 100 
and 800 imn. of mercury ? by means of an interference refraotometer which emplays 
Brewster's fldnges prodxieed by two 87 cm. Fabry-FArot 4talons. The results are used 
to provide a geuwal interpolation equation from which definitive values of the 
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refractive index may be calculated; the ma^tude of the probable dififerenoe between 
a single observed value of refractive index and the value calculated from the equation 
is ± 0*01j X 10“*. The form of this equation, being derived from oonstderatione based 
on the Lorenas-Lorentz relation between refractive index and density of transparent 
media and on B. Berthelot’s representation of the characteristio behaviour of gases 
at low pressures, enables interesting comparisons to be made between the results of 
refractivity and compressibility measurements on air regarding the departure of 
the gas from Avogadro’s law. 

The effect of humidity on tlie refraction of atmospheric air has been determined 
from refractivity measurements on moist. CO,“froe air containing known amounts 
of unsaturated vapour. 

No evidence has been found in favour of Tilton’s stiggested relationship between 
the refractivity of air and sunspot activity. 


On the blood circulation and metabolism of Sabellids. By H. Muneo Fox, 
F.R.S. (Received 13 May 1938.) 

Host of the blood vessels of sabellid worms are rhythmically oontraotile. The ratea 
of contraction increase in the following order: crown oapillaxies, lateral vessels, ventral 
vessel, peri-inti^atinal sinus. The rate of contraction is more rapid in small than in 
large individuals. 

There is evidence that the movement of the blood is a circulation. 

Wlien ^ahella retires into its tubt5 the contractions of the peri-intestinal sinus stop 
just before those of the crown vessels, while the lateral vessels do not cease contracting 
until later. The oxychlorocnioriu in the stagnant bloa<l is not completely reduced. 

There are capillary blood vessels supplying body-wall glands but none in the 
mt 2 scles. The muscles must therefore obtain oxygen from the sea water and from the 
coelomio fluid, which is richly supplied with blood capillaries. The high total oxygen 
capacity of the blood and the high unloading tension of ohlorocruorin may be 
correlated with this indirect oxygen supply to the muscles from the blood through 
the ooelomic fluid. 

Spirogrtxphw is negatively tlugmotropio, negatively geotropio and positively photo¬ 
tropic. These tropisrns involve permanent curvatures of the tube which are probably 
accomplished by softening tlie tube through digestion, together with secretion of 
elastic tube substemoe. 

8 pirogmphi 0 deprived of its tube will live indednitely in aerated water, but dies 
in water deficient in oxygen, although worms with their tubes remain healthy in 
this water. 

SpiArographis deprived of its tube and put into a glass tube, lines the glass tube with 
a secretion and lengthens it like a normal tube. Worms in these glass tubes remain 
healthy in water deficient in oxygen. 

It can be seen from Spirographi$ in glass tubes that the worms in their tubes 
execute vigorous rhythmic body movements. These movements ore unaffected by 
oxygen deficiency or carbon dioxide excess in the water. 

The rhythmic body movements probably continually r^ew the water in the tube. 
These movemente are feeble or absent in tubeless worms. It is probably for this 
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reascHi tshat tubeless worms die in water deficient in oxygen, while worms with their 
tubes can live in water deficient in oxygen by continually renewing the watw in 
contact with the body. Tubeless worms are viable in aerated water probably because 
they can obtain enough oxygen without body movements. These movements must 
bo nacessaxy to worms with their tubes, even when the surrounding water is aerated, 
because of the small lumen of the tube and the difficulty of renewing water through 
the anterior opening of the tube alone. 

The tube has thus a second function in addition to being protective; it provides 
the meohanioal stimultis for refiex rhythmic body movements necessary to the animal 
with its tube. 

When Spirogrctphiff is removed from its ttibe, its oxygen consumption falls to 
three-quarters of the initial value on the same day, and to one-half on the following 
day, while its ammonia excretion falls on the day of removal from the tube to 
four-fifths of the initial value. This fall in metabolism must be due in part to the 
absence of vigorous rhythmic body movements in the tubeless worms. 

■ When the crown of 8 pirographis is amputated, the rate of oxygen consumption 
of the worm falls to one-third of the value for the intact worm. This is true both of 
wontis with their tubes and of those deprived of tubes. 

The ratf^ of oxygen consumption of the isolated crown of Sahella is 2 J times that 
of the whole worm, but this high rate of metabolism of the crown is not sufficient to 
account for the fall in oxygen consumption of the worm after the crown has been 
amputated. The crown is therefore a respiratory organ. 

During the regeneration of fragments of SabeUa the oxygen consumption slowly 
increases from a low initial value to that of the intact tubeless worm. 


An X-ray inveBtigation of slowly cooled copper-nlckel-alumlnium alloys. 

By A. J. Bradlky and H. Lipson. {Communicated by W. L. Bragg, 
—Rmtivtd 13 May 1938.) 

From an X-ray examination of slowly cooled CuNiAl alloys, a phase diagram has 
been constructed. The boundaries of the single-phase, two-phase and three-phase 
fields have been fixed from powder photographs. A novel feature of the work is the 
use made of the relative intensities of the X-ray reflexions to estimate the proportions 
of the constituents in two- and three-phase alloys. 

The single-phase fields are derived from the oopper-aluminium and nickel-aluminium 
systems, with the exception of (Cfu^iAl^), which haa a new type of structure, derived 
from a deformed'body-centred cube. 


Tbe niolecttler structures of carbon and silicon tetrafluorides. By 0. B. 

Baix^by, J. B. Hax^b and J. W. Thompsok. {Communicated by C. K. Ingold, 
FMM.—Received 13 May 1938.) 

The mfra«red absorption spectra of the vapours of CF 4 and SiF 4 have been examined 
with a prism spectrometer Mween 1 and 18^. The re^ts are compared with those 
for the Baman effect as obtained by other workers. Certain molecular constants 
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are detorrained, and it is found that a force ftdid m tin tjipe AwiMtl by Ui^ ^okl 
Bradley fits the observatioiw very closely indeed. The internal electrical 
of sxich tetrahedral pentatomic molecules is disoun^ with particular refareitc^^^ 
the type of bonding, and to t^e interatomic distenoes aa obtained by diffbrent^ 
methods. 


The measurement of sand storms. By R. A. BAaKOto. (Communicated 
by (?, L Taylor, F,R.8^—Received 16 May 1938.) 

Measurements are described of wind velocity and sand movement during storma, 
in the Eg 3 r|}tian Desert. The results arc shown to oonfbrtn in the foilowiiig Tespeotpl 
the author*8 previous laboratory (wind tunnel) work: 

(a) The modidoatian of the normal wind velocity distribution caused by the drw 

of the surface sand movement. JB 

(b) The relation between the rate of how of sand over a dune and the wind gra4|H|| 
required to drive it. 

(c) The particular form taken by the grading diagram of sand which has been > 
pidced up by the wind and is in process of transport over the surface. 

A special multi-tube‘manometer is described which was designed for operation 
on the open surface of a dune during a sand storm. 


Selective neutralixation of the luteinizing activity of gonadotrophic extracts 
by antisera. By L W. Rowi^akbs. {Communicated by A. S. Park^, 
FMMn —JBecetved 16 May 1938.) 

Experiments on immature female rata show that it is possible to change the 
qualitative activity of gonadotrophic extracts of the pituitary by the simultaneom 
administration of anti-gonadotrophic sera. Two extraote of horse pituitary were 
used, both of which alone produced large numbers of corpora lutea in the immature 
ovary. Two antisera were prepared by injecting batches of rabbits daily for periods 
dF B and 5 months respectively with gonadotrophic extracts of ot pituitary. 

It was found that with suitable doses of antiserum the luteinizing activity of the 
extract was completely inhibited, although the refi^xmse measured by increase in 
weight of the ovary was only slightly altered. Histologically, the rmpopae was one 
of pure follicle stimulation, as shown by the presence of numerous large follicles, 
and the absence of corpora lutea or any luteinization of the membrana granulosa. 
The uterus of all these animals was greatly distended with fluid suoh as is found in 
the normal animal during oestrus. Since these effects were not produced by variation 
in the dosage of horse pituitary extract alone, they cannot be due to a partial quoirti- 
tative neutralization of the extract by the serum. When larger amounts of antiserum 
than the optimum were given there was a progressively moreasing iniubition of 
follicular stimulation and of the ovarian weight response. 

The signiflcanoe of these results is discussed in relation to the probability that 
separate follicle stimulating and luteinizing hormones are present in pituitary 
extracts. 





